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INTRODUCTION 


This is the Proceedings of the second international colloquium devoted to the science of drops and 
bubbles. It covers a wide variety of fields ranging from fundamental fluid dynamics to astrophysics and 
from theoretical considerations to material processing in space. 

The first colloquium in this intermittent series was held at the California Institute of Technology in 
1974. Both colloquia have provided an opportunity for scientists from a number of disciplines to discuss 
their common problems and learn from each other, hi the intervening seven years between the first and 
second colloquia there have been substantial advances in most of the fields represented. In particular, the 
science of material processing in space has matured to the point where experiments are now being con- 
structed. In a few years scientific investigations will be conducted in the substantially zero-g environment 
of space on board the NASA Space Shuttle. These experiments will uncover new information which will 
lead to a deeper understanding of the fundamental physics of this branch of science. 

The colloquium included sever, sessions where scientific papers were presented and one poster session. 
There were a total of ten invited papers at the colloquium and twenty scientific displays in the poster 
session. The invited papers and the papers representing the poster displays have been placed in the most 
appropriate scientific session in the Proceedings. 

This colloquium, like its predecessor, was notable for the cross-disciplinary interactions among the 
participants. There were many scientific discussions carried out after the sessions were over and throughout 
the evenings. The benefit derived from these contacts made among the participants often from different 
fields - is an intangible but valuable contribution that a specialized colloquium can make to a scientific 
field. 

The colloquium organizers wish to recognize the support afforded to this colloquium b v the Physics 
and Chemistry in Space and die Material Processing in Space programs of the National Aeronautics and 
Space Administration. 

It is hoped that the Proceedings will become a valued reference source and will contribute to the litera- 
ture in the science of drops and bubbles in the years to come. 


Dennis H. Le Croissette 
Jet Propulsion Laboratory 
California Institute of Technology 
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ABSTRACT 


This is the Proceedings of the Second International Colloquium on Drops and Bubbles, held at 
Monterey, California, on November 19-21, 1981. The 52 scientific papers reported here deal with the 
subjects of Material Science and Space Experiments, Combustion, Jet Stability and Inertial Fusion, 
Bubbles, Astrophysics, Meteorology, Nuclear Science, and Theory and Computation. 
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Dropa and Bubbles In Materials Science 
Robert H. Doremus 

Materials Engineering Department, Rensselaer Polytechnic Institute 
Materials Research Center, Troy, New York 12181 


Abstract 


The following applications of drops and bubbles in materials science are reviewed * 
Formation of extended p-n junctions in semi-conductors by drop migration? mechanisms and 
morphologies of migrating drops and bubbles in solids? nucleation and corrections to the 
Volmer-Weber equations? bubble shrinkage in the processing of glass? the formation of glass 
microshells as laser-fusion targets? and radiation-induced voids in nuclear reactors. These 
examples show that knowledge of the behavior of drops and bubbles is iportant in diverse 
areas of materials processing and properties, and deserves further fundamental study. 

Introduction 


Semiconducting junctions can be made in complicated shapes by migration of liquid bubbles 
in a solid semiconductor. Nucleation of solid phases must be controlled in processing solids 
and regulating their properties? the theory of nucleation was first derived for the forma- 
tion of droplets in a vapor. Melting of clear and strong glass requires that bubbles be 
removed from viscous ?nolten glass, and tiny microshells of glass as laser fusion targets are 
formed by blowing a bubble inside a drop of molten glass. These examples show the impor- 
tance of drops and bubbles in processing solid materials. Radiation can form bubbles in 
reactor materials, weakening them. In each of these areas there have been recent advances 
or controversies, which will be described in this paper. These examples are not intended 
to provide a comprehensive review of drops and bubbles in Materials Science, but merely a 
sample of applications and opoortunities. 

Semiconductor processing and migration of drops 

Commercial processes for making p-n junctions in semiconductors by migration of liquid 
drops, wires, or sheets have been developed by T. R. Anthony and H. E. Cline of Ge^ 

Electric . 1-4 Molten metallic drops or wires move through a solid semiconductor ' lermal 

or electrical gradient, leaving resolidified doped material in their wake. Dot ripes 

of a low-melting metal that is a suitable dopant, such as aluminum, are deposit the 

surface of the semiconductor, which is then heated and subjected to a temperature • odient 
or electrical field. In practice there are a number of problems in controlling the shape 
of the liquid region and its path that require careful control of the temperature and the 
gradients. Thus knowledge of the morphology and kinetics of the liquid drops and wires is 
important for successful production of a satisfactory device. Thermal gradients proved .o 
be difficult to control, so electromigration was developed as an alternative . 3 

A lattice of columnar p-n junctions through a semiconductor wafer can be made by thermal 
migration of aluminum drops through silicon.' This "deep-diode array" can be used as an 
imaging target for x-rays and infrared radiation. 

A liquid drop in a gradient of driving force in a solid moves by dissolution and repreci- 
pitation of solid in the liquid. Driving gradients can be in temperature, mechanical force 
(accelerational field) or electrical potential. Anthony and Cline found that high force 
gradients were required to migrate brine drops in solid KCJ ., 5 suggesting that an imprac- 
tically high sedimentation field would be required to move liquid drops in semiconductors. 

The rate of droplet motion can be controlled either by the rate of diffusion oi solute 
in the liquid or by the rate of dissolution of solid (interface control) . This dissolution 
rate is usually proportional to the solubility of the solid in the liquid drop, and can be 
different for different crystallographic planes in the solid. At high temperatures con- 
vective flow in the drop can lead to rates higher than expected from the static diffusion 
coefficient of solute in the liquid . 7 For large drops diffusion in the liquid is more 
likely to control the rate of droplet migration, whereas for small drops interface rates 
become important. A similar influence of crystal size is found for the rate of crystalli- 
zation from solution. For large crystals diffusion in the liquid controls the rate of 
growth, whereas for small crystals interface control is usual . 8 

At equilibrium the shape of a liquid drop in a solid is controlled by the int&rfacial 
energies of different crystallographic planes of the solid in contact with the liquid. The 
shape that minimizes the total surface free energy is the equilibrium one. In principle 
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this ahape can be calculated from knowledge of the surface energy as a function of crystal- 
lographic orientation of a surface facet by the "Wulff" construction; in practice this 
function is hardly ever known in much detail, and the relative values of interfacial 
energies are often deduced from equilibrium shapes of crystals. One would expect that low 
index and closely-packed crystallographic planes should have the lowest energies, so that 
these planes should, and usually do, predominate in equilibrium shapes of crystals. 

Brine droplets in KCt had mainly (100) planes as faces after seven years at room tempera 
ture, with edge roundings and some contribution from (110) faces. 9 Silicon exposes mainly 
(111) planes in contact with liquid, with some contribution from (100) planes. 10 When a 
droplet migrates in a force field, its shape can be distorted by nonuniformities in the 
field and in the rates of interfacial dissolution. 10 

The rate of migration of gas-filled bubbles in KCe in a temperature gradient was deter- 
mined by the rate of evaporation of solid and by diffusion of KCi molecules in the bubble, 
in much the way as the liquid drops. 11 The bubbles were bounded by (100) planes, but 
stretched out in the direction of migrat m instead of remaining cubic. The shape was 
determined by the interfacial rates of evaporation and deposition rather than by the equili 
brium condition from surface energies. A trail of fine bubbles followed in the wake of the 
migrating bubble. 


Nucleation 


The transformation of one phase into another almost always requires formation of a mole- 
cular cluster of the new phase in the old, after which the new phase grows at the expense 
of the old. This nucleation and growth mechanism is valid for pure materials and usually 
for mixtures; in some mixtures a uniform transformation called sninodal decomposition is 
possible, but it will not be considered here. When a cluster or nucleus forms the resul- 
tant surface energy can exceed the volume free energy difference driving transformation, 

■io that a nucleation barrier exists even when a large sample of the new phase is stable 
with respect to the old. This situation is illustrated in Figure 1, where the chemical 



Figure 1. The chemical potential of ethanol drop at -9*C, as a function of drop radius. 

potential u r in i/molecules a drop of ethanol is compared to the chemical potential of 
supersaturated ethanol vapor u v and the chemical potential of liquid ethanol n ( , all at 
-9*c. When the chemical potential of a drop equal* that of the surrounding vapor it is 
said to be of critical size (radius r*) . Smaller drops are unstable and decompose; larger 
drops grow. 

Volmer and Weber derived the number of critical nuclei as a function of supersaturation 
and temperature from the fluctuation theory of Einstein 19 and the calculation of Gibbs 15 
of the reversible work to form a sphere of the critical size. The result is 

N* - N exp(-W/kt) (1 
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where N* is the number of critical nuclei per unit volume, N is the number of 
cules per unit volume, W is the reversible work to form the critical nucleus, 
Boltzmann’s constant and T the temperature. Then the rate of nucleation 1 is 
of the number of collisions of vapor molecules with the surface of a critical 
N*: 


vapor mole- 
k is 

the product 
nucleus with 


I = Z A* N* (2) 

where Z is the collision frequency of molecules with a surface and A* is the surface area of 
a critical nucleus. For a spherical nucleus: 

W = 16*y 3 /3(AP) 2 (3) 

where y is the surface energy of the liquid and AP is the difference in pressure between the 
inside and outside of the critical nucleus. 

The equations of Vo lire r and Weber agreed well with experimental data in rain formation of 
various liquids in a cloud chamber 16 and with more recent results in the diffusion cloud 
chamber, especially in the calculated and measured values of the surface energies. Never- 
theless a number of authors have suggested that the equations of Volmer and Weber need to 
be modified by correction factors that vary from a factor of 10 17 in the nucleation rate to 
a negligible correction. 17-20 These treatments involve questionable assumptions of equili- 
brium in chemical deposition reactions to form the critical nucleus or between embryos not 
of the critical size and the surrounding vapor. The equations of Volmer and Weber agree 
well with experiment, and there appears to be no need to correct them. 

In a recent paper Carlon has found that even undersaturated water vapor and moist air 
contain multimolecular clusters of water. 21 Thus the initial condition of a vapor in a 
nucleation experiment may not be just individual molecules, but could contain an unknown 
distribution of clusters. Such a distribution would further complicate nucleation theories 
based on a series of condensation reactions, but should not influence the equilibrium 
fluctuation method of Volmer and Weber. Carlon also found that these clusters of water 
molecules lead to infrared absorption at wave lengths different from those f or molecular 
water. 


Bubbles in the processing of glass 

Fining, or the removal of bubbles from a glass melt, is one of the major technological 
problems in glass melting. It is usually solved by holding the glass for some time at a 
temperature somewhat below the hiahest melting temperature, and by adding certain minor 
constituents to the original glass batch. The mechanisms by which these additions a,.d 
bubble removal are still somewhat uncertain, although much progress in understanding has 
been made in recent years. 

Bubbles can be removed from a melt by either of two ways. They can rise to the surface 
or the gas in them can dissolve in the glass. The rate of rise is given by the following 
equation: 

dh _ 2» gR 2 

dt 9n ' 1 

where o is the density of the glass, g is the gravitational constant, R is the bubble radius, 
and n is the viscosity of the glass. For a viscosity of 100 P, typical for melting tempera- 
tures, the rate of rise of bubbles 0.1 mm in diameter is about 10 cm/day, which is too small 
to eliminate them from a normal glass furnace. Thus small bubbles can be removed from glass 
melts only by dissolution of their gas into the glass melt, although larger bubbles can rise 
to the surface. 

Arsenic oxide is a common fining agent added to glass to help remove bubbles. For many 
years it was thought that the arsenic released oxygen at glass melting temperatures, which 
"swept out" the bubbles in the glass. However, the calculation above shows that such a 
mechanism would not eliminate small bubbles, and the elegant experiments of Greene and 
co-workers showed that arsenic enhances dissolution of oxygen bubbles in glass. 22-24 Thus 
the importance of arsenic and antimony oxide additions to the glass is to aid in removal of 
fine bubbles, rather than to generate more gas. 

Studies of bubble shrinkage in glass can help in understanding the kinetics of fining, 
the rates of diffusion of gases in molten glass, and the theoretical treatment of bubble 
dissolution. Greene and his co-workers observed the shrinkage of oxygen and sulfur dioxide 
bubbles in a number of silicate glasses between 1000°C and 1300 5 C. 22-23 They sealed a small 
amount of gas into a hole between two glass discs, which were then heated in a rotating 
silica cell. During the first few minutes of heating the temperature of the bubble changed. 
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so that reliable measurements were not possible. This technique also often introduced a 
small amount of foreiqn qaa into the bubble. To avoid these difficulties Greene and Davis 
developed a technique in which the bubble was observed just after it was blown into the 
molten glass, and studied oxyqen, nitrogen, and water bubbles in molten boric oxide.- 4 
Brown and Doremus-'*' also used this technique to study the shrinkage of air oxyqen, and 
nitrogen bubbles in molten boric oxide; an example of their work is shown in Figure 2. 



Figure 2. Diameter of an air bubble in molten B 2 O} at 550®C as a function of time. Circles 
data; line from eq. 5 with D = 2.3(10)~‘ cm^/sec and B * 0.058. 

The mathematical treatment of the growth or shrinkage of a bubble requires solution of a 
non-linear oartial differential equation, and a general analytical solution has not been 
found. However, several limiting cases can be solved satisfactorily. If the gas dissolving 
in the glass has a low concentration (dilute solution in the qlass) , a relatively simple 
relation for the radius of the bubble R as a function of time t is f ound ; 4 • - *' 

2 2 

R - R = 2DBt(l + ——2) (5) 

o 


where Rq is the initial bubble radius, D is the diffusion coefficient of the dissolving gas 
in the glass, and B is a concentration factor B = (cj-c,,.) /c s , where the subscripts denote 
concentrations of gas: s in the bubble, i dissolved in the glass at the bubble-glass inter- 
face, and •» dissolved in the glass far from the bubble. Eq. 5 fits data for the dissolution 
of air i*. molten boric oxide as shown in Figure 2. 

If the amount of gas dissolved in the qlass is not small, (B s* 1), the solution becomes 
more complicated, because the flow of molten glass as the bubble shrinks leads to a "convec- 
tion" term in the differential equation. ' True convection in the glass melt is not sig- 
nificant because of the high viscosity of the glass. A perturbation solution of this 
expanded differential equation for bubble growth or shrinkage has been given by Duda and 
Vrentas; :l the first term in their solution is eq. 5. 

Further complications arise if more than one kind of qas is dissolving in the 
glass, *•''’* ' n if the glass sample is not large compared to the bubble,-’* and if there is 
a surface chemical reaction of the gas dissolving in the glass. 31 

Hollow qlass shells filled with deuterium and tritium can serve as laser-fusion targets. 
These shells are tynically about 100 wm in diameter with a wall thickness of a few microns, 
and can be made by dropping oowder of a metal-organic gel through a furnace tower at temper- 
atures of from 1200°C to 1500 S C. 1;> The organic material and residual water serve to blow 
out the glass into a spherical shell. The size and quality of the shells are dependent on 
the glass composition, the organic content of the gels, and the furnace conditions. 
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Swelling of materials in fast reactor* 

The swelling of radiation-induced voids in metals and alloys in nuclear reactors can 
lead to serious degredation of these materials, and may become a problem in fast breeder 
reactors. The rate of swelling is strongly dependent upon the composition of the irradiated 
alloy; minor additions ("swelling inhibitors") can reduce the amount of swelling by up to 
two orders of magnitude. 33 Nucleation of the voids may be a critical step in their forma- 
tion. 31 * Bubbles of gas in irradiated metals can grow by migration and coalescence. The 
rate of migration of small bubbles is controlled by surface diffusion, and in larger 
bubbles by ledge nucleation, in niobium alloys and zirconium. 35 
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M. Saffren, D. D. Elleman and W. K. Rhim 
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Abstract 


In this paper we discuss a theory of normal modes of oscillation of compound liquid drops 
and the experiments performed to determine its validity. The modes are characterized by 
their frequency, the attendant displacement of fluid boundaries, and the flow pressure 
fields within the fluids. The drops consist of three fluids; a core fluid, a fluid shell 
surrounding the core, and a host fluid surrounding the shell. These fluids are assumed to 
be inviscid and incompressible, and the core ara the shell to be concentric. The theory is 
obtained by linearization of the equations of fluid motion to the lowest order of nonlinear- 
ity that yields the normal modes. Numerical values of mode frequencies and the associated 
relative displacements of the fluid boundaries are presented for several specific systems, 
and the results compared with our observations. The core-centering phenomenon whereby the 
oscillations of the system tend to drive the shell and the core to be concentric was 
observed in the experiments and will be fully analyzed in a sequel. 

Introduction 


This is the first in a series of reports on the study of compound liquid drop systems. 

The systems consist of three fluids: a host fluid infinite in extent, that surrounds a 
second fluid in the form of a shell, which in turn surrounds a third fluid that forms the 
core. In particular we will investigate the several normal modes of compound drops on the 
assumptions: (i) the density of the fluids and the interfacial tensions are arbitrary, 

(ii) the fluids are incompressible, (iii) they are inviscid, (iv) the equations of fluid 
motion are linearized to the lowest order of nonlinearity that yields the class of normal 
modes being studied, and (v) the two fluid interfaces are nearly spherical and concentric. 

In ensuing reports we relax conditions (iii) through (v) . 

The primary aim of the entire study is to gain sufficient understanding of the behavior 
of compound drops to plan and interpret experiments in the laboratories, in the weightless 
environment provided by flight on the KC-135 aircraft and the Space Shuttle. 

Aside from its interest as a fundamental study of compound drops, the work can be applied 
to the fabrication of fusion target pellets, development of container less materials pro- 
cessing techniques both terrestrial and extra-terrestrial, and development of techniques for 
liquid drop control that can be used for fundamental studies in other scientific disciplines 
such as superfluid drop dynamics. 


Equations of motion 


We consider a system of several inviscid, incompressible fluids that are in contact with 
one another at the fluid boundaries each of which is characterized by an interfacial ten- 
sion. The equations of motion fo. the system are well known and in spherical coordinates 
are given as: 



( 1 ) 

( 2 ) 

(3) 


The first equation for the velocity potential in each fluid follows from the assumption 
of incompressibility. The second equation is also kinematic and states that the fluid 
boundary moves with the fluids; the equation of a boundary being given as r = R(0 , * , t) . In 
eq. (2), r denotes the unit vector along r, the vector from the origin to R(e,$), and v s 
denotes the surface gradient operator given by 
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Equation (3) is a dynamical equation indicating that the stress across an interface 
depends solely on its interfacial tension, o. The left side of eq. (3) is the stress at a 
point on the boundary, n is the surface normal at the point, and 5 S denotes the surface 
divergence operator. The right side of this equation is simply the pressure difference sup- 
ported by the boundary stress, and P denotes the pressure in the resting fluid. 

These nonlinear equations are rendered linear by assuming that the motion of the system 
produces small deviations of a boundary from the shape it had when the system was at rest. 
For a compound drop the boundaries are spherical, and the pressure difference across a 
boundary of radius E and interfacial tension, o, is 


AP 


2o 

R 


(5) 


For this system, retaining only first order terms, eq. (2) can be written as 


3R 3j(j_ 
3t " 3r 


0 , 


(2A) 


and eq. (3) after substituting eq. (5), becomes 

A ( p H) “ (2 ~ l2) aR * (3A) 

— 2 

where aR = R - R, and L is the surface Laplacian which results from the linearization of 
the curvature. 


Normal modes of a concentric three fluid systems 

We consider a concentric three fluid system as shown in Figure 1 , and calculate normal 
modes using eqs. (1), (2A) , and (3A) . The solution of the equations involves finding flow 
potential, * , in the three fluids. Since is nonsecular solution of Laplace equation, it 
can be expressed in the following forms in each region of the system: 


'l'(r.t) = [AU.nutJr 1 + B(l,mit)r" (t+1) ] Y^e,*) (shell) (6) 

i ,m 


4' i (r,t) = A. (i,m ; t)r l Y Jlm (9,4') , 


l »m (core) 
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Figure 1. A concentric three fluid 
system used in the theory. 


We now express the boundary functions in the following way: 


\ (6»$jt) " ^ / j » ^ AR/j» (Q*^|t) m K / j \ “f y' 5 R<j\ (t |QI 

\ o \ {£} ^ iX 


\o) t,m \o| 


.c)Y tm ( e,*) . 


( 11 ) 


If we substitute these expressions into eqs. (2A) and (3A) , we show that the equations can 
be reduced to an eigenvalue equation which is essentially same as a coupled harmonic 
oscillator: 




“ “ 


" * 

1 


4 o 

J 

X o 
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where 


in , 




j° 0 /a i * \> - ■ a i 5 sr i / 7®~ * 

(» 
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U + l)(p. - p) 


t(p Q - p) 


(2e + i)p • ip o “ (imr 


T ,1 , »/■. . f“ . (2l+l) ~ - (2i+l) 

J “ (1 + Ap 0 )(l + Ap ^ ) T - Ap^Ap Q T 


Vi 


,[ R o»i] ; 


1/2 


(*. - 1) l (t + l)(t + 2) 

r*r + iy i 


(13) 

(1A) 

(15) 

(16) 

(17) 


where t * J R 0 /R£ . Note that the only dimensional quantity is W which has the dimension of 
frequency squared. 

From eq. (12), the eigenvalues are given by 


( otn i , V 3 \ . 1 ( a *i 

■ vr T ~r 


+ 1 , 


so that the normal mode frequencies are given by 


2 K u 

“± J W 


(18) 


(19) 


From (11) and (17), we obtain the corresponding eigenvectors as 



( 20 ) 


( 21 ) 
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It follows from the orthogonality of eigenvectors 
that 



It is important to note that the positive square 
root in (20) corresponds to the positive square 
root in (18). Consequently for the normal mode 
with the higher frequency, the boundary oscilla- 
tions are in-phase. We call this high frequency, 
mode the "bubble" mode and the lower fre- 
quency, mode the "sloshing" mode. From 

relation (22), the relative boundary displace- 
ment of the sloshing mode is out of phase. The 
relative boundary displacement of these two modes 
as they were observed in the neutral buoyancy 
tank is shown in Figure 2. The top figure shows 
"bubble" mode in which the two boundaries oscil- 
late in-phase, and the bottom figure shows 
"sloshing" mode in which the two boundaries move 
out of phase. In this compound drop the core and 
the host were silicon oil, and the shell was 
water. 


Velocity potential 


We now obtain expressions of velocity poten- 
tials ,i, , s and .o for the flow M Ms in the 
core, shell and the host respectively in terms 
of the interfacial displacements. From eqs. (6) 
through (11), the expressions for ,i and v 0 
are obtained as 


<*,) 

i >m 




S i - 1 


(i) Y « ! 'i 


s . . +2 /s 


(?) 


t+1 


Y, JR 
tm o 




Figure 2. "Bubble" mode (top) and 
"sloshing" mode (bottom) oscilla- 
tions of an oil-water-oil compound 
drop. 


(23) 


where 

s = JR R. and 
V o i 


■ 


The result for . g , interesting enough, can be expressed as 


(' s) • m 




(24) 


(25) 


C H 

where . 9 is the shell velocity potential when the core is rigid and , s is for the case when 

the host is rigid. When explicitly expressed, they are 


(• s)<» ■ -- Ml - D {« * (3 * 

(-s)im " " . (?'+*!) D j 1 ’ + O 1 (s) + !,+1 (f) J 


(26) 

( 27 ) 


where D 


. 2 ■ + 1 - ( 2 ; + 1 ) 


(A 


0 and 


. Of course, conditions 

* 0 were imposed to obtain (26) and (27). 

r-R 
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Illustrative examples 
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Using eqs. (13) to (19), numerical vulues of 
the eigenfrequercies for various physical param 
etcrs can be readily obtained. Furthermore, 
simple expressions of several limiting cases as 
shown below can be deduced in a straightforward 
way. 

(i) Simple Drop : We tested the present theory 

by deriving the well-known simple drop case. 

With R^-0 and following the procedure derived 
in the previous section, we get 

2 _ >(t + 1 ) ( > - 1)(» + 2) 

L R 3 It,' + (« + 1) . 1 

o 

•> 

which is identical to Lamb's result." 
shows various modes of a simple drop correspond- 
ing to the different values of >. A water drop 
immersed in a neutrally buoyant oil bath was 
axisymmetrical ly excited by a plunger which was 
in turn connected to a sinusoidally excited loud 
speaker. With l.Scc of drop volume, the inter- 
facial tension, 11.2 dvnes/cm, was obtained 
using eq. (28) for >• 2. The higher mode fre- 

quencies obtained using eq. (28) is shown in 
Figure 4 (solid line) and it was compared with 
the actual measurements (circles). The agree- 
ment is excellent. 

(ii) Rigid Host : When the compound drop was 

formed in the rigid host (i.e., . * •* ) , then 

• 0 and 


(28) 

Figure 3 





Figure U. Frequency vs t of a water 
drop in -ilicon oil. Drop volume was 
1 . 5cc , and o » 11.2 dynes /cm as mea- 
sured for ( * 2 case. Under these 
conditions, the solid line was 
obtained using eq. (28), and the 
circles were as measured by the 
mechanically excited osci llat ions . 

- (2 1 + 1 ) | 


(29) 


.^(t-1) c ( >‘ i 1 ) ( i »2 ) | •■ " ‘ * 1 - t 
R 3 |l < r + ( » +1 ) ,• i ) : " 1 + ' + ( *' + 1 ) ( .■ - . i 



If we normalize this with respect to .l of a 
simple drop which is made out of shell fluid 
immersed in the core fluid, then N 0 “ . t / l for 
i-2 and is as shown in Figure 3. Here Vj 

is the total volume (i.e., Vy*V s hell + Vcore) • 

N tl rises from zero at Vj/V c = l, then it 
approaches to infinity as the core shrinks. As 
the core shrinks with respect to V^, the core 
motion becomes essentially decoupled from the 
host and approaches to the simple drop fre- 
quency. This can be readily observed from 
eq. (29) as 


(iii) Rigid Core : If the compound drop has 

rigid core (i.e., c^"). then . -0, and 


■ 0 (.-l) < ( ( + 1) ( <+2) 1 1 " < + 1 
R o{l { *’o +(i + 1) . l , + 1 + »<.« 


- 1 - ( 2 1 + 1 ) j 




- (2 1 + 1 )| 
(30) 
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Figure 3. Various modes of a water drop 
oscillations in the silicon oil bath. 

The drop was mechanically excited. 



Of course, when R£+o, this reduces to eq. (28) for the simple drop. If we let wi, this 
simple drop frequency, then the normalized frequency, N c -w+/uL. for t-2 and p 0 -p, is as 
shown in Figure 6. Starting from a very thin shell (i.e., Vt/V c *1), N c rises sharply to its 
maximum, then gradually approaches to the single drop frequency as Vt/V(; increases. The 
agreement with the experimental points is fairly good. 


(iv) Thin Shell : When the shell is very thin (i.e., t • 1), then - o, and 


2 (o o + 1 +1 > (£ +2) 

+ K 3 Up q + U + l) P t l 


(31) 


Note that this is the same expression as that of a simple drop if its interfacial surface 
tension is replaced by <r 0 + o^. This particular result was also confirmed experimentally in 
the neutral buoyancy tank 



Figure 5. Normalized Frequency, N 0 vs 
V T /V C when the hose is rigid. 



Figure 6. Normalized frequency, N c , vs 
Vt/Vc when the core is rigid. 


(v) Thick Shell : When the shell is very 

thick (i.e., t -*■ »), then we get 

o 4 tto.(i - 1) i (l + l)(t + 2) 

3V C tip- ' * C« + - l) ' e t ) (32) 

and 

, Aito («, - 1) i (l + l)(l + 2) 

^ — sv s Ue,+ a - vi) pi — < 33 > 

where V c and V s are the core and the shell 
volumes respectively. These expressions tell 
us that in this limit the "bubble" and 
"sloshing" modes are no longer coupled since 
each mode represents simple drop oscillation. 

(vi) For Pi*p 0 and ot*o 0 : When the core and 
the host fluids are tne same and the two 
interfacial tensions are same the expressions 
for w* cannot be made much simpler than 

eq. (19). However, the numerical results of 
these frequencies are shown in Figure 7, 
where Vj-Vc+Vg , and N 8 “u>±/wl where is f he 
frequency of a simple drop which is made out 
of the same compound drop when the core was 
reduced to zero. In this figure the upper 
five curves represent "bubble" modes for the 
specified values of pi/p when pi-p 0 , and the 
lower three curves represent corresponding 
"sloshing" modes. Experimental points taken 
in a neutral buoyancy tank (pi/p-po/p“l) 
show good agreement with the theoretical 
curves. The results for the relative bound- 
ary displacements are shown in Figure 8 for 
an air-water-air type and an oil-water-oil 
type of compound drop systems. We see that 
our preliminary experimental results obtained 
in an neutral buoyancy tank also agree well 
with the theory. 

Remarks on core centering 

An interesting core centering phenomenon 
was observed in our neutral buoyancy experi- 
ments. Initially, a static compound drop 
was prepared so that the inner and the outer 
boundary surfaces were nonconcentric due to 
the slight density mismatch. However, as 
the drop began to oscillate in one of its 
normal mode freauencies (for i-2), the two 
boundaries became concentric within the 
accuracy of oUr observation. Though this 
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Figure 7. Normalized frequency, No, vs Vj/Vq 
when r> 0 and The upper five curves 

are for the "bubble" modes and the lower 
three curves are for the "Sloshing" modes. 



Figure 8. Relative boundary dis- 
placement of "bubble" modes. Th.' 
upper curve is for an oil-water-oil 
type of compound drop and the lower 
curve is for an air-water-air type 
of compound drop. The experimental 
points are from the neutral buoy- 
ancy experiment. 


centering phenomenon takes place within a few cycles of oscillation, the centering force 
seems to depend, among others, on the oscillation amplitude and the shell thickness. Within 
the approximations used in this paper, the positions of the core anywhere within the drop is 
neutrally stable. It is necessary to consider the next order of approximation to find the 
restoring forces responsible for the centering of the core and the shell. Work on the 
centering phenomenon and its more detailed description will bi published elsewhere. 


Experimental apparatus and procedure 


(A) Neutral Buoyancy Tank: The heart of the experimental apparatus is a neutral buoy- 

ancy tank which is a lucite box filled with silicon oil (Dow Corning 200, lcs). Taking 
advantage of the fact that the density of silicon oil was less than water, we created a 
vertical density gradient by adding a small amount of freon to the silicon oil until the 
water droplet floated in the middle of the tank. Also imbedded within this box were several 
electrodes for the purpose of excitation and detection of the drop systems. 

(B) Excitation and Detection Procedure: We adopted basically two different detection 

procedures: 1) frequency sweep, and 2) the pulsed transient technique. In the continu- 

ously driving method, the frequency of an oscillating electric field was swept through 
resonances while monitoring the oscillation amplitude using an optical recording and video 
systems (such as fast movie camera or TV video system). This method has the advantage of 
quick identification of the characteristic oscillations and provides detailed information 
about boundary motion. However, it was found that unless the driving field was kept at a 
low level, the resonance frequency measured in this method was erroneous. This is due to 
the fact that the large oscillating electric field changes the surface tension dynamically. 
The detection method which was used extensively in this experiment was the capacitance 
bridge method. The block diagram of this apparatus is shown in Figure 9. This method is 
similar in principle to more w^’l-known transient techniques in nuclear magnetic resonance 
or optical spectroscopy. The i. sic idea of this technique is to record capacitance varia- 
tion as the drop evolves freely toward equilibrium state from an initial nonequilibrium 
state. Application of an intense short electric pulse excites the droplet over a wide 
range of frequency simultaneously. Therefore, the Fourier transformation of this transient 
signal reveals characteristic frequencies simultaneously. 
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Figure 9. A block diagram of our apparatus 
which excites the drop electro-statically 
and detects the ensuing capacitance signal 
caused by the drop deformation. 


Figure 10. Signals obtained by 
the capacitance bridge and their 
Fourier transformed spectra. 


This capacitance bridge system was constructed around a General Radio Capacitance Bridge 
Unit, a home-build relay system, an A/D converter, and a data processing minicomputer. 

Once the capacitance bridge was balanced with the relay connected to the bridge, an elec- 
tric pulse could be fired by simply controlling the relay switch for the preset time dura- 
tion. Upon the termination of the pulse, the electrodes were switched back to the bridge 
and the ensuing signal was detected and processed. In order to protect the amplifier dur- 
ing the pulse and to shorten the recovery time following the pulse, an amplifier blocking 
relay switch was inserted at the input of the amplifier. 


Figure 10 shows a set of typical data obtained in this method. For the simple drop 
case, the signal is a damped monotonic oscillation which corresponds to a single . e»k in 
the frequency domain. Of course, the spectral line width is inversely proportional to the 
damping time constant of the time domain signal. The signal from a compound drop looks 
more complicated. However, Fourier transformation shows two well-resolved peaks each of 
which corresponds to the bubble mode and the slushing mode respectively. Though the capac- 
itance bridge method provides a full spectrum without scanning through resonance frequen- 
cies, it does not provide information about boundary motion. For this reason it is more 
convenient to adopt both continuous and transient methods which will compliment each other. 
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Abstract 

The interaction effects between two bubbles migrating along their line of centers under 
the influence of an imposed thermal gradient are considered in the quasi-static limit. Re- 
sults are reported for representative values of the governing parameters. 


A gas bubble, when placed in a liquid with a non-uniform temperature field, will move in 
the dire tion of the temperature gradient. Such motion is a consequence i_f the dependence 
of surft ..e tension on temperature. The temperature gradient at the bubble surface gives 
rise to a surface tension gradient. The resulting tangential stress at the interface will 
cause motion of the neighboring liquid in the direction of increasina surface tension, or 
toward the colder pole of the bubble. By reaction, the bubble will propel itself toward 
the warmer regions of the liquid. The thermocapillary motion of isolated bubbles has been 
the subject of much study. Both theoretical descriptions 1 ~ 4 , and experimental observations 
in general agreement with theory 1 ' 5 ' 5 ' * have been reported. 

Under conditions of creeping motion, the buoyant rise velocity of «* gas bubble is propor- 
tional to the square of its diameter whereas its thermocapillary velocity (for negligible 
convective energy transport) is proportional to the diameter. Thus, it may be expected that 
on earth, very small bubbles will be influenced significantly by temperature gradients. In 
contrast, in reduced gravity processing, capillarity induced motion of bubbles and droplets 
will be important over a wide range of bubble sizes. Thus, there is renewed interest in 
this subject. At Clarkson, for instance, theoretical models of thermocapillary motion are 
being developed 4 ' 7-10 and a reduced gravity experiment has been flown in collaboration with 
Uestinghouse Research and Development Center on a NASA rocket in their SPAR (Space Pro- 
cessing Applicati 'ns Rocket) proqram 11 . Here rocket experiments as well as Space Shuttle 
experiments are being planned’ 2 ' r 3 . 

The problem of the isolated bubble moving in a thermal gradient has received considerable 
attention as mentioned earlier. However, in many practical applications, interactions with 
neighboring bubbles and boundaries will be important. We have begun addressing such prob- 
lems theoretically in the quasi-static limit. Work on bubble migration normal to a pljtne 
fluid or solid surface is reported in (8). Elsewhere in this Proceedings 14 , a brief diictn*-^— _ 
sion of the problem of thermocapillary motion of bubbles inside drops is presented in the 
context of applications to the containerless processing of glasses and other materials in 
free fall. The axially symmetric interaction problems for two unequal bubbles has been 
solved using bispherical coordinates, and a complete treatment is being reported elsewhere 1 ' 
Details will be given in (16) . Here, only a brief summary of the results will be presented. 

When two bubbles, possibly of unequal diameters, are placed in a liquid possessing a 
linear temperature field such that the line of centers of the bubbles is parallel to the 
temperature gradient, the resulting problem is axially symmetric. Both bubbles will move in 
the direction of the temperature gradient. The problem, in general, is unsteady. However, 
when the Reynolds and'Marangoni numbers are very small, the quasi-static assumption 17 may 
be made in order to obtain first order results. This involves ignoring the unsteady accumu- 
lation terms as well as the convective transport terms in the equations of conservation of 
momentum and energy. In physical terms, in part, it is assumed that the vorticity and 
temperature distributions for a given spacing of the bubbles relax quickly to their steady 
representations for that configuration compared to the time scale for the bubbles to move an 
appreciable distance and change the configuration. Further, the convective transport terms 
are ignored compared to molecular transport. For the small bubbles in glass melts used in 
our rocket experiments, the quasi-static assumption is a good one. 

General solutions of the quasi : .atic equations in bispherical coordinates are avail- 
able 1 *' 1 ’. They are specialized for the boundary conditions of the present problem, a 
straightforward, but tedious process 15 . The quasi-static thermocapillary velocities of the 
two bubbles ther are calculated by setting the net hydrodynamic force on the bubbles to 
zero. 

It is convenient to discuss the results in the context of an interaction parameter U 


15 
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which represents the ratio of the velocity cf a given bubble in the presence of the second 
bubble to its velocity when isolated. ft will depend on the ratio of bubble radii, X 

Rj j , 

(X > xt — — ) and the scaled separation distance between the bubbles, D. (D “ *— ) . Here "d" 
i R I 

is the actual separation distance, R- , the radius of bubble I, and R.. , the radius of bubble 

II. Due to the neglect of convective transport effects, the order or A two bubbles in the 
temperature gradiert has no influence on the results. A representative set of values of ft. 
and for the two bubbles as a function of scaled separation distance D is reported in 
Table xl l for a typical value of X. X * 1.5 represents the case of bubble II being larger 
than bubble I. 


TABLE I 


Interaction Parameters ftj and ft IX as a Function of D for X * 1.5 


D 

°I 

°II 

2.6 

1.1432 

0.9662 

3.0 

1.0728 

0.9832 

8.0 

1.0033 

0.9993 

From the results in Table I, 

it may be seen that 

the larger of the two bubbles (II) 


moves slightly slower than it would if isolated. In contrast, the smaller bubble (I) moves 
more rapidly than it would, when isolated. Also, as the bubbles are separated further, the 
interaction becomes less important, and ft approaches unity. We might also observe that in 
view of the above behavior in the case of unequal bubbles, it is not surprising that when 
they are of equal size, both bubbles move at the same velocity that they would possess, if 
isolated. 
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Dielectrophoretic levitation of droplets and bubb.es* 

T. B. Jones** 

>epartment of Electrical Engineering, Colorado State University 

Fort Collins, CO 80523 

Abstract 

Uncharged droplets and bubbles can be levitated dielectrophoretically in liquids using 
strong, nonuniform electric fields. The general equations of notion for a droplet or bubfc e 
in an axisymmetric, divergence-free electrostatic field allow determination of the conditions 
necessary and sufficient for stable levitation. Two cases of a bubble or droplet with di- 
electric constant (k_) less than or greater than the liquid medium dielectric constant (k, ) 
emerge. For k~ < tc., passive levitation is possible, while for k > < ., active feedback- 
controlled levitation is required. The design of dielectrophoretic (DEP) levitation elec- 
trode structures is simplified by a Taylor-series expansion of cusped axisymmetric electro* 
static fields. Extensive experimental measurements on bubbles in insulating liquids verify 
the simple dielectrophoretic model. Others have extended dielectrophoretic levitation to 
very small particles (<100 um) in aqueous media. Zero-gravity DEP levitation remains to be 
demonstrated. This paper concludes with a discussion of applications of DEP levitation to 
the study of gas bubbles, liquid droplets, and solid particles. Some of these applications 
are of special interest in the reduced gravitational field of a spacecraft. 

Introductio n 

Strong nonuniform electric fields exert effective forces on uncharged particles, liquid 
droplets, and gas bubbles. Pohl named this effect dielectrophoresis in 1951. 1 The dielectro- 
phoretic phenomenon is most pronounced for r.,iall particles (<1000 unO . A cusped electro- 
static field can stably levitate bubbles, droplets, and small particles suspended in di- 
electric liquids. Further demonstrations of the manipulation and control of droplets, 
bubbles, and solid particles exist that are relevant to the reduced gravitational environ- 
ment of space. Zero-gravity dielectrophoresis offers some interesting prospects in a num- 
ber of materials processing applications that are considered in this paper. 

H. A. Pohl exploited dielecttophoresis in the separation of solid dielectric particles 
from a liquid insulant. One proposed application has been in the separation of living from 
dead blood cells. 2 Lin and Benguigui have used granular solid dielectric media stressed 
with strong electric fields to achieve high gradient DEP separations . 3 Veas and Schaeffer 
used a cusped electrostatic field to levitate small droplets of one dielectric liquid sus- 
pended in another. 4 Jones and Bliss studied the dielectrophoresis of small gas bubbles 
in insulating liquids and levitated these bubbles using an improved electrode geometry. 5 
Kallio and Jones proposed the use of DEP levitation for the measurement of solid particle 
and liquid dielectric constants.* 

In this paper, I discuss theoretical and experimental dielectrophoresis. Potential 
applications of DEP in a number of diverse fields (including zero-gravity experimentation) 
are reviewed in light of this recent work. 


Theory 

The theory relevant to dielectrophoresis is conveniently divided into sections dealing 
with the basic force calculation, properties of divergence-free electrostatic fields, fre- 
quency dispersion effects (charge relaxation) , and the equations of motion. 

Dielectrophoretic Force 

The DEP force is nonzero if either the magnitude or direction of the Lorentz force (qE) 
exerted on the positive and negative ends of a dipole differ. The general expression is 

F* - <P eff * 7)f, (1) 


* To be presented at the Second Convention of the International Colloquium on Drops and 
Bubbles, Monterey, CA, November 1981. 

** Present address: Xerox Corporation, Webster, N.Y. 14580. 
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where E is the imposed electric field and p is the effective dipole moment of the par- 
ticle. If the particle is an insulating spfiefe of radius R, dielectric constant k„, and 
mass density p_ in a dielectric insulator of dielectric constant k. and mass density p., 
and if the particle is sufficiently small, then 


Peff * 4 itr3c o k i( 4 ~~ 2V -'-) R - (2) 

Combining Eqs (1) and (2), the familiar result is 

F* * 2.R 3 e oKl 

which successfully predicts the observed behavior. Particles with ic- > k. are atti cted to 
relative electric field intensity mar' la, while for < k^, the particles are attracted to 
minima. 


Carton and Krasucki observed that liquid droplets and bubbles deform into prolate spher- 
oids in the direction of the applied electric field. 7 «»er prolate spheroids, the DEP force 
oe come !•. 


F = 


27Tab c (r - 
r 2 

5T1'' + Pc' 




<i5V<il 


VE 


(4) 


where a and b are the semi-major and semi-minor axes of the particle, and L is the depolar- 
ization factor: 


L z - 11 


(l - y“ 2 ) 


(1 - Y ~ 2 ) 2 + 


. ]/3y , and y = a/b 


(5) 


The ratio y is uniquely related to E. For small deformations, i.e., y < 1.1, an approxima- 
tion may be used:* 


Y ' 1 + 


/5 e„tc. r_ 
o 1 o 

165 


l - K ±— . iV 2 

Vi~ k 2 3 ; 


(cos 


^o> "* 1 E 2 * 


where 

0 = cosh _1 (3. / IPr /4J)/3 and r = (R 3 P/25 + R 2 )’ ,/2 . 

o o o 

P is the absolute ambient pressure and S is the interfacial tension. 


( 6 ) 

(7) 


Properties of Electrostatic Fields 

Theorems concerning electric field intensity maxima and minima are very important in DEP 
levitation. Consider a static, divergence-free electric field E such that 

V • E «= 0, and V x E = 0. (8) 


It is easily shown* that 


2 2 
V E 


(9) 


This inequality specifically excludes the possibility of three-dimensional electric 

field intensity maxima. The existence of isolated intensity minima (including zeroes) is 
demonstrated by reference to examples such as the quadrupole. Because of the above proper- 
ties of electrostatic fields, stable, static levitation of particles is possible only for 
*2 4 K i* This restriction places a serious limitation on the application of DEP levitation. 


Certain properties o 
cdls, may be examined 
correct to second order 


r cuaped axisymmetric electrostatic fields, useful in DEP levitation 
mg a Taylor-series expansion due to Holmes. 7 This field expansion, 
in excursions (p,z*) about some equilibrium point (0,z), is:*” 


E z " V [ a o * a l z ’ * “2 (*' 2 " M] ’ 
E P * v [ - T p * a 2 pz '] ' 


( 10 ) 

( 11 ) 
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where 


a n (r) - 


1 

^ 3* n 


( 12 ) 


p*0, z 


and V is the applied voltage. The stability of levitation for < k. is determined by the 
dual conditions * 1 


2 2 
3 E 


3z 


> 0 and 


0,z 


3 2 E 2 


3p 


> 0 , 


( 13 ) 


0,z 


2 2 2 

where E * E + E . Using Eqs (10) and (11), Eq. (13) can be reduced to conditions on the 

coefficients a , 8, , a». 

0 12 

Frequency Dispersion 


If the bubble, droplet, or particle and/or the fluid medium are slightly conductive, 
charge relaxation makes the effective dipole p time dependent and dispersive. Benguigui 
and Lin arrive at a concise result for the time-average DEP force due to an ac dielectric 
field on a spherical particle with conductivity Oj in a fluid of conductivity o^ 11 


2itR e k, 
o 1 


[ *2 ~ k l 

[ K 2 + 2< 1 


4 


3f o (< 1 C, 2 - «2°1> | ve 2 

t(o, + 2o 1 ) 2 (1 + <A 2 ) J rms 


( 14 ) 


where ai is the radian frequency, E rms is the rms electric field magnitude, and 


T “ e o (K 2 + 2k 'i>/< a 2 + 2o i ) (15) 

is a fundamental charge relaxation time. Equation (14) predicts that the DEP force is fre- 
quency-dependent, and a map of the stable regimes of levitation has been provided by Jones 
and Kallio. 1 - 1 (See Table 1.) 


Table 1. AC Levitation Conditions 



*2 < K 1 


*2 " K 1 

°2 " °1 

Stable levitation for 


No stable levitation at any 


f > f only 
c 


frequency (f c is not defined) . 

°2 v ” J 1 

Stable levitation for 

all 

Stable levitation for f < f 


frequencies (f is not 

only c 


defined). 




f c = - p 2 )/c o (k 2 " 

T 

/2s 

For a suddenly applied dc 

electric field, the DEP 

force 

is 


F*(t> - 2 xR 3 c 0 k 1 j U - exp(-t/T>) VE 2 + 2 i.R 3 c q * 1 ^ 2 T g 3 - j exp(-t/t) VE 2 (16) 

Charge relaxation, which governs the build-up and/or decay of free charge at the particle 
interface, causes these time- and frequency-dependent effects. 

Equations of Motion 

The translational equation of motion for a bubble, droplet, or particle in a nonuniform 
electric field has a fairly general form: 

m eff a? ■ m g * - + ** (17) 

where: 1 s 

m eff " T (p 2 + I fx> R3 r "g " T - (p 2 " p 1 )r3 (18) 
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p. and p 2 are mass densities, g is the gravitational acceleration vector, v is the velocity, 
and b is a damping coefficient. In viscous fluids, the Stokes drag model for vxscous drag 
can be used: 

1 4iru,R for spherical bubbles, 

6niijR for solid spheres, 

where ^ is the dynamic viscosity of the fluid. For a fluid droplet of dynamic viscosity 


(19) 


U 2 : 


2tiu 1 R (2^ + 311.,)/^ + p 2 ). 


( 20 ) 


Equation (17) may be reduced to a set of linear dynamic equations if the Taylor-series 
expansion for axisyrametric electrostatic fields is used. Consider the geometry shown in 
Figure 1. Gravitational acceleration is directed in the - 2 direction, so Eq. (17) becomes: 


where : 


m -- 2 * - 
eff 

m g 
g 

- b z + k 

as'' 

3z 

(21) 

m ef f * " " 

b p 

♦ K |ff. 


(22) 

K = 2ttR 3 e x, 

O 1 

(x 2 

- Kj^/tXj 

+ 2x 1 ). 

(23) 

(23) f let: 





z(t) = z o 

+ z ' 

(t) , 


(24) 

p(t) = p' 

(t). 

and 


(25) 

V(t) = V Q 

+ v' 

(t) 


(26) 


where z' , p’, and v' are all small time-dependent variables. Then, using Eqs (10) and (11), 

2 

3 E 2 2 

75" = t2 Vl + 2(a l + 2 V‘2 )z ’ 5 V o + 4a o a l V o v ’ ' (27) 

2 


» [2 (-± - a a,)p'] V- . 
op 4 O 2 O 


(28) 


The equation of equilibrium 


0 - -m g + 2a a.KV 
g 3 o 1 o 


(29) 


determines the location z of the particle, bubble, or droplet. The perturbation equations 
are ° 


z’ + — 
m 


z ' - 


'eff 


2KV 4KV 

r— ^ ~ (at + 2a»,l z 1 - —2 
*■ 1 o 2 rn _ 


eff 


"eff 


(a a.) v' = 0 
o l 


p' + 


2 2 

h . < af 

_ — P ' - (-r - 2a a.) p' = 0 

m_** m_ cc i o i 


"eff 


"eff 


(30) 


(31) 


For passive levitation v' - 0, and so Eqs (30) and (31) must have stable solutions for equili- 
brium to be stable. For K < 0 (x- < x.) , the prescribed conditions on a , a., a- can be met, 
but for K > 0 (x 2 > x.), radial and axial stability cannot be achieved simultaneously. Thus, 
active means must be used to levitate particles or droplets when x 2 > x^ . 

Consider the axisymmetric electrode geometry of Figure 2, which differs from the cusped 
configuration of Figure 1 in that the maximum electric field intensity is found along the 
center line. This configuration guarantees radial stability if 


a, < 4a_a 0 
i 0 2 


(32) 
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To provide axial stabilization, an error signal proportional to z 1 must be generated. 
Assume that 

v'/v - - gzVL (33) 

o 

where G is a dimensionless gain factor and L is a characteristic cell length. Then: 

k . 2KV 2 2 

2’ + -2— z' + 2 [2a a,G/L - af - 2a a,] z' * 0. (34) 

m eff m eff ° 1 1 02 

The condition for axial stability is 

G/L > a 1 /2a Q + a^a^ * (35) 

which can be met with sufficient gain. 

Equation (33) assumes that the error voltage v' is not coupled co p* and that the feedback 
is ideal with no phase shift. In a practical implementation of active DEP levitation, devia- 
tions from such ideal behavior would be expected. 

By setting v' * 0 and V(t) - V coswt, the parametric stability of Eqs (30) and (31) may 
be considered. But in the inertially dominated and the heavily damped limits, stability is 
impossible to achieve for K > 0. 


Experiment 


Force measurement 


Most attempts to measure the dielectrophoretic force and thus check the validity of Eq. 

(3) involve the use of electrode structures with well-known electrostatic field solutions. 
Jones and Bliss 5 used wed^e-shaped electrodes to measure forces on small gas bubbles in in- 
sulating liquid dielectrics. Pohl and Pethig 1 5 describe experiments with an isomotive elec- 
trode structure which features a DEP force that is independent of position within the cell. 
(See Figure 3.) within the accuracy of measurement, the experimental results are consistent 
with DEP theory. 

Levitation 


DEP levitation makes possible some interesting applications of dielectrophoresis in 
terrestrial and extra-terrestrial environments. Veas and Schaeffer levitated small droplets 
of one liquid suspended in another* using a cusped field. Jones and Bliss 5 levitated both 
air bubbles and liquid droplets in dielectric liquids. Jones and Kallio* 7 extended the mea- 
surements to various liquids, solid particles, and glass microballoons using the simple 
electrode geometry shown in Figure 4. 

The matter of electrode shape has been pursued further by Jones and McCarthy**, who show 
that the effectiveness of a DEP levitation cell is very sensitive to electrode shape, as 
shown in normalized plots of the DEP force versus axial particle position in the cell. (Re- 
fer to Figure 5.) This observed sensitivity is consistent with the analytical work of Pohl 
and Pollock.* 7 

Frequency-Dependent Effects 

Jones and Kallio** attempted to verify the theory concerning variable- frequency levitation 
of semi- insulating particles using ac and dc electric fields. The results are shown in 
Table 2. 

Some variable frequency DEP levitation experiments using very small cells to levitate 
SO pm solid particles*' and biological materials*' in aqueous media have also been reported. 

Dielectric Constant Measurement 


The use of DEP levitation for measurement of dielectric constant was reported in 1978' . 
All measurements are made with respect to a well-characterized standard dielectric liquid. 

A small gas bubble is levitated at a fixed position in the cell and the required voltage is 
noted. Then, the known liquid properties (mass density, dielectric constant) are used to 
calculate a geometric constant for the cell. The unknown is then introduced to the cell. 

In the case of an unknown liquid, a gas bubble is again levitated at the same position, or 
in the case of an unknown solid particle, the particle itself is levitated at the same posi- 
tion. The new voltage is noted and used in an analytic expression to compute the unknown 
dielectric constant. 
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Table 2. Results of some ac and dc levitation experiments. 


Sphere 

Liquid 

f 

c 

(Hz) 

T 1 

(s) 

Successful 

Levitation? 

ac a 

dc 

Polystyrene 

Transformer oil 

0.02 

18 

No 

NO 

Polystyrene 

Silicone fluid 


240 

Yes 


Polystyrene 

Corn oil 


0.55 

Yes 


Polystyrene 

Castor oil 


0.40 

Yes 

Yes 

Polyvinyl acetate 

Transformer oil 


18 

No 

No 

Polyvinyl acetate 

Silicone fluid 


240 

No 


Polyvinyl acetate 

Corn oil 

0.7 

0.55 

No 

No 

Polyvinyl acetate 

Castor oil 


0.40 

Yes 


Glass microballoon 

Transformer oil 

7 

0.18 

Yes 

No 

Glass microbalJoon 

Corn oil 

4 

0.55 

Yes 

No 

Solid glass 

Corn oil 


0.55 

No 


Solid glass 

Castor oil 


0.40 

No 



a f 21 45 Hz for all ac experiments. 


Loomans and Jones ? ° have investigated certain size-dependent phenomena (principally elon- 
gation) that have an effect on the accuracy of this DEP dielectric constant measurement 
scheme. They found up to 0.5% discrepancy in the volume normalized DEP force between small 
(<200 ^m) and large (^1200 urn) diameter bubbles levitated in a cusped electrostatic field. 
(See Figure 6. ) 

Bubble and Particle Control 


Appropriate design of electrodes permits the manipulation of bubbles and particles sus- 
pended in dielectric liquids. Figure 7a illustrates one periodic electrode structure that 
can be used for the conveyance of bubbles or particles. Depending on how the "bubble ladder" 
is connected, bubbles, etc., are collected and held at various locations between the rings. 

If the rings are connected to multiple-phase ac voltage, a synchronous pumping and delivery 
of the bubbles or particles should be possible. Another simple means of conveyance for 
bubbles and particles is shown in Figure 7b. Four electrode rods of alternate polarity are 
arranged parallel, forming a two-dimensional null along the axis. Bubbles or any particle 
with k 2 < k. are attracted to this null and, therefore, can be conveyed along the axis of 
the bubble conduit using buoyancy or other means. 

Work to be Done 


Active feedback levitation of particles with > c. has not been demonstrated yet. Such 
a demonstration would greatly extend the capabilities of DEP levitation. No zero-gravity 
demonstrations of DEP phenomena have been attempted. Experimental verification of zero- 
gravity levitation of bubbles, fluid droplets, or particles at a null ir. an electrostatic 
field is needed to evaluate the dielectrophoretic effect in extra-terrestrial applications. 

Conclusion 

Dielectrophoresis offers some unique capabilities for the control and manipulation of 
small uncharged gas bubbles, liquid droplets, and solid particles suspended in liquid media. 
Investigators have successfully levitated and controlled various particles (up to 1 mm in 
diameter) in dielectric fluid media using intense electric fields. Using more modest elec- 
tric fields, levitation experiments have been extended down to small particles (<50 pm) in 
aqueous media. The limit on dielectrophoresis imposed by Joule heating is most harmful in 
large electrode geometries or in highly conducting liquids, where electric fields of suf- 
ficient strength for DEP cannot be imposed. Charge relaxation produces significant fre- 
quency-dependent effects on the dielectrophoretic force, which can be used to characterize 
the electrical and dielectric properties of unknown solid and liquid media. 

Ir applications not requiring stable levitation, dielectrophoretic forces can be used for 
separation, agglomeration, collection of bubbles, droplets, and particles with no real res- 
trictions on relative dielectric .stants. nut a fundamental electrostatic theorem, which 
permits local three-dimensional field intensity minima, while excluding such maxima, im- 
poses the condition k, < for stable static levitation. This condition must be generalized 
for the dispersive case (see Table 1). However, active feedback may be used to levitate 
particles when > k ^ . 
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Applications 

The study of bubbles, droplets, and particles suspended in liquid media is important in 
many fields of science and technology. Dielectrophoretic phenomena, since they represent 
an important case of interactions of electric fields with these small multi-phase systems, 
merit attention. Some general categories of DEP experiments of at least potential inter- 
est in the weak gravitational environment of space are discussed below. 

e Zero-gravity hydrodynamics - Levitation of bubbles and droplets in space provide 

the opportunity to study reduced and zero gravity hydrodynamics. DEP levitation might 
afford unique opportunities to observe the dynamics of uncharged dielectric liquid 
droplets ana bubbles. 

• Multi-phase separations - Some preliminary work on using nonuniform electric fields 
to separate constituents in gas/liquid and solid/liquid systems in zero gravity has 
been reported. New space manufacturing processes which require separation could 
benefit from DEP techniques. 

• Biology in space — New opportunities for biological experimentation on living cells 
exist in reduced gravity. DEP levitation can be used to position cellular materials 
in vitro and to perform certain dielectric measurement diagnostics. 

• Electrochemical experiments - Limi*-“d experience exists in the study of solid parti- 
cles in aqueous media using DEP levitation. Using variable- frequency techniques, the 
dispersive nature of double layers in electrciyuss may be investigated using certain 
types of small particles. 

• High-voltage engineering - DEP levitation affords a means to study solid/liquid/gas 
interactions in the presence of strong electric fields. Bubbles and particulate im- 
purities are known to be important in the breakdown of dielectric liquids. Experience 
with liquid insulants in zero gravity is very limited. Thus, dielectrophoretic levi- 
tation may be a useful investigative tool in extra-terrestrial, high-voltage engineer- 
ing applications. 

• Dielectric measurements — The dielectric constant measurement scheme described else- 
where in this paper offers a unique opportunity for the nondestructive evaluation of 
solid dielectric particles from power to audio frequencies and rf. Simple 1% mea- 
surements on liquids have already been demonstrated. 

Other applications of dielectrophoretic effects, in general, and DEP levitation, in par- 
ticular, may be envisioned. For example, processing and ultrasonic cleaning of small 
spherical particles, such as laser targets, might be possible using DEP levitation. Levi- 
tated particles can be rotated to improve the uniformity of coating operations in wet pro- 
cessing. 1 * 

Dielectrophoretic phenomena offer unique means to control and manipulate small, uncharged 
gas bubbles, liquid droplets, and solid particles suspended in liquid media. In the reduced 
gravitational environment of space, these nonuniform electrostatic field effects can be used 
to provide a controllable body force which is localized and tailored to requirements by pro- 
per electrode design. A better understanding and appreciation of dielectrophoresis will 
enhance the basic investigations of drops and bubbles and may open some new opportunities 
for space processing of materials. 
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The motion of bubbles inside drops in containerless processing 
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Abstract 

A theoretical model of thermocapillary bubble motion inside a drop, located in a space 
laboratory, due to an arbitrary axisymmetric temperature distribution on the drop surface 
is constructed. Typical results for the stream function and temperature fields as well as 
the migration velocity of the bubble are obtained in the auasistatic limit. 

The motion of bubbles in a rotating body of liquid is studied experimentally, and an 
approximate theoretical model is developed. Comparison of the experimental observations of 
the bubble trajectories and centering times with theoretical predictions lends qualified 
support to the theory. 


Introduction 


With the advent of the Space Shuttle, orbital processing of materials over extended 
periods of time will become realizable in the near future. The near free fall environment 
aboard orbiting spacecraft is particularly attractive for containerless operation. For 
instance, materials may be melted while suspended, and cooled without contacting a 
container. It has been suggested that certain high technology glasses which are difficult 
or impossible to make on earth because of container-wall-induccd heterogeneous nucleation 
can be made in a free fall environment. 1 ' 2 other applications for containerless processing 
include the measurement of physical propert 4 es of hiqhly reactive melts, and the prepa- 
ration of ultrapure materials which are easily contaminated by containers. 

In many of the above applications, it is likely that gas bubbles will be formed in the 
melts processed in space. For instance, in the manufacture of glasses, bubbles are formed 
due to the liberation of gaseous products from chemical reactions. The removal of such 
bubbles is essential to the preparation of a useful final product. At Clarkson, with finan- 
cial support from NASA, experiments are being designed for flight aboard NASA rockets and 
the Space Shuttle on the subject of surface tension gradient driven motion of gas bubbles 
in glass melts and model fluids. The experiments will involve the photographic observation, 
under reduced gravity conditions, of the motion of, and the interaction among, bubbles in a 
liquid drop "'.tich is spot-heated. They are described in detail elsewhere. 3,4 

Another topic to be addressed, in our free fall experiments, is the centering of gas 
bubbles inside a liquid drop. Such centering plays an important role in the process 
currently employed for the production of uniform hollow qla38 shells (microballoons) used 
in inertial confinement fusion research. 5 Typically, a collection of gel particles is 
dropped into a vertical tube furnace. The particles melt and gas bubbles form. At some 
point, these bubbles coalesce irto a large bubble which centers itself inside the molten 
glass drop. At the bottom of the furnace, fairly uniform shells are obtained. 5 In view of 
the conditions of operation in the production process, it is quite difficult to isolate a 
single particle, and follow its time-temperature history carefully. Thus, there is con- 
siderable uncertainty at tbis time concerning the mechanisms which might be operative in 
centering the bubble inside the molten liquid drop in the furnace. The sphericity and wall- 
thickness uniformity of the hollow glass shells obtained is crucial to the success of the 
fusion process wherein the shells are filled with a Deuterium-Tritium mixture and an 
implosion is achieved by irradiation with a laser pulse or an ion beam. 5 

In the near free fall conditions aboard the Shuttle, a bubble can be introduced into a 
liquid drop and various centering mechanisms such as rotation, oscillation, expansion/ 
contraction, etc., which have been proposed to date, can be studied. Manipulation of the 
drop and bubble system may be achieved using acoustic fields. 7 ' 0 

In this presentation, some of our ground-based research on the motion of bubbles inside 
drops will be described. Theoretical work has be»*n performed on thermocapillary bubble 
migration inside a drop, and is being reported in the literature. 9 ' 10 More details will be 
given in (11) . Experimental work is under way on the behavior of bubbles placed inside a 
rotating liquid body. Some of this work is being reported in the literature 1 '- and details 
may be found in (13) . 
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Thermocapillary motion of bubbles inside drops 

A bubble placed inside a drop in the absence of gravity will move if a non-uniform 
temperature field is induced and maintained on the drop surface. This motion will be a 
9 direct consequence of the tangential stresses at both the drop surface and the bubble- 
liquid interface caused by the variation of surface tension with temperature. Such 
stresses will induce motion in the liquid shell due to viscous traction, and cause the 
movement of the bubble. In fact, a gas bubble placed in a quiescent liquid body with a non- 
uniform temperature field will propel itself toward the warmer regions in the liquid by 
causing motion of the liquid in its vicinity. The problem of the isolated bubble has been 
examined in the past, and both theoretically ,15 and experimentally * 16 results are available. 

In the present problem, several variations may be posed. When .he prescribed temper- 
ature field is axially symmetric (as obtained perhaps by spot-heating the drop) , and when 
the bubble is located along this symmetry axis, the velocity and temperature fields in the 
liquid shell will possess axial symmetry. Furthermore, we restrict attention to t' quasi- 
static limit wherein the unsteady accumulation terms as well as the convective ti import 
terms are ignored in comparison to the molecular transport terms in the qoverninc, conser- 
vation equations. In this case, the equations of conservation of momentum and energy are 
linear, and the powerful principle of superposition can be used to construct solutions. 17-19 
The general solutions presented in (18,19) may be specialized to the boundary conditions 
applicable to our problem in a straightforward, but tedious manner. Details are presented 
el sewhere .9-11 

In view of the linearity of the governing equations, the resulting motion of the bubble 
may be studied conveniently by decomposing the arbitrary temperature field into spherical 
harmonics. The scaled migration velocity (U) of the bubble has been calculated as a 
function of reduced bubble size k (Bubble radius/Drop radius) and the scaled distance 
between the drop and bubble centers D (scaled using drop radius) for the first three 
Legendre modes of the surface temperature field. As expected, in all these cases, the 
bubble moves towards the nearest warm pole. For a Pj-mode surface temperature field, for a 
fixed k, the velocity of the bubble U increases with decrease in D, and reaches a maximum 
when the bubble reaches the center of the drop. For higher modes, U first increases from 
its value of zero at D = 0 for increasing D, but ultimately decreases as the bubble 
approaches the drop surface. For all modes, for fixed 0, the velocity of the bubble 
increases with k, for a wide range of values of k. 

A typical set of results for the isotherms and streamlines induced by a P^-mode surface 
temperature field is presented in figure 1. Here, due to the symmetry of the fluid flow, 
a bubble placed anywhere on the symmetry axis will move toward the warm pole alona the 
symmetry axis. However, for the P 2 and higher modes of the surface temperature field, a 
bubble located at the center of the drop will not move. Any displacement of the bubble 
from the drop center will result in the motion of the bubble to the nearest warm pole (not 
shown) . Detailed results on the motion of the bubble are given elsewhere. 9-11 

He also might note here that a simple approximation can be constructed for the bubble 
velocity for relatively small bubble size. This approximation, presented in (9,10) involves 
the calculation of the streaming velocity of the fluid in the drop at the location of the 
bubble center in the absence of the bubble using results available in the literature. 20 
Then, the thermocapillary migration velocity of an isolated bubble in a quiescent liquid 
subjected to the temperature gradient existing in the drop at the location of the bubble 
center (but in the absence of the bubble) is computed from (14). The two are added to give 
the desired approximation. As shown in (9,10) this approximation is quite good for relative 
bubble radii of up to a tenth of the drop radius, and for even larger values when the bubble 
is close to the center of the drop. 

Bubble motion in a rotating liquid 

A gas bubble in a rotating liquid body will experience buoyancy toward the axis of 
rotation due to the radia? acceleration field quite analogous to upward buoyancy due to 
earth's gravity. 21-24 Relatively small bubbles, introduced into highly viscous liquids 
rotating at small angular velocities, will migrate principally in the radial direction when 
viewed in a reference frame rotating with the liquid. Coriolis deflection under these con- 
ditions will be a small secondary effect. 

In an effort to investigate this bubble centering mechanism, we have performed experi- 
ments using a spherical thin-walled glass shell approximately 70 ram in diameter. The shell 
is filled with a Dow-Corning DC-200 series silicone oil through a hole on the surface of the 
sphere, leaving a small air bubble (-2 mm diameter) in the liquid, and sealed using a piece 
of gum-tape. The bubble is initially located at the highest point in the liquid, a position 
dictated by gravity. The shell is then rotated about a horizontal axis with the aid of a 
D.C. motor. The bubble spirals in toward the rotation axis on the equatorial plane of the 
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shell, and the process is recorded usin>. high speed motion picture camera, or a video 
camera depending on the rotation rate of j sphere for the experimental run. More details 
may be found in (12,11) . 

In Figure 2, experimental data are shown for a typical run. The radial position of the 
bubble, scaled by the shell radius, and corrected for optical displacement effects, is 
plotted against time, and the migration of the bubble to the rotation axis may be seen 
clearly. An approximate theoretical description of the migration process has been 
developed!2,13 and the prediction from theory may be seen to be in reasonable agreement 
with the data shown in Figure The effects of secondary flows during spin-un and gravity 
on the bubble migration process have been discussed elsewhere. 12 
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Fig ire 2. Bubble migration towards the rotation axis as a function of time (upper scale) 
and of cumulative sphere revolutions (lower scale) for Run S. 

C onclusions 

Some potential mechanisms for the migration of gas bubbles in liquid bodies under 
reduced gravity conditions have been presented and discussed. Theoretical predictions- 
indicate that thermocapillary migration may be used to move bubble to the surface of a 
liquid Crop, and experimental data suggest that rotation of a drop containing bubbles is 
a useful mechanism for moving bubbles to the center of a drop. Both of the above mecha- 
nisms, being independent of gravity, may be effectively used to manage gas bubbles in space 
processing. 
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Abstract 

A 2.5 cm diameter water drop was successfully deployed and manipulated in a triaxial 
acoustic resonance chamber during a 240 sec low-gravity SPAR rocket flight. Oscillation 
and rocation were induced by modulating and phase shifting the signals to the speakers. 
Portions of the film record were digitized and analyzed. Spectral analysis brought out 
the n * 2, 3 4 free oscillation modes of the drop, its very low-frequency center-of-mass 
motion in the acoustic potential well, and the forced oscillation frequency. The drop 
boundaries were least-square fitted to general ellipses, providing eccentricities of the 
distorted drop. The normalized equatorial area of the rotating drop was plotted vs a 
rotational parameter, and was in excellent agreement with values derived from the theory 
of equilibrium snapes of rotating liquid drops. 

Introduction 

This report describes an experimental study which is contributing to the 
understanding of containerless processing of molten materials in space. This study was 
performed on a 2.5 cm diameter water drop successfully deployed and manipulated in a 
triaxial acoustic resonance chamber during a 5 min SPAR (Space Processing Applications 
Rocket) flight. Three aspects of containerless processing technology in space are of 
particular interest: stability, oscillation, and rotation of a molten sample. Stability 

studies will help us determine the effect of residual g-jitter on the positioned sample, 
as well as the focusing requirement of the optics. Oscillation studies will enable us to 
measure the surface tension of the sample, as well as to better understand induced mixing 
currents within a liquid melt. Rotation studies will demonstrate the feasibility of 
degassing and shaping melts. In addition, a rotating sample can even out the 
nonuniformity of the temperature environment. 

With these broad objectives in mind, the primary objectives of this flight were to: 
(1) Study the center-of-mass motion in an acoustic chamber. The initial velocity and 
position of the drop due to the retraction of the injectors gave the drop energy to 
oscillate in the acoustic potential well throughout most of the experiment. Effects 

of g-jitter on this motion can be observed from the film record and accelerometer 
telemetry. (2) Determine the rotation capability of the acoustic chamber. The torque on 
the drop generated by ...e acoustic field slowly rotates the drop up to 2 rps. The rate of 
spin-up establishes the rotation capability of the chamber on a liquid drop. (3) Study 
the drop shape change due to rotation. The shapes of the drop in near rigid-body rotation 
from this experiment are compared with existing equilibrium shape calculations. If rota- 
tion is to be used as a method of shaping liquid melts, it is important to determine the 
deviation between calculated and observed shapes. (4) Study the frequency response and 
damping mechanisms of drop oscillations for both free and forced oscillations. The ini- 
tial perturbation of the drop shape generated by the drop injection system is allowed to 
damp down with the acoustic field on. The time required for the positioned liquid drop to 
approach its quiescent state can be determined from the film record. 

Apparatus and Operation 

A schematic drawing of the payload is shown in Fig. 1. The heart of the apparatus is 
a triaxial acoustic resonance chamber which is used to position and control large liquid 
drops in low-g environments. The chamber itself is nearly cubical, with inside dimensions 
of 11.43 x 11.43 x 12.70 cm. Three acoustic drivers are fixed rigidly to the center of 
three mutually perpendicular faces of the chamber. During operation of the chamber, each 
driver excites the lowest-order standing wave along the direction that it faces. In the 
resonant mode, the acoustic pressure is maximum at the nodes of the velocity wave (i.e., 
at the walls) and minimum at the antinodes (the center). There is a tendency for 
introduced liquids and particles to be driven toward the antinodes, where they collect and 
remain until excitation ceases. 

Rotation of the sample requires that two dimensions of the chamber, the x and y, be 
of the same length and that the x and y drivers be driven at the same frequency with a 
phase separation of 90°. For non-rotation applications, the two axes can be driven at 0° 
or 180° with respect to one another. However, at these phase shifts, interference patterns 
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are produced in the chamber that seriously 
distort the shape o£ the drop. In order to 
alleviate this problem, the acoustic fields 
are turned on and off in a cyclic manner so 
that when the x axis acoustic field is on the 
y acoustic field is off, and when the x is 
off the y is on. This complementary 
modulation of the x and y axes is done at a 
frequency that is high compared to the 
frequencies of the lowest normal modes of the 
drop. 


The acoustic chamber was located in the 
rocket payload so that the z axis of the 
chamber was parallel to the center line of 
the rocket (Fig. 1). The bulk of the data 
from this experiment was obtained with a 
16 mm cine camera, run at 48 frames per 
second. The camera was directed along the 
z axis ; in addition, two mirrors gave nearby 
orthogonal views along the x and y axes. The 
sound intensity at each wall, the deployment 
system condition, camera and lighting status, 
and the frequency of the z-axis signal were 
monitored, telemetered to the ground station 
and recorded in real time. 

This type of acoustic resonance chamber 
was designed by Wang et al. 1 for levitation 
and space processing applications. More 
details and the results of analysis of a 
previous SPAR flight can be found in Jacobi 
et al. 2 

Data Analysis 

The timing for the various phases of this flight experiment is presented in Table 1. 
The following five time sequences were identified for analysis. 

(a) Free oscillation (127-145 sec). When the fluid injectors were retracted, 
the drop was held in position by the acoustic field. Free oscillations 
(excited by the retracting injectors) damped out, and the drop moved back 
and forth in the acoustic potential well. This part was used to observe 
free oscillations, to measure the radius of the drop, and to study its 
center-of-mass motion. 



Table 1. Sequence of Events “ 

Clock Time 

Event 

(sec after lift-off) 


85 

Camera on 

90 

Complementary modulation on 

105 

Fluid delivered through injector 

117 

Fluid delivery off 

127 

Fluid injectors extracted 

127-145 

Free oscillation 

145 

z modulation on 

145-265 

Forced oscillation 

265 

z modulation off 

265-300 

Drop relaxation 

300 

Complementary modulation off; 90 


phase shift 

300-330 

Induced rotation 

330 

90° phase shift off; complementary 


modulation on 

330-360 

Coasting 

365.5 

Drop hits wall 



Fig. 1. Schematic drawing of the SPAR 
payload showino the acoustic 
chamber, cine camera, and mirrors. 
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(b) Forced oscillation (145-147 sec). As the acoustic pressure along the z 
axis was modulated at a low frequency, the resulting oscillatons of the 
drop were very regular for three seconds. 

(c) Combined oscillation aim rotation (147-265 sec). The regular behavior of 

the drop's response to the z axis modulation quickly developed an 
unexpected twist: to the large amplitude oscillation was added rotation of 

the drop. This sequence is the most difficult and intriguing one to inter- 
pret. The acoustic forces and torques on a strongly deformed drop at an 
arbitrary position are poorly understood. 

(d) Relaxation of the drop (265-300 sec). With the complementary modulation of 
the x and y axes on, the drop relaxed prior to being spun up. The 
information in this sequence was similar to that in sequence (a) . 

(e) Spin-up of the drop (300-330 sec). With a phase difference of 90° between 
the x and y pressure amplitudes, a torque was generated on the drop which 
caused it to rotate the z axis. Deformed shapes were observed, which can 
be compared with theoretical predictions of the equilibrium shape of a 
rotating liquid drop. 

The strategy used for the data analysis of the 16 mm cine film record consisted of 
preliminary analysis performed on a Vanguard Motion Film Analyzer and a more detailed 
study of fully-digitized boundaries of elected frames (provided by JPL's Image Processing 
Laboratory) using a small computer. A sample cine frame is shown in Fig. 2a, from the 
forceo oscillation sequence. Figure 2b shows the computer-digitized boundaries for the 
frame in the preceding photograph. Both the "raw" data and a quadratically-smoothed 
boundary are shown for each of the three views. It must be noted that, despite the 
satisfactory appearance of the original photograph, some irregularities do appear in the 
digitized and smoothed versions. These may be due to overlap with the speaker ports., 
specular or back reflections, or to a peculiarity in the digitization algorithm. It is a 
persistent feature throughout the film. Table 2 shows the frame sequences that were 
digitized and the frame densities. The total number of frames processed was 1826, with 
typically 90 to 150 points per boundary. The boundary data were recorded in the form of 
3-digit integers, thus placing a limit upon the resolution of the digitization. 



Fig. 2a. Typical frame from the 16 mm Fig. 2b. Digitized boundaries of "he drop 

record which shows three images shown in a. The points are 
orthogonal views of the drop "raw" data and the lines are their 
undergoing forced oscillation quadratically-smoothed description, 
(t = 147 .0 sec) . 



Table 2. Digitized 

Frames 


Time (sec) 

Event 


Density 

127.1—130.4 

Free oscill ion 


1/1 

130.4—144.6 

Free oscillation 


1/3 

144.6 — 147.1 

Forced response: 

regular 

1/1 

147.1 — 170.4 

Forced response: 

rotation 

1/3 

263.7 — 300.4 

Free oscillation 


1/4 

300.4—333.7 

Rotation 


1/5 


It wis felt that prior to the automatic processing of relatively large amounts of 
data, it would be useful to investigate some of the interesting features on a Vanguard 
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Motion Film Analyzer. These measurements provided some insight into what might be 
expected from a more detailed analysis. Three topics were handled with this simple 
technique. As the drop moved periodically in the acoustic potential well, the frequency of 
the motion was measured and compared with a theoretical prediction approximating the 
acoustic potential well by an equivalent harmonic oscillator potential. These frequencies 
are correlated with the acoustic force and with the pressure level in the chamber. The 
two lowest normal mode frequencies, f, and f 3 , were identified. With a knowledge of the 
surface tension, measured shortly before the flight, these measurements were UBed to infer 
the volume of the drop. The ratio of the minor to major axes was measured before, during, 
and after the rotation sequence. While there was significant scatter in the results, the 
ratio was close to 1.0 prior to rotation, and showed a measurable change when the drop was 
spun up. 

While some of the main results will be described on the following pages, more details 
concerning the analysis of this flight can be found in the report by Wang et al. 

Numerical tests . As another preparatory step to the data analysis, it was decided to 
investigate numerical test cases involving the recovery of a known signal in the presence 
of various amounts of noise. The first of two such experiments was designed to recover 
the coefficients of the normal modes of a perturbed boundary, a situation which is 
encountered when analyzing the oscillatory motion of a drop. The boundary was represented 
in the form 

HULL = i +V a P (cos 0) + bN (1) 

R n n ' 

n 


where a n are preassigned values, and b is the noise amplitude. The problem was to recover 
a in the presence of noise, by either direct numerical integration around the boundary, 
using the orthogonality of the Legendre polynomials, or by least squares techniques which 
avoided the approximation involved in numerical integration. The results were similar for 
both approaches, with somewhat better accuracy provided by the least squares analysis. 

The second numerical experiment was designed to determine the ratio of the major to 
minor axis of a general perturbed ellipse, a situation encountered when a drop is 
distorted either by rotation or oscillation. In this case the coefficients of a general 
ellipse 

ax 2 + 2bxy + cy 2 + 2dx + 2ey +1=0 


in the presence of noise, were determined by a least squares approach. The coefficients 
a, b, c determine the principal axis of the ellipse 


tg 2a 



(3) 


and the ratio of axes is given by 

ratio = ( asin 2 g ± ccos 2 q - b sin2a ft 

\acos 2 a + c sin 2 a + bsin2a/ 14 

This ratio was also determined by a direct "min-max" approach, where extremal radius 
vectors from an approximate center are found. This approach was found to be noise- 
limited, and impractical for useful data reduction. 


Centei-Qf-MafiB Motion 


A large water drop moves in an acoustic potential well determined by the acoustic 
force components 
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where p is the acoustic pressure, . ■_ is the density of air, c is the speed ot sound, 
k A - is the wave number, and f(2ic 1 a} is a shape factor 
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Thio expression for the force was recently verified by laboratory measurements and 
analysis by Leung et al. For small displacements from the center sin 2kix.i ~ 2k i x i , 
resulting in a harmonic oscillator well in which the frequency of oscillation will be 
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where ; d is the drop density. 

The oscillation frequency of the center-of-mass motion was determined from the film 
in two ways. Firs' - , the center-of-mass motion was crudely studied on the Vanguard, and a 
center-of-mass frequency was determined by averaging over several cycles. At 265 sec, the 
sound pressure level was decreased from 146 to 145 dB, which corresponds to a decrease by 
a factor of 2 in the force and of >/3 or 0.71 in the frequency. The corresponding ratios 
of observed frequencies along the three axes were 0.81, 0.84, and 0.80. Secondly, the 
center-of-mass coordinates of the digitized boundaries were determined, and then Fourier 
transformed. A sample is shown in Fig. 3, where (a) shows two periods of the oscillation 
of one coordinate, and (b) shows the corresponding power spectrum. Typically observed 
frequencies were - 0.15 Hz, while the value predicted from Eq. (7) i£^0.14. Because there 
is a change in elevation between JPL (where the package was calibrated) and White Sands 
Test Range (where it was sealed prior to launch), there were some changes in the acouBtic 
parameters involved. An estimate showed that the theoretical value of 0.14 Hz should be 
modified to - 0 . 16 Hz. if the nonharmonicity of the acoustic potential well were taken into 
account, a reductior. of several percent is expected in the value of the center-of-mass 
frequency. 




Fig. 3. Study of the center-of-mass motion of the drop in the acoustic potential well: 

(a) sinusoidal behavior in the time domain 

(b) a single peak in the frequency domain. 

Ro Utica 

For the thirty seconds of induced rotation (1600 frames on the film), every fifth 
frame was digitized. The expectation was that the drop's appearance in the main view, for 
which the line of view coincided with the axis of rotation, would be circular, while in 
the side views it would appear circular initially and become gradually more and more 
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Fig. 4. Ratio of the major and minor axes during the sequence when the acoustic torque 
was acting on the drop (300 to 330 sec). The view is perpendicular to the axis 
of rotation. From this ratio a value of was obtained. For example, b/a - 1.5 
corresponds to :■ » 0.42. 

elliptical. These frames were analyzed by the least squares ellipse analysis (see Eqs. 2- 
4 above). The expected features showed up.. While the a/b ratio of the main view remained 
constant, the same ratio for a side view gradually increased from 1.0 at the onset of 
rotation to roughly 1.5 at the end (Fig. 4). Using the theoretical results of 
Chandrasekhar 5 , Ross®, and Brown 7 , we were able to relate the observed a/b ratio to the 
rotational parameter 


2- ft) 


( 8 ) 


where is the angular 
velocity of the rotating 
drop, and is the low- 
est mode oscillation fre- 
quency. The observed a/b 
ratio at the end of the 
rotation sequence corre- 
sponds to ~ 0 . 3 . This 
value, in turn, implies a 
rotation rate of 8.92 
radians/sec, or 1.42 rps. 
Thus, although we could 
not directly determine 
the angular velocity for 
lack of tracer particles, 
we were able to infer it 
using these theoretical 
relations. Also, note Z 
that the value of 
reached is very close to 
the first bifurcation 
point ( :: » 0.313), at 
which the theory of equi- 
librium shapes of a rota- 
ting drop oredicts 
possible transition from 
axially symmetric to 
non-axially symmetric 
equilibrium shapes. 


7. 0 
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Rotation Parameter 


Fig . 5. 


Comparison of the experimental points and theo- 
retical curves (Brown 7 ) relating the equatorial area 
to the angular velocity. All quantities are 
normalized: A = Eo. Area/ (Rest inq Radius) 2 and 

? ■ Rot. Par. - ( --A.) 2 . The curve through 
the data represents the axisyraraetric family of equi- 
librium shapes while the two oide branches represent 
two- and three-lobed shapes. 
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The analysis was continued one more step. A relative equatorial area can be found 
from the product ab in the main view. A comparison of the theoretical and observed 
normalized equatorial areas is shown in Fig. 5 in which all boundary points were included 
in the analysis, showing excellent agreement with the theory. To the best of our 
knowledge, this is the first time that an observation has been made under conditions 
similar to those stipulated by the theory of equilibrium shapes of rotating drops. This 
obviously calls for an extension of such measurements to higher rotation rates. If a drop 
were spun in one direction and the torque quickly reversed, it might enable observation of 
the nonaxially symmetric equilibrium shapes theoretically predicted. 

Oscillation 

The natural oscillation frequencies of a liquid drop are given in the linear 
approximation by 


(0 


2 

n 


n(n - 1) (n + 2) -~ 
p d 


(9) 


where o is the surface of 
the drop. The oscilla- 
tion trequencies can b. 
determined by analyzing 
both free oscillation 
data (as was done in Ref. 
2) and forceo oscillation 
data. When the drop 
oscillated, the reflec- 
tions of the photo lamps 
showed that motion) using 
the time information on 
the edge of the film and 
advancing the film 
througn a certain number 
of cycles, a rough value 
of the frequency of these 
oscillations could be 
obtained. The frequen- 
cies f r <* 2.48 ± .03 and 
f 3 * 4.67 ±.0 5 Hz were 
obtained from the early 
sequence (127-145 sec) 
and f ; * 2.54 ± .03 from 
the latter (265-300 sec). 
The frequencies expected 
for an 8.6 cc water drop 
with a surface tension of 
71 dynes/cm are f, * 2.74 
Hz and f, * 5.31 Hz. 
Frequencies were also 
determined by the peaks 
of the power spectrum of 
vertical and horizontal 
chords on the digitized 
data. Such a sample is 
shown in Fig. 6, where 
the power spectrum shows 
the mode n - 2, as well 
as traces of the modes 
n - 3, 4. At the time of 
this writing the full 
boundaries are being ana- 
lyzed to provide the 
coefficients a n (t) of Eq. 
(1). The Fourier trans- 
form of the latter is 
expected to provide the 
corresponding frequencies. 
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Fig. 6. Study of the drop's natural oscillations: 

(a) difference between vertical and horizontal 

oscillations. 

(b) frequency spectrum of data shown in (a) . 
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During the forced oscillation sequence, the amplitude modulation of the acoustic 
pressure field along the z axis was swept from 2.3 to 2.9 Hz over a two-minute period, so 
as to contain the expected resonant frequency, 2.6 Hz, with a sufficient safety margin. 
The drop began oscillating in the n - 2 normal mode during the first few seconds, as 
intendea. However, as the amplitude became very large, the regularity deteriorated ver 
quickly and rotation set in. The coefficient a 2 (t) in Eq. (1) was determined by direct 
numerical integration, and by a vertical-horizontal chord method. The results are 
described in Ref. 3, but it can be generally stated that the cause of the rotational 
stability which developd two seconds into the forced oscillation sequence iB not well 
understood at the present time. The acoustic field in which the drop finds itself is 
fairly complicated Its components along each axis are modulated: there was amplitude 
modulation along the z axis, and complementary modulation along the x and y axes. In 
addition, the drop was undergoing a continuous low-frequency center-of-mass motion in this 
complex potential field. 


Conclusions 

The objectives of this experiment were achieved. The drop was deployed and 
acoustically manipulated as planned. 

There is no satisfactory understanding of the intially strong oscillation seen during 
the forced oscillation sequence (at 2.3 Hz rather than 2.5 Hz) and the subsequent highly 
irregular motion which appears to be a superposition of oscillation and rotation. 

During the rotation sequence of this experiment, the first bifurcation point between 
axisymmetric and triaxial shapes was reached in only thirty seconds of applied torque. 
Since equilibrium probably had not been reached, this means that spending more time ~<n the 
rotation sequence or increasing the torque by using r. higher sound pressure in future 
experiments might take the drop beyond the first bifurcation point. In particular, such 
an experiment would snow whether non-axially symmetric equilibrium shapes are excited 
beyond the first bifurcation point. 
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Abstract 


The fundamental physico-chemical mechanisms governing droplet vaporization and combus- 
tion are discussed. Specific topics include governing .'quations and simplifications, the 
classical d-Law solution and its subsequent modification, finite-rate kinetics and the 
flame structure, droplet dynamics, near- and super-critical combustion, combustion of mul- 
ticomponent fuel blends/emulsions/suspensions, and droplet interaction. Potential research 
topics are suggested. 


1. Introduction 


Research on the gasification, oxidation, and dynamics of fuel droplets commands both 
practical and fundamental interest to energy and combustion science. On the practical 
aspect one recognizes that petroleum oil constitutes a significant share of the world 
energy supply. Since these fuel oils are usually introduced into the combustor as sprays 
of droplets, it is reasonable to expect that the collective gasification c ' individual 
droplets would intimately influence the bulk spray vaporization and oxidat. n characteris- 
tics, which in turn determines the combustor performance. On the fundamental aspect drop- 
let combustion is a problem involving complex chemically-reacting multicomponent two-phase 
flows with phase change, rich in physical and chemical phenomena tyoically of interest to 
the study of aerothermochemistry . 

Figures la to lc show some possible droplet combustion modes. In Fig. la the fuel drop- 
let is motionless in a stagnant, gravity-free, oxidizing environment of infinite extent. 

The lack of either forced or natural convection implies that spherical symmetry exists. 

The basic mechanisms leading to the complete gasification of the droplet are heat and mass 
diffusion due to the existence of temperature and concentration gradients, the radial con- 
vection because of the continuous transfer of mass from the droplet surface to the ambi- 
ance, and chemical reaction in the flame region. The burning is of the diffusion-flame 
type in which the outwardly-diffusing fuel vapor and the inwardly-diffusing oxidizer gas 
approach the reaction zone in approximate stoichiometric proportion. Reaction between them 
is rapid and intense, implying that the reaction zone is thin and very little reactants can 
lea . through the flame. The chemical heat generated at the flame is transported both out- 
ward and inward to heat up the approaching oxidizer and fuel gases in order to achieve 
ignition. The rest of the inwardiy-transported heat is used for droplet heating and to 
effect liquid gasification. 

In the presence of either forced and/or natural convection, a non-radial relative veloc- 
ity exists between the droplet and the surrounding gas. The shear stress exerted by the 
gas flow on the surface induces a recirculatory motion within the droplet (Fig. lb). For 
higher rates of external convection, flow separation occurs close to the rear stagnation 
point, creating wake regions both inside and outside of the droplet (Fig. lc). The pres- 
ence of the non-radial convection generally enhances the transport rates and thereby the 
gasification rate, although for sufficiently intense flows the envelop diffusion flame can 
be extinguished, leading to significant reductions in the gasification rate. It is clear 
that fluid motion can have strong influence on the combustion process. 


The bulk parameters of interest in droplet combustion studies include the droplet gasi- 
fication rate, the flame location and temperature, the droplet drag, ignition and extinc- 
tion limits, and the extent of pollutant formation such as that of NO x . The droplet 
diameters of interest are typically between 10 urn and 100 ym; gasification of smaller drop- 
lets can be considered to be instantaneous during the period between spray injection and 
active combustion, while large droplets either tend to breakup or cannot achieve complete 
gasification during the available residence time. Droplet breakup also limits its maximum 
Reynolds number, Re, to about 100 for typical surface tension values of hydrocarbon fuels, 
Re being defined as the ratio of the characteristic inertia to viscous forces. It may also 
be noted that it is frequently desirable for the droplets within a spray to have a distri- 
bution of sizes and velocities in order to achieve an optimum spatial distribution through 
penetration as well as a controlled rate of gasification and thereby chemical heat release. 


The basic spherically-symmetric, pure-component, droplet combustion model was formulated 
in the fifties. This model has since been termed the d-Law because it predicts that the 
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square of the droplet diameter decreases linearly with time. In subsequent years the basic 
understanding of this model has been extensively revised while other aspects of droplet 
combustion have also been investigated. Extensive reviews of these developments can be 
found in Refs. 1 to 3. 

The purposes of the present paper are to familiarize the reader with the influence and 
modeling techniques of chemical reactions in droplet processes, to briefly review current 
understanding of the basic physico-chemical mechanisms governing droplet combustion, and to 
suggest potential areas of research. In the next section some frequently- invoiced assump- 
tions during droplet combustion modeling are stated and a set of simplified governing equa- 
tions presented. The d -Law is then derived, and its limitations and subsequent modifica- 
tions in light of experimental results discussed. This is followed by special topics on 
finite-rate kinetics, droplet dynamics, high-pressure combustion, multicomponent droplet 
combustion, and droplet interaction. In Section 9 potential areas of research are 
suggested . 


2 . Assumptions and simplified governing equations 

The general equations governing droplet combustion are those of heat, mass, and momentum 
conservation, in both the gas and liquid phases, and their coupling at the interface. 
Auxiliary relations needed are the equations of state and those describing chemical reac- 
tions and interfacial phase change. The chemical reactions of interest are usually those 
of fuel vapor decomposition and oxidation in the gas phase. For very high boiling point 
fuels, their pyrolysis in the liquid phase may also be of relevance. These equations, for 
general combustion problems, can be found in the text by Williams. 

We shall instead study in the following a simplified system which illustrates the basic 
diffusive-convective-reactive nature of droplet combustion. The major assumptions are as 
follows. 

(Al) Diffusion being rate-limiting, although second-order diffusion, that is the Soret and 
Dufour effects, are neglected. 

(A2) Isobaric processes because of the low Mach number flow. 

(A3) Gas-phase quasi-steadiness. Because of the significant density disparity between 

liquid and gas, the liquid possesses much inertia such that its properties at the sur- 
face, for example the regression rate, temperature, and species concentrations change 
at rates much slower than those of the gas-phase transport processes. Thus the gas- 
phase processes can be treated as steady, with the surface boundary variations occur- 
ing at longer time scales. 

( A4 ) Constant gas-phase transport properties. A single binary diffusion coefficient, 6, is 
used for all pairs of species. The specific heat C p , the thermal conductivity coef- 
ficient X, and the product p«, are assumed to be constants, where p is the density. 

With the above assumptions, the gas-phase governing equations are 


Continuity 

V ' ( pu) • 0 

(1) 

Species 

V*(puYi - pfiVYi) ■ Wi , i*l,2,...N 

(2) 

Energy 

V • ( puCpT - XVT) ■ q 

(3) 

State 

p » p(R°/W)T 

(4) 


where T is the temperature, p the pressure, w an average molecular weight, u the velocity, 
Yi the mass fractioh of species i, w^ the chemical production rate of i, q the chemical 
heat generation rate, and N the total number of species. 

For each of the equations represented by Eqs. (2) and (3), the first and second terms on 
the LHS respectively represent convective and diffusive transport, while the RHS is the 
chemical source/sink term. From chemical kinetics it is well known that the oxidation of a 
fuel species leading to the formation of products occurs through a complicated sequence of 
intermediate reactions with a myriad of intermediate species. Thus, for example, the term 
Wj represents the sum of the mass rates of production and destruction, per unit volume, 
of species i from all of the reaction steps. 

The adoption of such a detailed kinetic scheme yields immensely complicated expressions 
for wj and invariably necessitates the use of numerical solutions. Furthermore, except 
for the simplest hydrocarbon fuels, the detailed oxidation kinetics of the heavier ones are 
largely unknown. Thus frequently it is both necessary and useful to approximate the 
detailed kinetics as a one-step overall reaction between the fuel, F, and oxidizer, 0, as 
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(5) 
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,A 


» 


0 

C P) + ootO] ♦ Products 


where on is the stoichiometric mass coefficient of the oxidiser per unit mass of fuel 
consumed, and Q is the associated heat release. The consumption rate of F can then be 
expressed as 


■ - Ap 


0 F 


exp ( — ) 


R°T 


( 6 ) 


which shows that the overall reaction rate is proportional to the concentrations of the 
reactants and is dependent on the temperature through the Arrhenius factor characterized by 
an activation energy E. The exponents a and b are the empirically determined reaction 
orders with respect to the fuel and oxidizer, while A is the frequency factor which is a 
measure of the collision frequency between the reactants. Since Pi*>Yip, Eq. (6) can 
also be expressed as 

w - - Ap (a+b) Y a Y b exp (- — ) (7) 

F ° F R°T 

Finally, recognizing that in any given reaction the rate of chemical heat release as 
well as the rates of creation and destruction of all species must be stoichiometrically 
related, we have 


°0 W F 


and 


( 8 ) 


<1 - - 0w p 

for the reaction given by Eq. (5). 

Equations (2) and (3) are now well defined. It is clear that the highly non-linear 
nature of the reaction rate term, which also strongly couples the Y^ and T variations, 
introduces challenging mathematical difficulties and interesting physical phenomena to the 
problem. 

Considerable simplification in the analysis results if one adopts the Shvab-Zeldovich 
Formulation, 1 * which requires 

( A5 ) Unity Lewis number, or Le * X/C p p« - 1. 

Thus a linear combination of Eqs. (2) and (3) eliminates the reaction term from all but one 
of the (N+l ) equations. In particular, if we define a coupling function 



(9) 


where op ■ 1, then Eq. (2) can be replaced by 

r^-Conservation V*(pui^ - p «vr^) » 0 i»0,F (10) 

which shows that is a conserved scalar during the chemical reaction of Eq. (5). 
Physically represents the sum of the thermal and chemical energies which remains 
constant when heat and mass are transported at equal rates. 

The problem is thus simplified to the solution of the chemically-inert Eq. (10) together 
with Eq. (3). Sometimes it is possible to first solve for such that Y^ , and thereby 
Eq. (3), become only a function of T. The problem is decoupled. 

To demonstrate this methodology and be more specific in our discussions, let us further 
assume 

(A6) Spherical symmetry, implying the absence of natural or forced convection. 

Then the governing equations become 
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inhere r is the radial co-ordinate, s indicates the surface, m»( pur 2 )/( p6r s ) , r»r/r s , 
T-CpT/0, 


D - C-l } {A (^Z) 
p« qrO 
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} exp (- 


-) 


R°T r 


is the ratio of the characteristic flow time to the characteristic reaction time, and 
is a characteristic temperature in the reaction zone. 

Equation (11) shows that 

m * constant 

implying that the mass flow rate is a constant as it should be. 


(14) 


Equations 

(12) and (13) 

are to be solved subject to the boundary conditions 
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Yp - 0 


(16) 


T = T. 


(17) 

At r * 1 : 

dYo/dr » 

mY 0 

(18) 


dYp/dr = 

-m(l-Yp) 

-i 9 ) 


dT/dr * 

mL/Q 

(20) 


T * 

T s 

(21) 


where L is the latent heat of gasification. Equations (18) and (20) respectively state 
that oxidizer does not penetrate into the surface, and that all the heat conducted to the 
droplet is used for gasification. Equations (15) to (21) constitute seven boundary 
conditions to solve for the three second order differential equations, Eqs. (12) and (13), 
together with the burning rate parameter m. 

Solving Eq. (12), we have 

(— + T) » (lEZ)e" n ' /r - 8(l-e“ ,n/r ) + T (22) 

OQ OQ “ 

and 

(Yp+T) - (1-8) (l-e~ m / r ) + T. (23) 

where 


8 


(T m -T s ) + L 
Q 


Thus the problem is reduced to the solution of Eq. (13) for T, with Yq and Yp cu.».. by 
Eqs. (22) and (23) . 
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3. The d 2 -Law and its modifications 




A particularly simple solution exists if we make the following assumption. 

(A7) Reaction proceeds with an infinitely fast rate at an inf initesimally-thin flame 
located at ff, implying that both reactants are totally consumed there. 

Thus we have 


Yq ■ Yp ■ O, T » Tf , at r * rp 


( 24 ) 


Furthermore, since there is now no leakage of the reactants through the flame, the oxidizer 
concentration is identically zero in the inner region to the flame. Thus, in particular, 
at the droplet surface we have 

Yg * 0 at r * 1 (25) 


Applying Eqs. (24) and (25) to Eqs. (22) and (23), we obtain three equations from which the 
three parameters of practical interest, namely the burning rate m, the flamefront standoff 
ratio ff, and the flame temperature ff, can be solved as 

m * *n(l+B) (26) 


f *n (1 +Yq^/oq) 


and 


C ( T f — T ) 

(-5 — i } + {L + C (T -T ) } = Q 

V°0 P f 8 


where B * 


C p (T„-T s ) + (Y 0t /o 0 )Q 


(27) 


(28) 


(29) 


is a transfer number representing the ratio of the "driving force" for vaporization to the 
"resistance" to vaporization. The chemical source term, (Yo»/°o)Q» is usually much 
greater than the thermal term, Cp(T.-T s ). Equations (26) to (28) show that m, ff, 
and Tf are constants for a given fuel-oxidizer system. 

Finally, further assume that 

(A8) Fuel vaporization rate at surface is equal to fuel consumption rate at flame m*4*pur 2 . 
Then 


- 1_ (1 , p d 3 ) 
dt 3 t s 

which is simply 

d(d 2 ) 

1- - - K 

dt 


with 


(30) 


(31) 


K * :l£_ tn(UB) (32) 

p l 

where p { is the liquid density. The parameter K is known as the evaporation or burning 
rate constant. 


Integrating Eq. (31) yields 


so 


- Kt 


which forms the basis of the d -Law. 


( 33 ) 
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0, we obtain the total burning time as 


Setting d s ■ 



K 


Equation (34) shows that t varies quadratically with the initial droplet size, hence demon- 
strating the basic principle of atomization in order to achieve rapid gasification. 

It is also of interest to note that in Eq. (28) we have expressed Tf in such a way as 
to illustrate the fact that it is just the adiabatic flame temperature for the stoichio- 
metric reaction between the liquid fuel and the oxidizer-inert mixture. That is, the 
amount of heat release, Q, by burning unit mass of fuel is used (a) to gasify the fuel 
and heat the fuel vapor from T s to Tf, and (b) to heat (Yo»/«0' amount of the 
oxidizer mixture from T. to Tf. 

Figure 2a shows the d 2 -Law temperature and concentration profiles, which are typical of 
diffusional burning. 

Because of its simplicity, the d 2 -Law has been extensively used in modeling droplet and 
spray combustion. In particular, the qualitative behavior of Eq. (33) has been found to be 
largely correct while the burning rate constant can generally be predicted to within a 
factor of two, allowing for the uncertainty in selecting transport property values. 

However, experiments 5 ' 6 on spherically-symmetric droplet combustion reveal certain 
qualitatively different behaviors, indicating the existence of serious weaknesses in the 
d-Law. Figure 3 shows that, immediately after ignition, there exists a short period 
during which d s 2 practically does not change. Furthermore, rather than a constant, ?f 
increases significantly after ignition. In a Iow-Yq- environment the increase persists 
until burnout, while in a high-Yo« environment ?f levels off toward the latter part of 
the droplet lifetime. 


Both of these deviations are consequences of initial conditions which are not included 
in the d-Law. The initial slow rate of surface regression is primarily due to the need to 
heat up the initially cold droplet to a temperature hot enough to sustain steady burning; 
frequently this temperature is close to the liquid's boiling point under the prevailing 
pressure. Du-ing this period most of the heat generated is used for droplet heating 
instead of gasification, thereby resulting in a slow surface regression rate. The droplet 
also expands as it is heated up, hence compensating for the reduction in the droplet size 
from gasification. 


Since active droplet heating and intense gasification are somewhat mutually exclusive, 
droplet heating is mostly over in about the first 10% of the droplet lifetime. For the 
remaining period d s should vary approximately linearly with time. During multicomponent 
droplet combustion or high-pressure combustion the droplet heating period can be considera- 
bly longer, as will be discussed later. 


To model droplet heating one may simply include in the latent heat of vaporization, L, 
an additional amount representing the heat conducted into the droplet interior. This 
amount can then be determined by solving the temperature distribution within the drop- 
let. 


> 




The observed behavior of ff can be explained by the fact that the fuel ’apor present 
in the region between the droplet and the flame continuously change as the :roplet and 
flame sizes change. The significance of this variation can be appreciated by considering 
a droplet immediately after it is ignited. At that instant the amount of fuel vapor pres- 
ent in the inner region should be of the same order as the amount present in the droplet 
vicinity before ignition. Since this amount is very small because of the low droplet 
temperature, the flame initially must lie close to the droplet surface. With subsequent 
gasification the fuel vapor present in the inner region increases and larger flames can be 
supported. Therefore only part of the fuel vaporized during this period is consumed at the 
flame, the rest is being accumulated in the inner region as the flame expands. This amount 
may also become depleted toward the latter part of the droplet lifetime. 

It is reasonable to expect that the accumulated amount is significant because although 
the gas density is low compared with the liquid density, the flame size can be substantial 
such that volume effect dominates. Furthermore the fuel vapor is accumulated at the 
expense of the finite droplet mass. Indeed it is easy to demonstrate 6 that the amount of 
the fuel vapor present, as given by results of the d -Law, is of the same order as the 
droplet mass. 

The existence of this accumulation process implies that mass conservation is actually 
violated in d-Law. Rather, overall mass conservation for the fuel vapor should read. 
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Gasification rate at droplet surface 

- Consumption rate at flame 

+ Accumulation/Depletion rate in the inner region (35) 

The last term is absent in the d 2 -Law. 

When the accumulation process is included in the formulation 6 , then the experimentally 
observed behavior of is predicted. The result that ff does approach a constant 
value for burning in high Yq m environments can also be explained by its relatively 
smaller flame size, which requries less fuel vapor for accumulation. 

An important practical implication of fuel vapor accumulation is that since the fuel 
gasification rate is not equal to the fuel consumption rate, adoption of the d -Law in 
spray modeling may result in grossly erroneous estimates of the bulk chemical heat release 
rate. In particular, in a low-oxidizer environment some fuel vapor is still left behind 
upon complete droplet gasification, as shown in Fig. 4. 

4 . Finite-rate kinetics and the flame structure 

It is perhaps somewhat remarkable that because of the basic diffusive nature of droplet 
combustion, much can be learned by making the flame-sheet approximation without having to 
consider the detailed reaction kinetics. There are, however, certain phenomena in which 
the chemical reaction rate can be of the same order as the diffusion rate in parts of the 
flow field. They can only be described by allowing for finite-rate kinetics and thereby 
resolving the flame structure. Important examples are the determination of the ignition/ 
extinction limits and the combustion of monopropellant droplets. 

To resolve the flame structure, it is necessary to solve Eq. (13) with the reaction 
term, which is governed by the Damkohler number D and the activation energy E. For reac- 
tions of interest to combustion E usually assumes a large value, of the order of 20 to 100 
kcal/mole. Thus the Arrhenius factor exp(-E/R°T) is a very sensitive function of temper- 
ature. It assumes the maximum value at the location of the maximum temperature in the flow 

field. However, by moving slightly away from this location, the slight decrease in the 
temperature can significantly reduce the magnitude of the Arrhenius factor and thereby 
effectively freeze the chemical reaction. 

Thus the flow field can be considered to consist of a narrow reaction region separating 
two broad chemically-frozen regions in which fuel and oxidizer diffuse toward each other. 
Furthermore, since the gradients of the flow properties are very steep within the narrow 
reaction region, diffusion dominates over convection and therefore balances the reaction 
term. On the other hand in the frozen regions diffusion balances convection. Finally, 
since reaction proceeds at a finite rate, the reactants cannot be completely consumed 
within the flame and therefore may leak through it. This leakage reoresents incomplete 

fuel utilization and in severe cases can lead to extinction. The general temperature and 

concentration profiles are shown in Fig. 2b. 

A solution of Eq. (13) usually yields an S-shaped multi-valued curve when a relevant 
parameter, say m, is plotted versus D (Pig. 5). This S-curve can be interpreted as follows. 

For D = 0, the flow is chemically frozen everywhere and we retrieve the pure vaporiza- 
tion state. By gradually increasing D along the lower branch, weak chemical reaction is 
possible leading to slight increases in m. However, with continuous increase in D a value 
Dj will be reached beyond which the only possible solution lies on the upper branch. 

Thus at Dj the system changes abruptly from the lower to the upper branch, which repre- 
sents all the possible burning states. In particular as D ♦ - we retrieve the flame-sheet 
solution. Therefore this lower turning point can be identified as the ignition state and 
Dj an ignition Damkohler number. Similarly if we continuously decrease D along the upper 
branch, then beyond Dp steady burning ceases to be possible and only the lower branch has 
solutions. Therefore the upper turning point can be identified as the extinction state and 
Dg an extinction Damkohler number. 

Physically, the non-existence of solutions implies that the chemical reaction rate can- 
not balance the heat transport rate. Thus for the lower branch, beyond Dj, the chemical 
heat is generated so fast in the reaction region close to the hot, oxidizing, ambiance that 
they cannot be transported away in a steady manner. This leads to an increase in the reac- 
tion zone temperature and thereby further increase in the reaction rate, culminating in the 
runaway event of ignition. This feed-back mechanism proceeds extremely rapidly because of 
the highly temperature-sensitive Arrhenius kinetics. 

Similarly, for the upper branch, the effects of the finite reaction rate are that the 
flame is broadened and both fuel and oxidizer can now leak through the flame zone. Thus 
with excessive leakage the chemical heat release cannot keep up with the heat transported 
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away from the flame zone, leading to a precipitous drop in the flame temperature and 
thereby extinction. 

Equation (13) has been formally solved using the newly-developed technique of large 
activation energy asymptotic technique. * 10 The diffusive-reactive and diffusive-con- 
vective regions are separately solved and matched, using the ratio of the thermal energy in 
the reaction region to the activation energy as the small parameter of expansion. The 
S-curve is reproduced and explicit expressions derived for the ignition and extinction 
states. These criteria are useful in assessing the combustibility of a given droplet- 
oxidizer system. 

Finite-rate kinetics is also essential in the study of monopropellant droplet combus- 
tion. Unlike conventional hydrocarbon fuels which burn through diffusion flames, a mono- 
propellant contains both fuel and oxidizer. Thus after gasification the outwardly-trans- 
ported gas is a premixed combustible, which will eventually burn as a premixed flame. 

While a detailed discussion of the structure of premixed flames is outside the scope of 
this paper, it may be noted that studies 1 * have shown that for large droplets the burning 
resembles that of one-dimensional premixed flame, with 

d(d ) 

- constant , 

dt 

while for small droplets the burning resembles that of the conventional fuel droplet, with 

d(tJg) 

- constant . 

dt 


5 . Droplet dynamics 

The heat and mass transfer processes of the spher ica 1 ly-symmetr ic droplet combustion 
discussed so far are closely influenced by the droplet dynamics, and vice versa. As 
mentioned previously, while increasing non-radial convection generally increases the 
gas-phase transport rates and thereby the burning rate, there exists an upper limit in the 
convection intensity at which the flame can be blown off, that is extinguished. Various 
semi-empirical correlations have been proposed for the burning rate augmentation due to 
convection, such as 2 

K = h + 0.278 Re 1/2 Pr 1/3 , ln(l+B) 

K s.s. (1 + 1.232/RePr 4 / 3 ) 1 '' 2 B 

where K SiS? is the spher ica 1 ly- symmetric result. Systematic theoretical and experimental 
investigation on the blow-off of the droplet flame have also been conducted. In particular 
criteria governing the blow-off limits have been determined. 11 

Combustion can influence the droplet drag and therefore its dynamics in tnree essential 
ways. The outward mass flux at the droplet surface reduces friction drag but increases 
pressure drag because of early separation. The net result is as yet unclear. The exis- 
tence of the interfacial velocity, especially after the droplet has been substantially 
heated up, may delay separation and hence reduce both the friction and pressure drag. 
Finally, the significant elevation of the temperature in both the gas and liquid phases, 
and the increase in the gas density because of the presence of the high-molecular-weight 
fuel vapor, can all greatly influence the fluid properties and therefore the drag coeffi- 
cient. The above factors have not been systematically investigated. 

In the section on multicomponent fuels we shall further show that the existence of 
internal motion may qualitatively influence the combustion characteristics of multicom- 
ponent droplets. 


6 . Near- and super-critical combustion 

Because of the enhanced comDustion efficiency and intensity under high pressure, 
internal combustion engines operate under elevated pressures frequently in excess of the 
thermodynamic critical pressure of the liquid fuel. For example, while the critical pres- 
sures of diesel fuels are of the order of 20 atm, th •» pressure within diesel engines can 
range from 40 atm at the end of the compression stroke to twice that value at the peak com- 
bustion pressure. While these values seem to indicate that the droplet should undergo 
supercritical combustion early in its lifetime, considerations of the finite droplet 
heating rate and the dissolution of the permanent gases, which can raise the critical 
pressures of the fuel to the range of 40 to 60 atm, render it possible that the droplet 
actually attains criticality after it is mostly vaporized. 


At elevated pressures various aspects o£ low-pressure droplet combustion need to be 
revised. The elevation of the liquid boiling point lengthens the droplet heating period 
and thereby its lifetime. The overall chemical reaction rate generally increases with 
pressure, hence making extinction more difficult but favoring the formation of such pol- 
lutants as NO* and soot. As the critical state is approached, gas-phase compressibility 
becomes important, while the reduced surface tension enhances internal circulation and 
favors droplet deformation and breakup. The gas-phase quasi-steady assumption breaks down 
as the gas and liquid densities become comparable. Finally, at the critical state the dis- 
tinction between gas and liquid vanishes and the phenomena of interest cease to belong to 
the area of droplet combustion. 

7 . Multicomponent droplet combustion 

Much of the earlier studies on droplet combustion used pure fuels. However, recent 
developments in engine design and fuel formulation indicate that multicomponent effects 
will become progressively more important in the utilization of liquid fuels. Combustion 
processes within engines will be more tightly controlled to further improve efficiency and 
reduce emissions. The synthetic fuels derived from coal, tar sand, and oil shale will have 
more complex composition as well as higher and wider boiling point ranges. There also 
exists considerable interest in the utilization of such hybrid fuels as water/oil emul- 
sions, alcohol/oil solutions and emulsions, and coal-oil mixtures. The widely different 
physical and chemical properties of the constituents of these hybrid fuels necessitates 
consideration of multicomponent effects in an essential way. 

To understand heterogeneous multicomponent fuel combustion, either as a droplet or in 
some other forms (e.g. pool burring) , the following three factors have to be considered. 

(i) The relative concentrations and volatilities of the liquid constituents, as would be 
expected. 

(ii) The miscibility of the liquid constituents. This controls the phase change charac- 
teristics. For example the partial vapor pressure of a miscible fuel blend can be 
greatly modified when it is emulsified with even a small quantity of water and 
changes into an immiscible mixture. 

(iii) The intensity of motion within the liquid. This .'nfluences the rate with which the 
liquid components can be brought to the surface at which gasification takes place. 

The third point requires further amplification. First, it is obvious that no matter how 
volatile a liquid element is, it cannot gasify unless it is exposed at the droplet surface 
either through the passive mode of surface regression, or the active modes of diffusion and 
internal circulation. However, liquid-phase mass diffusion is an extremely slow process; 
its rate being one to two orders slower than that of surface regression. Therefore with it 
being the dominant active mode of transport, it is reasonable to expect that both the vola- 
tile and non-volatile liquid elements i.i the core of the droplet will be "trapped" during 
most of the droplet lifetime. Under this situation the relative volatilities of the indi- 
vidual components obviously cannot be the dominating factors in effecting gasification. On 
the other hand, in the presence of internal circulation, liquid-phase mass transport is 
facilitated such that the relative volatilities exert much stronger influence on the indi- 
vidual gasification rates. 

Thus the combustion characteristics of a multicomponent droplet can be discussed in the 
two extreme rat^p of internal mixing, namely (a) a diffusion limit in which there is no 
motion within the droplet interior such that diffusion is the only active transport mode, 
and (b) a (somewhat artificial) distillation limit in which it is assumed that mixing 
occurs so fast that the states within the droplet interior are perpetually uniformized. 

Let us first discuss the combustion of miscible fuel blends in these two limits. 

Because of diffusional resistance, it is reasonable to expect that the composition of 
the droplet inner core is practically not influenced by the surface gasification and there- 
fore remains close to its initial value. However, since the volatile component has a rela- 
tively lower concentration at the surface, therefore there must exist a thin surface layer 
through which the composition rapidly changes 1 2 * 13 , as shown in Fig. 6. Furthermore, 
overall mass conservation requires that the fractional gasification rate of the ith species 
must be equal to its initial mass fraction. Therefore it is reasonable to expect that 
after the initial droplet heating period, a d-Law behavior should prevail for the droplet 
size history, as shown in Fig. 7. 

The diffusional stratification of the concentration can lead to the occurrence of an 
interesting disruptive combustion phenomenon termed micro-explosion. 3 It is reasoned that 
since the droplet surface has a higher concentration of the non-volatile, high-boiling- 
point, component, and since the droplet temperature is controlled by its composition at the 
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surface, therefore the droplet can be heated to a high temperature. However, the droplet 
inner core is concentrated with the volatile, low-boiling-point, component. It ie there- 
fore possible that the inner core mixture can be heated to ite limit of superheat and 
homogeneously nucleates. The subsequent internal pressure build-up is tremendous and 
causes the droplet to explode violently. 

It has also been predicted that micro-explosion can occur only for an optimum range of 
mixture concentration; the non-volatile component is needed to drive up the droplet temper- 
ature while the volatile component is needed to facilitate homogeneous nucleation. 1H * 1 5 
Furthermore, since the boiling point increases significantly with pressure while the homo- 
geneous nucleation temperature is extremely Insensitive to pressure variations, at least 
for pressures not close to critical, it is also suggested 13 that increasing pressure 
enhances the occurrence of micro-explosion. This is an attractive consideration for appli- 
cation in internal combustion engines. 

The occurrence of micro-explosion and its compositional dependence have been experimen- 
tally verified 1 , although the pressure dependence has not been experimentally investi- 
gated. 

The possible occurrence of micro-explosion offers interesting potential in the flexibil- 
ity with fuel atomization. That is, fine atomization need not be the primary concern with 
designing the spraying process. In fact, it may be advantageous to have somewhat larger 
droplets which possess sufficient inertial for penetration into the combustor interior in 
order to achieve optimum charge distribution. Upon penetration, rapid gasification can 
then be effected through micro-explosion. 

In the distillation limit 17 the perpetual uniformization of the droplet composition 
implies that the volatility-differentials should be the controlling factor. The gasifi- 
cation of the components should occur approximately sequentially according to their rela- 
tive volatilities. Thus for components with sufficiently different volatilities a plot of 
d s versus time should yield approximately linear segments of different slopes separated 
by sharp transition periods, during which the droplet temperature increases (Fig. 7). Such 
behavior has been experimentally verified. The droplet lifetime may or may not exceed that 
of the diffusion limit. It is also obvious that in the absence of diffusional stratifica- 
tion micro-explosion will not occur in this limit. Thus enhanced mixing, say in the form 
of internal circulation generated by external convection, tends to inhibit micro-explosion. 

It may also be noted that the distillation limit is an artificial one. Recently more 
rigorous analyses 1 allowing for internal circulation show that the distillation limit can 
never be approached and that diffusional stratif icaton prevails even under intense external 
convection. On the other hand experiments on droplet combustion subjected to either 
natural and/or forced convection do show distillation-like behavior even with mild convec- 
tive intensity. As of now no satisfactory explanation exists for this disagreement. 

Next we discuss the combustion of water-in-oil (W/0) emulsions, which have been tested 
in a variety of combustors including the diesel engine, the gas turbine, and furnaces and 
boilers. 9 The results generally indicate a reduction in soot and N0 X emissions while 
those of CO and unburned hydrocarbons are somewhat increased. Change in the combustor 
efficiency on the basis of oil consumption is less clear; slight improvements and degrada- 
tion have been reported depending on the 3tate and type of the combustor, the testing pro- 
cedure, and the properties of the emulsions used. 

The main differences between an W/O emulsion and a miscible fuel blend is that the water 
micro-droplets do not diffuse and that the immiscibility property can significantly influ- 
ence the phase equilibrium relation at the droplet surface. For example under equilibrium 
vaporization, which implicitly requires a distillation mode of internal transport, each 
immiscible component will vaporize independent of the presence and quantity of the other 
component. This implies that the boiling point of the emulsion is limited by the lower of 
the boiling points of these components. Thus the attainable temperature and the associated 
vapor pressure of a high-boiling-point oil can be greatly suppressed by adding only a small 
quantity of water. Micro-explosion obviously is not possible. On the other hand, in the 
absence of significant internal motion, it has been found 20 » 21 that micro-explosion again 
occurs and is actually more violent than that for a miscible fuel blend. This is reasona- 
ble because of the large amount of the superheated mass available within the water micro- 
droplets. 

Finally we discuss the combustion of coal-oil-mixtures (COM), which offers a promising 
technology for coal utilization by mixing finely crushed coal in oil and then directly burn 
the coal-oil mixture in such stationary burners as furnaces and boilers. The concept is 
attractive in that it enables the direct substitution of oil by coal, that the crushing and 
mixing processes involved in its preparation are more economical than the energy-expensive 
coal-liquefaction and gasification processes, and that the mixture is still pumpable and 


hence can be readily used in the conventional oil-fired combustors with minimum hardware 
modification. 

The combustion characteristics of COM droplets again depend intimately on the extent of 
internal circulation. Internal bubbling and disruptive combustion should be facilitated 
because, with coal particles serving as potential heterogeneous nucleation sites, the 
droplet does not need to reach the high temperature required to initiate homogeneous 
nucleation. However, the intensity of explosion will be milder because of the reduced 
amount of superheat available. 

Experimentally, sporadic, mild fragmentations have been observed for a suspended 
coal/diesel droplet burning in the quiescent, normal atmosphere. 14 The fragmentation 
becomes explosive with the addition of less than 5% water. However, these fragmentations 
can be completely suppressed 22 by increasing the extent of external convection produced 
either by upward blowing of hot gas or simply letting the COM droplet fall tnrough a hot 
furnace. Therefore in the absence of fragmentation, all the coal particles originally 
present in the COM droplet are concentrated into a large coal particle agglomerate 22 , which 
requires a long burning time and is expected to be a serious problem with COM utilization 
in combustors with short residence times. 

8 . Droplet Interaction 

In the practical situation within a spray, any given droplet is surrounded by and 
therefore interacts with the rest of the droplet ensemble. Since the characteristic 
droplet separation distance can be of the same order as the flame size 3 , the intensity of 
interaction can be quite strong. In particular, for sufficiently short separation 
distances, the droplets will burn as a merged flame instead of individually. 

To study interaction effects, it is necessary to solve Eqs. (3) and (10), together with 
the momentum conservation equation, for the three-dimensional flow configuration. If we 
make the thin-flame approximation and also assume weak convection, then the analysis 
simplifies to that of the Laplace Equation, or which many solution procedures exist. In 
the presence of convection, special solutions 23-25 have also been obtained. 

Experimentally it has been demonstrated 22 that interaction reduces the droplet burning 
rate because of the competition for o v .ygen. d-Law behavior obviously does not hold 
because of droplet regression and therefore the continuous variation of the droplet surface 
separation distance. The presence of buoyancy, however, can significantly increase the 
burning rate because of the synergistically-enhanced convective transport between 
droplets. 26-28 

The case of strongly convective situation is of special interest because of the 
influence of wake regions on neighboring droplets. Another area cf active research on 
droplet interaction is the Leidenfrost Phenomenon 29 , in which the droplet gasifies over a 
hot surface and exhibits a non-monotonic behavior in its lifetime with increasing surface 
temperature. 


9 . Concluding remarks 

Presently the fundamental mechanism governing low-pressure, spherically-symmetric, 
single-component droplet combustion can be considered to be reasonably well understood. 
However, quantitative prediction of the burning characteristics is still inadequate, 
primarily as a result of transport property variations. This becomes serious during 
intense burning because the elevated flame temperature not only causes dissociation, but 
also introduces greater temperature and compositional variations in the transport 
properties. It would be cf interest to conduct a numerical simulation of such a process, 
using realistic transport properties but simplified reaction schemes, and compare the 
predictions with the existing experimental data. Caution should be exercised in assessing 
the initial conditions which affect the droplet heating and fuel vapor accumulation 
processes. 

The dynamics of a vaporizing droplet, with various intensities of interfacial mass flux, 
and the coupled problem of droplet vaporization under external convection, have not been 
adequately explored. Systematic studies assuming low, intermediate, and moderately high 
Reynolds number flows are all needed. 

A detailed study of the droplet Internal motion and transfer processes could also 
resolve the issue that while theoretical analysis on convective multicomponent droplet 
combustion shows non-uniform droplet concentration persists throughout the droplet 
lifetime, experimental results seem to indicate a batch distillation mode with the 
concentration perpetually uniformized. 
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The phenomenon of micro-explosion has potential to improve charge preparation and 
deserves further study. For miscible fuel blends the dependence of micro-explosion on the 
fuel composition and internal motion is sensitive and should be characterised. For W/0 
emulsions, emulsion stability, the optimum water droplet sizes, and the effect of pressure 
are the important problems. 

High-pressure near-critical and super-critical combustion is a fertile area of 
research. The primary question here is whether the droplets can reach criticality before 
they have been substantially gasified. Many of the assumptions in modeling low-prersure 
droplet combustion break down near the critical state. The attainment of micro-explosion 
and coal-particle agglomeration also depends on whether criticality is reached before these 
events take place. 

In view of the recent interest to conduct combustion experiments in the gravity-free 
Space-Lab environment, a candidate experiment is that of the combustion and micro-explosion 
of multicomponent droplets. This experiment cannot be easily and perfectly conducted on 
earth using conventional techniques. For example the suspension technique cannot be used 
because the suspension fibers can serve as heterogeneous nucleation sites to induce arti- 
ficial micro-explosion. Freely-falling droplets experience forced convection and therefore 
internal circulation, whose intensity also continuously varies because of the changes in 
the droplet velocity and size. Finally, the presence of natural convection also induces 
internal motion. Thus only in a gravity-free environment can a stationary and convection- 
free experiment involving an unsuspended droplet be conducted. 

Recent advances in computational techniques also allow the possibility of studying cer- 
tain aspects of droplet combustion which are not easily amenable to analytical solutions. 
One example is the effects due to variable transport property values as just mentioned. 

The influence is especially strong in the liquid phase. For convective combustion numeri- 
cal solution is also useful because of the lack of spherical symmetry, the presence of the 
complex flows, and the fact that relevant Reynolds numbers frequently are in the analyti- 
cally difficult range of 1 to 100. During high pressure combustion much of the conven- 
tional assumptions describing droplet combustion break down (e.g. gas-phase quasi- 
steadiness and compressibility) such that numerical solutions again may be necessary. 
Finally, studies on droplet interaction may also find numerical approach useful because of 
the lack of symmetry in the problem. 
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spherically-symmetr 4 droplet combustion. droplet combustion without flow separation. 
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Figure lc. Schematic showing convective 
droplet combustion with flow separation. 
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Figure 2a. Temperature and concentration 
profiles during droplet combustion 
in the flame-sheet limit. 
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Figure 2b. Temperature and concentration 
profiles during droplet combustion 
with finite rate irlnatics. 
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Figure 3. Experimental results on 
the temporal variations of 
diameter-squared, d s , and 
flame-front stand-off ratio , 
ff=rf/r s , during spherically- 
symmetric combustion. 


Figure 4. Fractional amount of fuel 
reacted as function of fractional 
amount vaporized, illustrating the 
importance of fuel vapor accumulation. 



Figure 5. S-shaped response curve representing all possible solutions 
of quasi-steady droplet burning with finite reaction rate. 



Radiol Distance 

Figure 6. Droplet concentration profile 
for a bi-component droplet with initially 
equal concentrations. 



Figure 7. Temporal variation of the 
droplet surface area in the two limits 
of internal mass transport. 
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Abstract 


A discussion is given of ongoing work related to development and utilization of a numerical model for 
treating the fluid dynamics of ink Jets. The model embodies the complete nonlinear, time dependent, 
axl-symmetric equations in finite difference form. An earlier work treated continuous Jets in which periodic 
boundary conditions allowed study of local capillary instability to drop formation in a moving reference 
frame. The present study Includes the Jet nozzle geometry with no-slip boundary conditions and the existence 
of a contact circle. The contact circle is allowed some freedom of movement, but wetting of exterior surfaces 
has not yet been addressed. The principal objective in current numerical experiments is to determine what 
pressure history, in conjunction with surface forces, will lead to clean drop formation. 

I. Introduction 


Recent experimental fluid drop studies related to ink Jet printer design have provided an extensive input 
to guide development of a comprehensive numerical model for treating surface tension driven flows. As a 
consequence, a full nonlinear model now provides feedback of fundamental Interest regarding the appropriate 
interaction of forces for drop formation. The system of numerical programs is lengthy and complex but seems 
adaptable to many problems involving drops and bubbles. 

In a previous study, we considered the so-called "continuous Jet", where equally spaced drops are produced 
in a continuous stream. 1 An "infinite Jet" model, assuming periodic boundary conditions for a single drop 
region, provided information on drop stream control through suitable harmonic disturbances. Of general 
interest beyond practical matters of ink Jets is that these numerical solutions gave the complete Intervening 
behavior between Rayleigh's invisc id capillary Jet^ (initial solution) and Lamb's oscillating drop after 
breakup^ (final solution). 

The present study has the added complication of flow from a nozzle, controlled by a pressure history 
intended for the release of a single drop. A contact circle is now involved with the uncertainty of what 
constitutes a rigorous treatment of such a boundary. Further uncertainty exists regarding the pressure history, 
produced by a transducer, since the small scale of the Jet precludes measurement of even peak pressures. 
Fortunately the parameter R/W (Reynolds number / Weber number) is in a range that is amenable to numerical 
approximation, and it therefore seems possible that numerical experimentation will shed light on the existing 
uncertainties. 

Currently, the numerical programs are operational with contact circle treatment such that no wetting is 
permitted, as is generally the case with analytic treatment of pendant drops. Motion of the contact circle 
occurs when negative pressures (relative to ambient) are applied at the nozzle entrance and fluid is drawn 
Inward from the free surface. Currently, a square wave history of uniform pressure at the nozzle inlet is 
employed to drive the Jet. A positive pulse sufficient to produce the experimental drop size is followed by a 
negative pulse which serves to initiate detachment of a drop. The negative pulse is terminated when the net 
impulse returns to zero. At this stage, surface tension must carry the contraction to final detachment of the 

drop. The objective of the work is to establish quantitatively the conditions which provide optimum drop 

characteristics for high resolution printing. 

In the following, we outline the numerical method which does not differ appreciably from reference 1. We 

then discuss a series of results which have thus far been confined to parameters of Interest in ink jet 

hardware development. Concluding remarks point up those aspects of the work where numerical solution has 
provided practical insight Into the behavior of the flows. 

II. Numerical Method 


The geometry we consider is easily visualized from an examination of output graphics of Fig. 1. A nozzle 
section of unit radius with inlet on the left is assumed to be connected to a cylindrical chamber with radius 
large compared to the nozzle. In Fig. 1 the nozzle section is five units in length. (Note that tick marks on 
plot axes define finite difference mesh distances). Only a small additional annular region is needed in the 
geometry since drops generally will be limited to sizes on the order of the nozzle diameter and wetting of the 
outlet facing is not currently permitted. Axl-symmetry is assumed and hence the calculation region Involves 
only the upper half of the views in the output graphics. The lower half is added for esthetic purposes in the 
plotting programs. 

The initial solution is impulsive with a prescribed uniform pressure at the circular cross section of the 
inlet. At the initial Instant (t-0) the outlet meniscus is flush with the nozzle facing, this being the 
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equilibrium conf iguration In the ebeence of wetting. Taking the ambient pressure as zero at this free surface 
we begin with a linear axial pressure gradient in the nozzle section. The flow velocities are initially zero. 
The calculation proceeds by explicit time differences with all succeeding time steps following the same 
prescription which we will now outline for a first step. 


Because we here use a vorticlty streamf unction formulation our first aim is to provide appropriate 
boundary conditions for the latter. This is rather complex since Indeed none of the boundaries except the 
axis of symmetry can be treated simply especially since we want a time varying pressure at the inlet and also 
fish to provide for entrance flow from a chamber. We begin in a somewhat roundabout way by computing the 
velocity fields through the momentum equations. In axl-symmetrlc form these equations are 


3u 3u , 

^ + sr + 


1 3uvr 

7ir 



3v 3uv 1 3v 2 r 3P/p 3 oj 

W + JT + 7 “57 3r +v 77‘ 


Here u is the axial velocity (z direction) and v is the radial velocity (r direction). P is the pressure, p 
is the fluid density and v the fluid viscosity. We choose to express the diffusion terms as vorticlty 
gradients because the vorti. <r v (u)) is always available to simpllty the calculation. However, we currently 
are expressing the diffusion i the axial velocity equation in terms of u because accuracy in the nozzle 
boundary layer seems to raqui it. 


A small forward integration in tir>. of (1) leads to flow because of the pressure gradient in the nozzle. 
Now by Integrating the first of (1) over a fluid (control) volume of the nozzle we may obtain the uniform 
streamf unction value at the nozzle boundary relative to a zero streamline at the axis. That is, the time 
derivative of the streamf unction Q at the nozzle surface becomes 



1 _ 

z 

o 



+ W dr 



( 2 ) 


where we have deleted terms that do not contribute. In (2) L and R refer to left and right cross sections of 

the cylindrical control volume which initially Includes the entire fluid region, z is the length of the 

nozzle and r its radius. 0 

o 

We can, of cour.-e, have the control volume continue to be all of the fluid region even when a drop is 
forming but then (2) becomes a more difficult expression. Also, if the free surface draws Inward the control 
volume, as expressed in (2), must be shortened by revising z and excluding some of the fluid near the outer 
edge of the outlet. 0 

Thus far we still do not know the boundary conditions for Q at the entrance of the nozzle or at the free 
surface. For the latter we integrate the expressions 


e 


rv and 


(3) 


singly or in combination, beginning at the axis of symmetry outw»,.d to .. > surface. This provides for Q at 
points on the surface at roughly mesh length distances. It is niressary, however, to define the free surface 
as a set of particles generally S to 10 per mesh distance. At these surface particles Q is given through 
interpolation among those given above and the value previously obtained at the nozzle boundary. 

Finally, two conditions are provided at the inlet. If flow is inward we simulate flow from a large 
chamber by requiring uniform Inflow. This effectively requires the boundary layer at the nozzle surface to 
begin at the inlet. With Q already known at the nozzle boundary, a mean velocity u may be obtained using the 
second of (3) for the entire inlet cross section. Reversing the procedure we obtain Q at inlet mesh points. 

Q is not linear in the axis-symetric case. 

For reverse flow we assume that flow into the chamber will be the same as in the immediately adjacent 
region Inside the nozzle or 



there. 

At this point we are not yet ready to solve Internal streamf unction values, we need yet to know the 
vorticlty in the Interior. Using the time dependent equation 
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we Increment the vortlclty forward In time ae we had done the velocities. Thla la of courae meanlnglees for 
the first time step because the vortlclty field Is null. At the second time step and all following vortlclty 
will derive from the no-sllp nozzle surface and to a lesser extent from the free surface. 


Internal streamfunctlon values are now obtained by simultaneous solution at all net points of the equation 


3 2 Q 

— , + r 

3t 



-rti) 


(5) 


This Is followed by resetting the velocities using (3) and the after thought determination of vortlclty at the 
nozzle surface using 


“b 



b 


The redundancy of the above may be questioned but our objective thus far is to provide for more options on 
how solution Is to be carried out both for convenience and accuracy. Solution of (5) Is of necessity by 
iteration rather than direct because of the time varying fluid region. Convergence Is of course enhanced If 
in the course of getting surface streamfunctlon values through (3) one fills In internal points. The 
difference In the final outcome from (5) relates to truncation errors in (1), particularly in the nonlinear 
terms. One In fact would find that strict use of (3) only would leave In doubt what value to give the 
streamfunctlon at the nozzle surface because each Integration upward along z~constant lines would give a 
different error. 

With the streamfunctlon given at "Lagranglan" free surface points we may evaluate the normal and 
tangential velocities there. That is 


I 

r 3n 


and 


-H 1 


(6) 


where T Is tangential and n Is normal. The second of these Is readily obtained from particle Q values, the 
first through a nearest approach method relative to selected interior points followed by interpolation. We 
require surface points or particles to carry with them coordinate Information, local are lengths and angles 
(relative to the axis of synmetry) . Using the angle we may obtain u and v for the particles through a 
rotational transformation. 

Updating the surface configuration with 


dz 

dt 


. dr 
and ^ 


(7) 


we proceed to determine new local arc lengths along the surface ind new angles. Thus 


6t 


and 
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It Is now easy to obtain surface pressures. Relative to ambient "zero” pressure they are given by 
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cos q 3a \ 

~~r~ - 37 / 


+ V 



(9) 


•here o is the surface tension coefficient. The first term on the right expresses the destabilizing curvature 
ound the axis of symmetry, the second, the stabilizing curvature In the r-z plane and the last term the 
pressure contribution from local deformation. For the lest term we again use a closest appr-sch method for 
evaluation relative to selected Interior points. However, a local continuity expression 
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3n 3 t 


3a v 
3 t r 


( 10 ) 


56 



could probably ba uaad. 


At thla ataga wa nay ltarata a Poisson's aquation for tha praaaura. That la 
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( 12 ) 


The boundary condition for the pressure la known everywhere except at tha nozzle surface where the condition 
on the derivative la 



(13) 


G Is required at only Interior points. 


Obtaining Che vortlclty at the free surface has been somewhat of a problem, 
quantities we write 


In terms of surface 


3u 3u 


3a 

+ u s— 
T 3t 


(14) 


Unfortunately In a stationary reference frame this Is subject to large errors because In a spherical drop (for 
example) large numbers must effectively cancel to produce a small real vortlclty. To overcome this we define 
velocities relative to a mean for each contiguous part of the fluid so that (14) is evaluated in terms of 
disturbance quantities. 

Scaling to permit nondlmenslonal calculation is the same as with the earlier capillary Instability 
problem. 1 The reference length Is the nozzle radius r 0 . The reference velocity is the capillary wave 
velocity 



giving a time scale 



(15) 


( 16 ) 


This leads to use of the single parameter, Reynolds number over Weber number 



Thus the above equations a*-e made dimensionless by replacing v by W/R wherever it appears and replacing a by 

1 . 0 . 


III. Results 


During tha development of the numerical program there was constant reference to experimental work that was 
being conducted In the development of Ink jet hardware. 4 Unfortunately because of the small size of the jet 
the crucial measurement of driving pressure could not be made. Lacking this knowledge, along with uncertainty 
concerning the numerical program Itself, made convergence to a successful method very difficult. A failure to 
obtain a solution comparable to experiment could mean being outside the range of pressure values appropriate 
for drop formation or could mean there was a fundamental problem In the numerical program. The program Is 
quite complex and the running times are by no means short. Unlike experiments which can be conducted In rapid 
succession to achieve a certain operating behavior, the numerical experiments took too much time for many 
wrong gueases. Now, however, we are quite close to experiment and the model has shown evidence of being 
adequate. We will perhaps nevsr know the exact character of tha pressure that drives the jet but once having 
achieved agreement In Jet characteristics, here demonstrated In a quantitative visual form, we are In a 
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position to understand nost propsrtlss of lncsrsst In ths flows. Evsn now, however, one must be mindful of 
limitations of the approximate solution since unlimited grid resolution Is of course Impossible. 

To Illustrate the numerical solutions wa have chosen a case which gives the most Interesting overall 
results achieved by the time of this writing. Figures 1, 2 and 3 show a sequence of four solutions each In 
consecutive times for R/W«5. The pressure history Is one which begins with a suction (negative pressure) 
followed by a positive pressure and then a negative pressure again. The second negative pressure terminates 
when the net Impulse Is taro. While not necessary, a very small residual positive pressure rather than taro 
was maintained for the remainder of the running time of this case. The square wave pressure at the Inlet and 
times (both in nondlmenslonal units) are as In Tabls 1. 


Table 1 


t 


P/P 


0 - 0.21 

-60.0 

0.21 - 0.82 

+80.0 

0.82 - 1.43 

60.0 

1.43 - 

+ 1.0 


The nondlmenslonal times for the plots Illustrated are given In Table 2. 

Table 2 


Fig. 

Time 

Plot Interval Q 

QMAX 

QMIN 

Plot Interval P 

PMAX 

PMIN 

1-1 

0.25 

0.03125 

0.0 

-0.52 

4.0 

80.0 

-2.9 

1-2 

0.68 

0.125 

2.03 

0.00 

4.0 

93.3 

0.2 

1-3 

1.03 

0.0625 

1.97 

0.00 

4.0 

7.5 

-84.0 

1-4 

1.64 

0.0625 

0.99 

-0.17 

0.5 

7.1 

-3.0 

2-1 

2.05 

0.03125 

0.78 

-0.08 

0.25 

4.5 

-0.4 

2-2 

2.52 

0.03125 

0.66 

-0.07 

0.25 

4.2 

0.0 

2-3 

2.97 

0.03125 

0.60 

-0.06 

0.125 

4.2 

0.7 

2-4 

3.57 

0.03125 

0.53 

-0.05 

0.25 

7.6 

0.0 

3-1 

4.18 

0.03125 

0.53 

-0.05 

1.0 

17.1 

-1.2 

3-2 

4.52 

0.03125 

0.53 

-0.05 

1.0 

20.7 

-0.4 

3-3 

4.67 

0.03125 

0.54 

-0.05 

2.0 

48.6 

0.6 

3-4 

5.03 

0.03125 

0.52 

-0.03 

2.0 

35.9 

0.6 


In all figures the streamf unction Is plotted as solid lines. Negative streamlines Include tick marks. This 
Is manifested as tick marked lines for flow to the left (reverse flow in the nozzle) where the boundary layer 
vortlclty Is predominantly negative. The vortlclty vector (positive) Is outward In upper half plane and 
Inward in the lower half. The center line is the streamline Q»0 as discussed previously. Where this line 
appears it is a solid line without tick marks. There are also tick marks on the solid boundaries of the 
nozzle but since these are rectilinear they are distinguishable from streamlines. As mentioned before, the 
tick mark spacing on the rectilinear lines show the grid spsclng. This Is only roughly true on curved 
streamlines. 

Pressure "isobars" are plotted as dashed lines with shorter dsshes for negative pressures. The zero 
pressure line slso has long dsshes. 

Cne can usa the above information and Table 2 to determine contour values throughout the plots. In some 
places this Is difficult but knowing ths maximum and minimum valuas helps and greater detail Is probably of 
little use. Because of limited plotting area, say In the contracted neck of the jet, the Isobars are 
difficult to distinguish as negative or positive. They are of course positive there because of the high 
surface pressure. Also It should be noted that In the axi-symmetrlc case streamlines are not uniformly spaced 
for a uniform flow velocity. This Is the reason for the gap In streamlines along the central axis where a 
tube of flow involves little true flow because Its cross sectional area Is small, yet the flow velocity may be 
high. 

Beginning with Fig, 1 and referring to Table 1 we note that the time la in the period where the Inlet 
pressure Is positive but flow Is still Into the chamber because of fluid Inertia from the Initial suction 
period. The left most isobar at the Inlet Is +60 (see Table 2) while the lowest pressure Is at the concave 
meniscus surface and Is -2.9. As a reference It Is of Interest that, In nondlmenslonal units, a drop of unit 
radius has a surface pressure of +2.0. One unit of pressure being being provided by each component of the 
surface tension. Here In the first plot the stable component of the surface tension Is such as to restore the 
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flush status of ths nanlscus at tha faes of tha nossla. Acting along with tha positive lnlst prassura tha 
flow direction la soon revarsad. 

In tha aacond plot of Fig. 1 tha toroidal circulation at tha lnlat la because of fl v banding Inward from 
tha simulated large chamber preceding tha nosde. Tha pressure is negative at points just Inward from the 
circulation whera the flow rate Is high while st the center line tha deformation cauaes a pressure exceeding 
the Inlet prersure. The meniscus surfacs has a pressure near unity. 

In the next plot a drop Is forming through forward motion aven though the Inlet pressure has bean 
reversed. Note the short dashed lines of pressure (negative) and a saro pressure In the contracted region of 
the Incipient drop. Again the Inlet toroidal circulation Is still producing a prassura lowar than tha appllad 
Inlet pressure but now more negatlva than the -60 units thsra. Tha circulation Is in the process of spreading 
and dlelng out. 

In the last plot of Fig. 1 only remnants of the Inlet circulation remains and a separation streamline now 
divides flow forward In the drop with predominantly reversed flow In the notsle. Note that reversed flow 
begins In the boundary layer of the nostle. At the time of rhe last plot of Fig. 1 the pressure cycle Is 
past. The remaining motion of the jet is passive except for the minor Influence of the small positive (unit 
pressure) hereafter present at the Inlet. The highest pressure is at tha forward most point of tha Jat and Is 
a result of local deformations only. 

In Fig. 2 tha progress of the jet Is observed at four succeeding stages. In the first of these there is 
evidence of local reverse circulation at the meniscus region tending to remove the concave curvature. This 
and tha continuing flow Into the chamber are because of the stabilizing surface tension In this region. At 
the same time the destabilizing surface tension component la causing higher pressures at the contraction 
although at this stage contraction is dominated simply by mass deplation due to the forward and backward flow. 
These processes continue to the time of the lust plot of Fig. 2 where the surface tension pressure at tha 
contraction Is bt coming an Influence on local oehavlor. The meniscus region has been pushed outward to be 
convex partly because of the local high pressure and partly from Inertial motion from the earlier restoring 
pressure. Also the taper of the connecting shank to the drop i« no longar linear. This further Indicates the 
Influence of the surface tension pressure at the contraction. 

In Fig. 3 we continue toward drop break off and Include two plots following breakoff. Note that a 
restoring pressure of the meniscus portion drives fluid into the chamber to a small extent so that the outward 
bulge is diminished between the first and second plot of Fig. 3. Also we note that a second contraction is 
occurring just behind the drop. 

Drop break off was here preset to occur when only one mesh distance (1/20 of the nozzle diameter) 
remained. At this point the mechanics of the numerical program requires a zero radius and local angles 
consistent with a break. The break Is assumed to be locally spherical so that the two components of surface 
tension are the same. This eliminates the singularity of the unstable component which takes on the value of 
the stabilizing component. 

Two separate problems are solved simultaneously after breakup. The meniscus converges here to a spherical 
surface of unit radius because of the resldusl unit pressure at the inlet. The drop portion of the Jet 
proceeds toward a state where a drop plus a satellite exist bacauss of tha contraction behind the main drop. 

IV. Concluding Comments 

We are Interested here in summarizing those things leamad from the numerical model thus far. In some 
cases the Information was partially known from experiment and matters were clarified and/or confirmed by the 
model. In other cases the Information from the model gave insight thus far unobtainable experimentally. 

1. The peak pressure magnltudee for driving the Jet are now obtainable. These, of course, depend on nozzle 
losses but can ba fairly well estimated for an initial trial calculation. 

2. The pressure history to drive the Jet Is nearly a symmetric one for clean drop formation with a nat zero 
impulse for a single drop. The negative phase of the pressure history Is essential to drop break off In 
the range of parameters here studied. 

3. Uniform pressure at the inlet cross section and Ignored wetting of the outer facing of the nozzle are 
reasonable simplifying assumptions that do not affect comparison with experiment. 

4. In the range of parameters here studied, the meniscus is vary overdampad as Is the drop. Experimental 
menlscua oscillations presumably relate to chamber or chamber to nozzle transition characteristics. The 
latter can be studied with ths present model. 

3. The flow fields throughout ths history of drop generation may be analyzed In almost complete detail from 
the numerical results and, Internal flows, usually not visible experimentally, may here be studied. 
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Figure 1. Computer graphical output for numerical solution of Jet drop formation. See Table 2. 
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Figure 2. Continue! ion of Fig. 1 












(iKimii.t mem "itl r ■ 



Figure 3. Continuation of Fig. 1. 
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Blectrohydrodynamic (BHD) Stimulation of Jat Breakup 
Joseph M. Crowley 

Dept, of Elec. Eng., Univ. of Illinois, Urbans, Illinoia 
and Xerox Corporation, Rochester, New York 


Abatract 

Blectrohydrodyanmic (BHD) excitation of liquid jeta offera an alcernative to 
piesoelectr ic excitation without the complex frequency reaponae cauaed by pieaoelectric 
and mechanical reaonancea. In an BHD exciter, an electrode near the nosale appliea an 
alternating Coulomb force to the jet aurface, generating a disturbance which grows until a 
drop breaks off downstream. This interaction can be modelled quite well by a linear, long 
wave model of the jet together with a cylindrical electric field. The breakup length, 
measured on a 33 pm jet, agrees quite well with that predicted by the theory, and 
increases with the square of the applied voltage, as expected. In addition, the frequency 
response is very smooth, with pronounced nulls occurring only at frequencies related to 
the time which the jet spends inside the exciter. 


Introduction 


Most of the existing ink jet printers based on jet breakup uae acoustic excitation of 
the jet to introduce the disturbance which eventually grows to form ink drops, with a 
single jet, this method works very well, since the breakup point can be controlled through 
a feedback loop which alters the amplitude of the excitation. The extension of this 
technique to multiple jet printers presents some difficulties, however, since the jets 
Interact with the acoustic waves set up in the exciter, causing variations in the breakup 
length. 

Excitation based on electrostatic forces appears to offer more promise for multiple jet 
printers, since the excitation is applied via electrodes which are placed downstream of 
the nozzle, allowing individual control of individual jets. Although droplet production 
by electric excitation has been known for some time, there has been no work reported which 
offers a theoretical model of this process, or which describes systematic measurements of 
the breakup length with BHD excitation. The present paper is intended to fill this gap. 


A Simple Theory of BHD Excitation 

A detailed analysis of the BHD exciter has been undertaken, and will be presented 
elsew(wre x . In the course of that work, a simple model was developed, which will be used 
here to describe the exciter used in the experiments. The geometry of the jet is defined 
by Figure 1, which shows a liquid jet entering an electrode. The jet has a radius R, and 
moves with a velocity 0 . 



Figure 1 Figure 2 

A Liquid jet entering an electrode Electric pressure in the step exciter 
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This particular electrode ia ahown at a cylinder, but It can hava any ahape, alnca tha 
thaory assumes only that tha alactrlc flald at tha aurfaca of tha jet can ba calculated. 

2 

Theoratlcally , tha jat la modelled by tha long wava approximation , In which tha 
dlaturbanca la aaaumad to ba much longar than tha jat radius, and Tha axial valocity and 
praaaura ara aaaumad to ba conatant across any aaction of tha jat, With thaaa ' 
assumptions, tha momenti”t equation for motion In tha axial direction can ba wrlttan aa 
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while Conaarvation of Maaa for a round jat glvaa 
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The preaaure In the momentum equation consists of contr lbutiona from the aurface 
tenaion of the jet and alao from the electric field at it aurface. 

The Inertia l Limit 

The aurface tension term is well known in the fluid mechanlca of jetai it laada to 
growth of the disturbance into drops. Inside the exciter, which n usually only a 
fraction of a wavelength long, tha droplet growth la v-ry small, so tha affacts of aurfaca 
tension will ba neglncted hara. The alactrlc pressure can ba moat easily obtained by 
using the Maxwell stress tensor at the aurface of the jet. Since the jet is assumed to be 
a good electrical conductor, the electric field will be normal to the surface of the jet, 
which implies that no electric shear forces can he exerted 3 . The only electrical force 
corresponds to a (negative) pressure, given in terms of the field s rength at the jet 
surface as 


i 2 

p(r,x,t) ■ - j c E 

(?) 

For example, if the electrode surrounding the jet is assumed to ba a circular cylinder of 
radius b, at a voltage V(x,t), then the normal electric field at the surface of the jet 
will be 


E 


a £n(b/a) 


( 4 ) 


so that the electric pressure is given by 


P 


in^(b/«) 


( 5 ) 


Line a risation 

In most of the growth region the amplitude of the waves is usually quite small, so that 
the equations may be further simplified by linearisation. If we define 


U - U + u . u << U ( 6 ) 

o o 

R » a + 6 , 6 << m 

and neglect all second order terms, the equations of motion for smau <?,4turbaneea on the 
jet reduce to 
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These equations have been written in teras of the convective derivative of the surface 
displacement, defined by 
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( 10 ) 


In the Inertial approximation, the use of this surface velocity simplifies the resulting 
equations. 

The electric pressure depends on the electric field at the surface of the jet, and this 
field will usually change as the jet expands and contracts. Thus perturbations in radius 
will lead to perturbations in the electric pressure, which in turn depend on the detailed 
structure of the field near the jet. Like the surface tension term, the perturbation 
electric field mainly influences the growth rate of the droplet disturbance. Its effect 
is usually much less than that of the surface tension, so it will also be neglected, as 
the surface tension was. The equation of the jet then becomes 


TT + u 


o 3x 


tH s* 


a 

2p 


3x 


(H) 


The linear response of the jet will generally be expressed in terms of its response to 
a sinusoidal pressure variation. For each term in the Fourier series, the driving 
pressure is most conveniently written in terms of complex amplitudes as 


p « Re [ f (x) 


( 12 ) 


The response to this drive can likewise be written as 

6 - Re [ 4 (x) e iut ] 

so that the equation of motion for the exciter (Equation 12) reduces to an ordinary 
differential equation for the complex amplitude of the radial velocity 


iw + 


u 4-1 6 ’ 

o dx 


a_ d^£ 
2p dx 2 


(14) 


There are several ways to solv?- this equation, but since we will be dealing with 
singular spatial functions such as the impulse and step, the easiest solution is that 
which uses the Laplace transform in x. With the definition of the Laplace transform as 


«(x> 


S(s) e SX dx 


(15) 


and 


p(x) e sx dx 


the equation can he transformed into 


( 16 ) 
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(i“ + U o s) 5 ‘ ’ % s2p (17) 

which can be inverted to find the response as soon as the spatial distribution of electric 
pressure is known. 

Constant Pressure Exciter 

The simplest practical exciter is a cylindrical electrode of length t . The entire 
exciter is driven froo a single voltage source, for example V +V, sin(ut) , so that the 
same pressure is applied throughout. For this exciter, p has the spatial form shown in 
Figure 2. with a time varying magnitude of 


p(t) 
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+ 2VjVj sin ut + y sin 2ut 


(18) 


This pressure has components at DC, w, and at 2 u, but since the equation is linear, each 
component can be treated separately. For the component at u , the electric pressure has 
the form 
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where V is the effective (RMS) value of the voltage, 
this exciter, the Laplace transform of the drive is 


which in this case is 2 VqV^. 
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giving the radial velocity at the exit as 
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The response has an impulse (&) in velocity because the jet quickly contracts as it 
enters the exciter and expands as it leaves. These impulses have no effect downstream, 
since they vanish as soon as the jet has passed the entrance or exit. For practical 
purposes, then, the velocity of the jet at the exit of the exciter can be written as 
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The velocity has an exponential delay term which can be analysed more conveniently by 
extracting a factor corresponding to the center of the exciter, using the relation 
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The velocity response then has the magnitude 
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Figure 3 

Exciter output versus length 


Figure 4 

Force variation within the exciter 
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which is shown in Figure 3 as a function of exciter length. 


The nulls and peaks which occur in the response are caused by the alternation of 
electric pressure while the jet is inside the exciter. If the pressure is sinusoidal, as 
shown in Figure 4a, the net inpulse given to the jet over one period of excitation will be 
zero, since the jet is influenced by equal and opposite half cycles. Thus if the jet is 
within the exciter for a whole period of excitation, (i.e., the exciter is one wavelength 
long) , the response will show a null. On the other hand, there will be a peak for lengths 
which are one half wavelength long. While this effect is easy to see from Figure 4a, some 
care must be used in interpreting such diagrams, since they may suggest erroneous nulls, 
depending on the choice of phase at the inlet. For example, if the sinusoidal force were 
chosen to be a cosine, as in Figure 4b, it would be easy to infer that the null would 
occur when the exciter is only one half wavelength long. This Is not true, because the 
cosine is one special cho.ce from all of the phases which occur during a complete cycle. 

Because of the peaks and nulls in the frequency response, the output of the exciter can 
not be increased indefinitely simply by increasing the length of the exciting electrodes. 
Instead, an optimum length, which may be fairly small by macroscopic standards, must be 
selected to achieve maximum output. This explains why the electrodes used in earlier work 
on EHD excitation were usually not very efficient. 

Downstream Response 

The approximate surface displacement far downstream is given by 1 


0 



(25) 


where 
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The breakup length can be determined by extrapolating the downstream response to the point 
of breakup, to give the breakup length equation. 
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Thus the breakup length can be calculated as soon as the exciter output Is known. 


Experiments 


Apparatus 

Several experiments were performed in order to test the predictions of the &HD exciter 
theory. The nozzle and associated apparatus were mounted on a specially designed frame 
which allowed adjustment and positioning suitable for the experiments. The fluid used in 
most of these experiments had a density of 1030 kg/sr and a surface tension of 39 mN/m. 
The jet formed by the nozzle had a radius of 16.5 um. Its velocity was determined by 
measuring the wavelength of the disturbance at a known frequency. 

The exciter electrodes used in most of these experiments consisted of steel plates of 
various nominal thicknesses (3-7 milt or 75-175 um) through which holes were drilled. The 
holes ranged in nominal diameter from 3-7 mils (75-175 um) . Microscopic examination of 
the electrodes revealed that the holes were essentially straight sided, although 
occasional burrs could be seen. 

Procedure 


Since the electrodes consisted of a single piece of metal, they had to be in position 
before the jet was turned on to avoid splashing and electrical shorting between exciter 

and ground. As a compromise between speed and complexity, we first located the 

approximate axis of the jet by focussing a microscope on the nozzle orifice along the 
nozzle axis. The electrode, mounted on a three axis micromanipulator, was then moved into 
position so that the desired exciter hole appeared to be on the nozzle axis, as seen 

through the microscop- . The microscope was then removed to the side, where the jet and 

hole would both be visible at an oblique angle, and the jet turned on. The original 
electrode placement was usually within a few mils of the desired placement, could be 
quickly adjusted to center the electrode and allow the jet to stream through unhindered. 

The jet was then turned off to allow the electode to be cleaned by wiping with 
absorbant paper towels. Upon restarting, the jet always went through the hole cleanly, 
without splashing or blocking, even for the 3 mil hole, once the initial centering 
procedure had been carried out. tn most cases, the jet would restart cleanly even if the 
electrode had not been wiped clean. 

Several arrangements were used to provide different voltage levels. An operational 
amplifier could be connected directly to the electrodes, giving voltage up to 150V. In 

order to increase the voltage, the output of the operational amplifier was often connected 

to either a wide band or a narrow band transformer. The secondary winding of the 
transformer furnished higher AC voltages than the amplifier, and additional increases in 
the effective voltage could be achieved by connecting the secondary in series with a DC 

power supply, with this arrangement, peak voltages up to 800v were obtained. This 

voltage was not limited by breakdown in the exciter, but by the available power supplies 
and amplifiers. 

In carrying out the' experiments, the jet was turned on and the voltages adjusted to the 
desired value. The position of the breakup was then measured by a micrometer which moved 
a long focal length microscope to the breakup point while the phase of the viewing strobe 
was slowly rolled. The breakup position can be measured very precisely (+10 um) with this 
technique if the jet Is quiet. At very long breakup lengths (>4 mm), the natural breakup 
of the jet caused the breakup point to vary erratically, lateral movement of the 
electrode varied the breakup point, probably by increasing the electric field strength at 
the surface of the jet. This effect was used to center the jet before each measurement, 
since the point of minimum excitation should correspond to a centered jet. 



Frequency Response 


The simple theory presented above predicts maxima and minima in the frequency response 
of the exciters. In order to test these predictions, frequency sweeps were performed on a 
number of exciters. The easiest feature of the response to check is the null which occurs 
when the frequency corresponds to an entire wavelength of the disturbance inside the jet 
at any time. Figure S depicts the frequency response for an electode which is 7 mils (178 
pm) thick. 
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Figure 5 

Frequency response for a 7 mil exciter 


Figure 6 

Same thickness, but 8 mil theory 


For this length, the null is expected at 108 kHz. Since this null occurs near the maximum 
growth rate of the jet, it could be observed experimentally by varying the frequency to 
produce the longest apparent breakup length. This null frequency (shown in Figure 5.3 by 
an arrow) is lower than expected from theory by approximately 15%. Reasonable variations 
in the fringing length and jet velocity could not account for the discrepancy, but 
increasing the effective length of the exciter from 7 to 8 mils gave better agreement, as 
shown in Figure 6. This extension in length might be justified by the presence of burrs 
at either end of the hole, since such burrs were often observed in microscopic examination 
of the holes. Another possibility is the effect of fringing in extending the effective 
length of the electrode beyond the physical limits of the conductor. 

This exciter exhibits the predicted null in the frequency response, but does not test 
the exciter at the thickness which is expected to give the shortest breakup length. Since 
short breakup length is desired in practical printers, the frequency response of a shorter 
(3 mil or 76 pm) electrode was also measured. The results of this measurement, along the 
the predictions of the theories, are shown in Figure 7. 

<7m nt as in th» earlier measurements, the theory predicts both the magnitude and the 
shape of the frequency response quite well (±0.2 mm or 10%) whether the fringing fields 
are Included or not, although the fringing approximation seems to give better results at 
the shortest breakup lengths. '"o appreciate this agreement, it should be kept in mind 
that the theory, which rests on the fundamental equations of electrostatics and fluid 
mechanics, contains no adjustable parameters. The breakup length is predicted only in 
terms of geometrical measuremv>nts, applied voltage, and material properties. 

Voltage response 

Compared to acoustic excitation, EHD excitation is often relatively weak, so that the 
magnitude of the drive is extremely important in practice. The theory presented above 
predicts that the excitation pressure is proportional to the square of the effective 
voltage, so that a relatively large Increase in the excitation may be obtained by 
increasing the voltage at which the exciter operates. This prediction was tested 
experimentally by varing both the AC and DC voltage levels over a wide range, and 
measuring the breakup length. 
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Figure 7 

Frequency response for a 3 nil thickness 



Breakup length versus effective voltage 


Since the breakup length depends logarithmically on the excitation, a plot of breakup 
length against the logarithm of the effective voltage should give a straight line. 
Experimental values of breakup length are plotted in this way in Figure 8, along with the 
predictions of the simpe theoretical model. Both the magnitude and slope of the breakup 
length follow the predictions well, although the slope of the line appears to be somewhat 
Clatter than expected. These results give us some confidence in extrapolating the design 
to even higher voltages to achieve a shorter breakup length if necessary, although these 
lengths are already comparable to those used in acoustic excitation. 
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The stress system generated by an electromagnetic field in a suspension of drops 
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Abstract 


This paper deals with the calculation of the stress generated in a suspension of drops 
in the presence of a uniform electric field and a pure straining motion, tiling into account 
that the magnetohydrodynamic effects are dominant. It is found that the stress generated in 
the suspension depends on the direction of the ai plied electric field, the dielectric con- 
stants, the viscosity coefficients, the conductivities and the permeabilities of fluids in- 
side and outside the drois. The expression of the particle stress shows that for fluids which 
are good conductors and poor dielectrics, especially for larger drops, magnetohydrodynamic 
effects tend to reduce the dependence on the direction of the applied electric field. 


Introduction 


The study of a flow system in which the electric field and the velocity field effect 
each other is called electrohydrodynamics. The applications of electrohydrodynamics are 
numereous: cryogenic fluid management in the zero-gravity environment of space, formation and 
coelecence of solid and liquid particles, electroaasdynamic high voltage and power generation 
insulation research, physicochemical hydrodynamic, heat, mass and momentum transfer, electro- 
fluid dynamics of biological systems, and atmospheric and cloud plysics. 1-5 In nature and 
industry we are quite often concerned with the properties of a fluid in which small particles 
are suspended and carried about by the motion of the ambient fluid. If the average distance 
betweer the particles is small compared with the characteristic length of the motion of the 
suspension, one cun regard the suspension as a homogeneous fluid. The problem is to determi- 
ne the rheological properties of this equivalent fluid from the knowledge of the properties 
of the ambient fluid. The macroscopic properties of the suspension will be referred to as 
bulk properties. When the suspension is dilute, the suspending fluid Newtonian the particles 
rigid spheres, and the particle Reynolds number sufficiently small, the suspension can be 
described in bulk as a Newtonian fluid with an effective viscosity u * = ti (1 + 2.5 c) , provided 
only that the particles are not subjected to an externally applied force or couple. For the 
more general case, the non-isotropic structure of the suspension usually results in a non - 
Newtonian form for the bulk stress tensor. 6 The formulation of the problem of determining 
the stress in a suspension of particles is not straight-forward, partly due to the fact that 
the bulk stress in a suspension is not obvious. Bulk stress and other bulk properties are 
defined in terms of ensemble averages of the actual quantities. This is shown by Batchelor 6 
to be equivalent to defining bulk properties in terms of volume averages provided that the 
averaging volume is chosen to contain many particles and is such that the statist. ";al proper- 
ties of the suspension are uniform over it. 

In the case of a dilute suspension, which means that the flow near any one particle is 
independent of all the other particles, the contributions to the bulk stress from the vari- 
ous particles are linearly additive. The contributions may be classified in three groups: : 
The first is a purely isotropic contribution, the second is the contribution of the deviato- 
ric stress and the third represents the contribution to the bulk stress due to the presence 
of the particles. The stress in third type of contribution is termed as "particle stress" 
and only the deviatoric part of it is significant. 

Non-Newtonian behavior of a suspension can occur in general in the following cases: 7 (i) 
Non-spherical particles can cause some directional properties. 6 ' 8 ( i i ) The effect of weak 
Brownian motion. 9 (iii) The effect of a couple on a particle is to rotate and to generate an 
antisymmetric part of the particle stress tensor. 6 ' 10 (iv) The effect of the shape of a de- 
formable particle gives rise to non-linear stress. u (v) Surface tension at the boundary of 
a fluid particle or elasticity of a solid particle can cause time-dependent effects and the 
suspension exhibits visco-elastic properties. 11 ' 12 (vi) In the case of sufficiently large 
size, the inertia forces cannot be neglected in the relative motion near one particle and 
the particle stress depends non-linearly on the bulk velocity gradient. 13 

In this paper an expression is found for the particle stress tensor of a suspension of 
drops in an electric field. It is assumed that the suspension is dilute, suspending fluid 
Newtonian, the drops spheres and the particle Reynolds number sufficiently small. The expli- 
cit form of the stress tensor depends on the electromagnetic properties of the drops and 
their surroundings > therefore, the flow due to a single drop is needed in determining the 



particle stress of a suspension. For this reason, consideration is given first to the flow 
due to a drop in the presence of an electric field in a pure straining motion. 

Experimentally and theoretically it has been shown by Taylor 14 that a circulation can 
occur in a drop and its surrounding in the presence of a uniform electric field. This flow 
field set up is due to the surface charge and the tangential electric field stress over the 
surface of the drop. The flow field outside the drop given in 14 is very similar to a system 
in w^ich the field carries a uniform current. 15 * 16 in such a case the flew field is produced by 
the rotational Lorentz force due to the distorted electric current and the associated mag- 
netic field. For fluids which are poor conductors the magnetic effects are negligiblei and 
for fluids which are good conductors and poor dielectrics, or for larger drops the magneto- 
hydrodyamic effect may be dominant . 17 

Following the general arguments given in ia and 19 * 2J the pressure and the velocity in 
the fluid outside the drop and inside the drop which is embedded in a pure straining motion 
are determined. Since the governing equations are linear in terms of velocity and the elec- 
tric field, the effects in the cases of a drop in an electric field in the absence of a pure 
straining motion and a drop in a pure straining motion without an electric field can be su- 
perimposed. 

Since it is assumed that the suspension is dilute, the flow near one drop is indei endent 
of other drops and to we may use the results obtained for one dro[ to evaluate the integral 
in the particle stress. The expression of the particle stress has two termsi one with an aop 
lied electric field and the other without electric field. The term which depends on electxic 
field presents a directional effect; and this makes the suspension a non-Newtonian fluid. 
This shows that the suspension of drops in an electric field cannot be represented by a vis- 
cosity that is independent of the rate-of -strain . The viscosity depends on the direction of 
the applied electric field. 

The first term of the particle stress shows the effect in the absence of an applied elec 
trie field, and the second term denotes the additional effect due to the applied electric 
field. The second term contains two parts; one is due to the absence of the magnetic effect 
in the fluid outside the drop and the other is due to the presence of the magnetic effect. 
When the magnetohydrodynamic effect is absent, the expression of the particle stress reduces 
to that of given in . 21 


The expression of the bulk stress 

In order to establish the relation of the bulk stress to the velocity and stress distri- 
butions in the fluid near individual particles, the expression for the bulk stress in the 
suspension as a volume integral is used. The average volume V is chosen to contain many par- 
ticles and is such that the statistical properties of the suspension are uniform over it. 

The hydromechanical bulk stress in the suspension is 

- -f /ci> " • 

since the effect of inertia forces in the relative motion near a ^.article is neglected. The 
Maxwell bulk stress tensor may be defined in a similar manner. The bulk velocity gradient is 
given by 

au« _ j /• ?ui dv , 

dxj 

where and ui are the actual values of the hydromechanical stress and velocity at any 

point x in the suspension, whether it be in the ambient fluid or inside a particle. The sur- 
face and the volume of a typical particle in V will oe denoted by A<, and V Q respectively. 

Assuming that the ambient fluid is Newtonian with the viscositv fX the hydromechanical 
hulk stress may be written as ' J 

* v4. Ivl l r * &*«'J v -V. ** ( 1 ) 


where the summation 

m.J- f 
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is over all the particles in V. The bulk velocity gradient becomes 

iMLdV + J_ If ujmdA 

*«» v \ 1 


(2) 
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where n is an outward unit normal to A 0 . Neglecting inertia effects, the following can be 
written : 


f d v 



n k dA 


With the addition (2) and (3), the expression (1) becomes 


(3) 


| n k “f* ( + U| j At 


The volume V-ZV« is wholly occupied by ambient fluid and the volume V Q must be regarded as 
including the interfacial layer ; and the surface A 0 will be regarded as a surface just out- 
side cf the interfacial layer. The first term in the expression for It* in (4) is a purely 
isotropic contribution, the second is the deviatoric stress and the third represents the 
contribution to the bulk stress due to the presence of the particles. The third term in (4) 
is called the "particle stress" and is denoted with jV* 


It is assumed that the suspension of particles is force-free and couple-free. Since the 
exertion of a couple on the particles by external means generates an antisymmetric contribu- 
tions to the bulk stress, the bulk stress in the absence of a couple exerted on particles 
thus becomes a symmetrical tensor. 


When the ratio of the convection of charge to the conduction current, which is referred 
to ac the electric Reynolds number, is much smaller than unity, the influence of the electric 
stresses on the fluid is included in the model, but there is no reciprocal effect of the moti 
on on the fields. A similar situation for the magnetic field can be considered with no effect 
of the motion on the magnetic field i and the electric current density is thus given by its 
electrostatic form. For this reason, in this paper, in view of the absence of the reciprocal 
effect of the motion on the electromagnetic field, the hydromechanical bulk stress in the 
cuspensic is considered alone. 


Governing equations 

The magnetic induction in the fluid in and out of the drop is not negligible because of 
dynamic currents are not small enough. It is assumed that tne influence of the electric stres 
ses on the fluid is included in the model, but there is no reciprocal effect of the motion on 
the fields. Therefore, the appropriate laws of electrodynamics are essentially those of elec- 
trostatics for the electric field and the electric current density, except for the magnetic 
induction field. Under the conditions considered here, the governing equations of electrohy- 
drodynamics ais 22 : 


v* e • o , 

(5) 

V-E eO , 

(6) 

3 =CE 

(7) 

VxH.J 

(6) 

V-H «0 

(9) 

yp =juV u + X^ExH 

(10) 

V-u* 0 

(11) 

•e E , is the electric field intensity, J 

the electric current density, H the magnetic 


the permeability. Throughout the paper MKS units are used. Because of the absence of fluid 
motions the termtf3fu*H in (7) and the termffXtUiH) » H in (10) are omitted. 

The boundary conditions to be applied at the interface of a drop in an electric field are 
the following 22 
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(13) 

n [uj -0 

(14) 

n «{uj m 0 

(15) 

n x [<?♦ t «.h] -O 

(16) 

n.[Cft4-h]fT(X + _L)«o 

(17) 


where (f is the viscous stress, t and h are the electric part and magnetic part of the 
Maxwell stress tensor, respectively , and {a] denotes the jump of A across the interface. 

T is the surface tension, and Rj and R 2 ure the radii of curvature of the surface (these 
radii are taken as positive when the corresponding center of curvature lies on the side of 
the interface to which n points. 

Under the conditions considered here, the electric field E and and the velocity 
field u can be determined independently by eauations (5) -(11) and then, they can be related 
by the boundary conditions (12)-(17). 


A drop in an electric field 


We consider a drop or bubble, assuming that its shape is Spherical with radius a. The 
distance between electrodes and the drop measures to many radii thus causing the electric 
field far from the drop to be uniform. An appropriate spherical polar coordinates are defi- 
ned with the origin at the center of the drop and the symmetry axis in the direction of the 
applied field. There are four boundary conditions for the electric field intensity s (i) E 
is finite inside the drop , (ii) the tangential component of the electric field is continuous 
across the surface of the drop . (iii) there is no surface current [ and (iv) E tends to Eg as 
ixl tends to infinity. Subject to these boundary conditions, equations (5) -(7), (12) and (13) 
give for the electric field outside the drop 
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• E. H 
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(18) 


where r,lx I , and for that inside the drop 

E = _J_ E. (19) 

2 no- 
where . a symbol with a bar is used for the quantities of the medium inside the drop 

and a symbol without a bar is used for those of the medium outside the drop. The express 4 on 
in equation (19) shows that the electric field inside the drop is uniform. 

Since there is no applied magnetic field, equations (8) and (9) give for the magnetic 
field outside the drop 

H *-lcr((.2l=i (20) 

?. 2 * * r* 

and for that inside the drop 

H . l it— (XxE.) (21) 

The circulation in and round the drop is responsible for the electric surface force den- 
sity and the magnetic force density which are related to the Maxwell stress tensor. Expres- 
sion of t and h over the surface of the drop are needed. The tangential and normal compo- 
nent differences of t across the surface of the drop are 


"*ftj ■*.) . 
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where p» e/r is the ratio of the permittivities. The tangential and normal component diffe- 
rences of h across the surface of the drop are 


n x [h ] =0 , 


n . 



9 a 1 g*"* 
* 8 (2+*)* 


(X-X)(n *E.)* 


The flow considered in this paper is governed by equations (10) and (11). The boundary 
conditions for the velocity arei (i) u is finite inside the drop and tends to zero as lx I 
tends to infinity t (ii) u.n ■ 0 and u.n * 0 at the interface i (iii) the tangential compo 
nent of the velocity across the drop is continuous t (iv) tangential electric stress and 
tangential magnetic stress and tangential viscous stress are in balance at the Interface. 


Following the general arguments given in 18 and 19 the pressure and the velocity in the 
fluid outside the drop* 3 can be written as 

Jj^-b#R<r>*b,^a fc **Q(r) , (22) 

u »- b # x i/< r > + b ij*J H(r) (23) 

where 

• bfi s ^i( « 


and the expressions for R,Q,f,g and h are given in the appendix. Using the same reasoning as 
for outside the drop, the pressure and the velocity inside the drop 23 can be written as 
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(24) 


where the expression for R,Q,f,g and h are given in the appendix. 


(25) 


The balance of the normal stresses on the interface of the drop is given by equation (17). 
Since it is assumed that the interface of the drop is to be spherical the last term in equa- 
tion (17) is replaced by -2T/a. In order to find out whether the drop will become oblate or 
prolate under conditions where equation (17) is not quite satisfied, the Taylor technique 14 
is employed and it is assumed that a stress Fkca^OO^CE.-rO/Ej j is applied normally to the 
surface of the drop, which Is necessary to keep it spherical. Replacing T in the modified 
form of equation (17) it is found that 
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where . The expression of F 0 has been given in 17 (an arithmetic error in equation (30) 

in 17 is corrected, and 44 is re i laced by 14). The equilibrium geometry defends on F 0 , namely 
the functional relation which is given by a,6,y ,x,",3 and a. For a detailed discussion the 
reader may be referred to. 1 7 


A drop in an electric field in a pure straining motion 

Since the governing equations are linear in terms of the velocity end electric field, the 
effects in the case of a droi in an electric field vithout a linear velocity at infinity an"* 
that of a drop embedded in a pure straining motion in the ausence of a uniform electric fi .« 
at infinity can be superimposed. Folloving the general arguments given in the previous pa - e 
graph the pressure and the velocity in the fluid outride the drop can be written as 
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and inside the drop as 

?-P. 


b h ^ Q{r>«.Be k ^x k X£ 


Ui = bjj X* / (r ) ♦ b< j Xj,^ in* kty x k x^ x { E(r) b (r) ♦ e k j* k Xj * A H (r ) 


(28) 

(29) 


where k,Q,f ,g,h,P,Q,f ,g,fi,B,G,H,i,H are given in the appendix. Although a similar discussion 
to that given in the previous paragraph for the shape of the drop can be done, this is beyond 
the scope of this paper. 


The particle stress in a dilute suspension 

By the expression dilute suspension it is meant that the flow near one particle is inde- 
pendent of all the other particles. However, a simple model' 11 ' illustrates how surprisingly 
close the spheres are for concentrations which are numerically quite 3mall. The relation (4) 
shows that for a dilute suspension the different particles in the volume V of suspension make 
linearly additive contributions to the particle stress and the particle stress obtained under 
these conditions is correct to the order of c (where c is the concentration of particles by 
volume). Thus, the results obtained in the previous section may be used to evaluate the third 
term in equation (4). However, some nee- ssary modifications must be made. The velocity, pres- 
sure and stress in the fluid will be written as 

u i*«i|V u i ' P aP *P » tf 4k«-£^k + 2 ./* e 4k* fl 4ic • 

where £ is a constant and u! , p' , <T.. are the disturbance quantities resulting f: om the 
presence of the particle. The particle stress: beconea 

fp) 

z a • v A. l e,k "i n « v‘ ,u '‘ n r u '* n ‘>} dA - (30) 



since only the deviatoric part of the particle stress is significant, the term -PSfc and si- 
milar terms are omitted. * 


Inserting equations (26) and (27) in equations (30) and using the well-known identities 

y^njdA . £*£* , 

41? a* 

[ k f * S ils Sjf ♦ Sj k ) , 


in which the integration is carried over the surface of a sphere of radiuc a, the following 
equation is obtained 


T m _.r r. ... . t , , ii,rir r 1 
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( 31 ) 


in this equation 
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Since only deviatoric part of the particle stress is significant, a" isotropic term in the 
expression for the particle strers is not considered. If X goes to zero equation (31) redu- 
ces to that given in. 21 The first term of the particle stress, given by equation (31), shows 
the .tfect in the absence of an applied electric field, and the second term denotes the addi- 
tional effect due to the applied electric field. The second term of the particle stress con- 
tains two parts i one is due to the absence of the magnetic effect in the fluid outside the 
drop and the other is due to the presence of the magnetic effect. Since it is assumed that 
the fluid outside the drop is more conductive than inside the drop, the conductivity ratio a 
is very much smaller than unity, and the fluid outside the drop is poor dielectric in compa- 
rison to that Inside the drop, the dielectric .atio 6 is very much smaller than unity, then 
♦>0 and the magnetic effect works to reduce the dependence of the particle stress on the 
direction of the applied electric field. 
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Hydrodynamic Performance of an Annular Liquid Jat: 
Production of Spherical Shelia 

James M. Kendall 

Jet Propulaion Laboratory 
Pasadena, CA 91109 


AtealriaJ; 

An annular Jet flow of liquid aurrounding a flow of gaa at ita core la extremely 
unstable. Axisymmetrio oaclllatlona arise spontaneously, and grow with auoh rapidity along 
the axial dimension that a pinoh-off of the liquid and an encapsulation of the oore gaa 
occurs within as few as four Jet diameters. The sheila which result thereby aay be 
described as thick-wall bubbles, for which van der Heals forces are unimportant. A 
description is given here of the fluid dynaalo processes by which the shells are formed, and 
of means for preserving and promoting the geometrical symmetry of the product. The forming 
of metallic shells is mentioned. 


IatraduatAan 

The investigation described here follows from considerations put forward by Mssrs. T. G. 
Wang and D. D. Elleman of this Laboratory for the production of rigid, impermeable shells 
for various applications. They had noted during zero-G flights of the NASA KC-135 aircraft 
that free-floating drops of water containing a gaseous bubble spontaneously assumua a 
spherical and concentric fora, suggesting that if the liquid were to solidify in such state 
there might result a product of some utility. They proposed a means for the mass-production 
of liquid shells within the laboratory, based upon the periodic outting-off of lengths of a 
gas-oore liquid Jet, with concurrent sealing of the free ends by any of several methods 
which seemed promising. This author's earliest attempt to generate a suitable Jet flow for 
evaluating the technique revealed immediately that the hollow jet was sufficiently unstable 
that the formation of shells needed no inducement. 

Fig. 1 illustrates this. The upper figure there pertains to a 4.0-mm Jet or water whioh 
aocelerated downward under action of gravity. The three component photographs were obtained 
at stations separated axially by 1.0 m each, so that the observation extended over 2.0 m, or 
more than 500 diameters. The flow within the nozzle was intentionally rendered slightly 
periodic in order to stimulate the wave growth evident at the second and tnird stations on 
account of the well-known Rayleigh instability.' An Important feature of the Rayleigh 
analysis, and of an experiment suoh as this, is that disturbances extending over a wide 
range of wave numbers are unstable, and that the growth of even the most unstable of these 
is quite slow, requiring hundreds of diameters for pinoh-off under the present conditions. 
No single wave number is favored to the exclusion of all others. By contrast, the lower 
figure shows the same nozzle, except that a coaxial flow of air had been providea at tne 
center of the Jet. Again, there existed an axial growth of axisymmetric waves, but these 
grew to suoh magnitude that pinch-off, aocompanled by encapsulation of the core gas, is to 
be observed at a station approximately four diameters from the nozzle. Most Importantly, no 
perturbation was supplied in this case, yet the frequency stability or tne cyolic process 
was exceedingly uniform, resulting in a corresponding uniformity in mass of the individual 
shell specimens. It is the formation of these which is the subject or tne study to be 
described . 

The work has been motivated Jointly by scientific Interest in the fluid motion, and by 
the potential utility of a method for the mass-production of rigid shells of high quality. 
One application for these concerns fusion target technology. There, it is sought to produce 
metallic shells of high precision and strength, and preferably composed of a metal of high 
average atomic number. Hendricks 2 has described some of the truly remarkable accomplishments 
of a program for the manufacture of multi-layer target shells. 

Experiments have been oarrled out employing a number of different nozzles and operating 
fluids. Pig. 2 shows, on the left, the general configuration of a typical nozzle, other 
designs having differed from this principally with regard to dimensions and to mechanical 
details of alignment. Typical flow settings for this nozzle are included. Other nozzles 
incorporated nozzle exit diameters of 0.3, 0.66, and 2.0 am. The principal features sre the 
central tube through whioh the gas supply is introduced, the contour of the interior surfaoe 
of the liquid-flow ohannel, and the passageway of liquid flow defined by the olearanoe 
between the gas tube and nozzle aperture. The performanoe was relatively Insensitive to the 
gas-tube wall thickness and to the axial position of the gas-tube terminal end, but radial 
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alignment was moderatedly Important. On tbe right Is shown the smallest nossle tested, a 
millimeter soale being lnoluded. Water and glyoerln served as the working liquids in 
performance tests, and liquid metals were also used as noted later. Test gasses lnoluded 
oompressed air, helium, nitrogen and Freon-12. Liquid flow regulation was accomplished 
through adjustment of the free-surfaoe elevation, or by gas-pressurization of the reservoir. 
The required pressure was equal to the sum of the pressure drop through the nossle due to 
vlsoosity, plus the Bernoulli term. Gas flow control was accomplished by providing a fine 
capillary tube ahead of the gas supply tube in order to raise the supply pressure to a value 
easily measured and regulated. 

Gas flow rates were determined by measurement of the pressure imposed upon the capillary 
resistor, the flow through whioh in turn had been calibrated against a wet test meter. 
Liquid flow rates were measured by capturing the stream of shells in a graduated oylinder 
for a precise duration. The frequency of shell production was determined strobosoopieally 
or by measurement of the frequency of light-beam interruption. Shell diameters were measured 
optically under stroboscopic illumination using a traveraing-mount telescope. Heat transfer 
to freely-falling shells was determined by measuring the temperature difference between that 
of heated water within the reservoir and that of shells captured at various distances below 
the nozzle exit. 

Results 


Both the gas and the liquid issued from the nozzle in steady motion, but, because of 
instability, the flow became strongly periodic within a short distance from tbe nozzle 
exit. Fig. 3 shows four phases of the cyclic motion through which shells were formed. There, 
the velocity of the gas was three times that of the liquid. It is important to recognize 
that the volume flow rate of the gas therefore exceeded, by the same factor, tbe rate at 
which new volume was generated within the hollow core by the downward flow of liquid. The 
first frame depicts the free-surfaoe configuration at the instant at which the liquid had 
sealed the core. On account of the larger volume rate of the gas, the gas of necessity 
produced a radial displacement of the cylindrical surface of the liquid, as in the second 
frame. The bulbous feature became progressively larger and more spherical, and was at the 
same time convected downward on a neck of liquid emerging from the nozzle, as in the third 
and fourth frames. The neck then collapsed under action of surface tension, completing the 
formation of a gas-filled nodule. Successive nodules of encapsulated gas produced in this 
manner were temporarily interconnected by a filament of liquid which broke subsequently, 
setting free the individual shells. None of the fill gas escaped. 

A notable feature of this action is that the frequency stability of the process, 
estimated by stroboscopic observation, appeared to exceed one part in 10*. The motion was 
sufficiently definite that an attempt to alter the frequency by sinusoidal perturbation of 
the fill gas was unsuccessful. Moreover, even the details of the breakage or the filament 
were stationary; instantaneous oscillation waveforms induced upon the the shells by the 
energy release, evident in figures described below, remained constant in appearance when 
viewec in stroboscopic light, and the ejection of satellite droplets, whenever present, was 
similarly constant. The motion was highly deterministic. 


No analysis adequate to explain the shell formation process is known to be available at 
present. D. Weihs of Technion, Haifa, Israel (private communication) has performed a 
linearized, parallel-flow, analysis of a hollow Jet and shown that, as in Rayleigh 
instability, a range of wave lengths is unstable. This result is in contrast with the 
present observation that a single frequency of oscillation is dominant. Evidently, a 
numerical analysis such as that described by Fromm’ will be required. 

It may be appropriate here to consider the relative importance of various foroes, and to 
present an analysis of a limiting case. The forces and stresses to te considered include 
the following: 


Dynamic pressure of the 
Dynamic pressure of the 
Viscous stress of the 
Capillary pressure, 
Hydrostatic pressure, 


gas, 

/> 8 V /2 

liquid, 

/h*i 2 ' 2 

liquid, 

yt/i v i /r 


a/T, 


pi G/r 
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Here, p denotes density, V denotes veloolty,yl/ denotes vlsoosity,^ denotes lnterfsolsl 
tension, 0 is gravity, and r la the Jet radius. Subscripts g and 1 denote gas and liquid. A 
nuaber of these stresses are generally or conditionally unimportant, as Mill be shown. On 
the basis of the foraation cycle of Fig. 3, the forces whioh seen to be predoainant are 
those of oaplllary pressure and of liquid dynaaio pressure, and even the latter aay be 
regarded as of secondary magnitude because the principal oonponent of notion amounts to a 
unlfora translation of the liquid. The notions with respect to this average one give fora to 
the oycle, but do not induoe substantial pressures. 

The aost laportant forces are evidently those due to oaplllary pressure. Aooordlngly, a 
atatlo analysis has been nade and found to provide a useful prediction of the shell 
dlaneter and of the foraation frequency. Fig. A shows an idealization or tne configuration 
present in the third fraae of Fig. 3, consisting of a cylindrical neok Joined to a spherioal 
bulb. The reason that the spherical and cylindrical regions renaln distinct is described 
below. The pressure required to support the cylinder against collapse is given by 





where p„ and r Q are the pressure within, and the average radius or the oylinder. The 
faotor, 2, acoounts for the presence of the Interior and exterior surfaces. The 
corresponding pressure for the sphere is 



The higher factor here results fron the ooopound curvature of the spherioal surface. It is 
to be noted that r c is independent of tine, whereas r a is an increasing funotion of tine. As 
the sphere fills, the pressure therein falls, and when the radius attains a value twice tnat 
of the cylinder the pressure becoaes less than that required to prevent oollapse of the 
cylinder. Therefore, according to this analysis, when the sphere attains a diameter twice 
that of the Jet, its growth will be terminated by a sealing-off of the oore. The frequency 
of foraation aay then be estimated in terms of the prevailing gas flow rate and tne volume 
of each shell. It is to be noted that although the instability and shell foraation process 
are surface-tension-driven, this parameter does not appear in the expression for tne 
expeoted diameter. 

This prediction of diameter was tested through measurement of the shell diameter and 
formation frequency as a funotion of flow rate. Fig. 5 presents this result in dimensional 
units. There, the measured diameter may be compared witn the value expeoted from statio 
analysis, shown as a horizontal line. Estimates of the interior and exterior radii of the 
surfaces were incorporated in forming the latter value, rather than the average. The 
measured shell diameters exceed the predicted value by approximately 10 percent, and do not 
fully verify the expeoted constancy in diameter. Nevertheless, the statio analysis appears 
to have some merit. Also shown is the formation frequency, which possesses a one-third power 
dependence upon the flow rate. One important consequence of the frequency variation is tnat 
a measure of control may be gained over the wall thickness of the shells on account of the 
constancy of the liquid flow rate. Further control is to be had through adjustment of the 
dimension of the annular passageway of liquid flow. 

Dynamic foroes were responlble for preserving the demarkatlon between the spherical and 
oyllndrication regions of the flow, slnoe thir. could not have been maintained statically. It 
is believed that the abrupt ohange in surface our mature propagated in wave-like manner 
upward against the downflow of the Jet, but with a velocity less than that of the liquid. An 
estimate of the wave speed has been made by considering the liquid to constitute a membrane, 
with transverse ourvature being negleoted. The wave speed, V , would be given by 
(2 Cf/jOjtJ) 1 ' , where<fis the thickness of the layer, as in Fig. 4. The ratio of liquid 
velocity, V j, to this velocity is then 

li . \£i liA. 

v w 

a number found to exceed unity substantially in all suooessful tests, thereby indicating 
that a ■aupersonlo* Jet velocity is required for maintaining the spherioal and oylindrloal 
regions as distlnot. For the oase of small liquid velocities the bubble remained attached to 
the nozzle and grew to a diameter several times that of the orifioe before bursting. 
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Lutlhtz &xa*cXa*nij u 

A nunber of experiments war* oarrlad out with tba lataotion of exploring tna reglnea or 
oparatlon and of assessing tba relative lnportanoe of various foroaa and atraaaaa. Ona auob 
atraaa via tba dynania pressure of tba gaa. Tba expeoted uniaportanoa of tbia quantity was 
varifled by tba finding that tba bubbla foraatlon fraquanoy and geometry were lndapandant of 
gaa ooapoaition for aqual rataa of flow of tba gasaea, Fraon 12, nltrogan, and baliua, abloh 
apan a danalty ranga 30:1. Alao, tba affaot of tba vlaooalty of tba liquid, whioh nay ba 
obaraotarlcad In tarna of tha Reynolds nunbar, 0. V^r/ U^, waa axaalnad. It waa found for tba 
oaaa of glyoerln aa tba taat liquid witbln tba ' 4.0- nn nozzle that tba fornation prooaaa waa 
obangad little fron that for watar, wbiob poaaaaaaa 500-fold laaa vlaooalty. It la baliavau 
that Raynolda nunbara In axoaaa of 10* ara adaquata to anaura oparatlon ainllar to that 
daaorlbad. 

It waa pointad out that aurfaoa tanalon did not appaar In tba axpraaaion for abali 
dlanetar. Thla waa taatad by oparating tba 4.0-nm noxsla at oonatant flow of diatlllad 
watar, to wbiob waa addad in tranalant nannar a aurfaotant (Kodak Pboto-Flo). Fig. 6 
oonparaa tba fornation prooaaa bafora and aftar tba addition of aurfaotant. Stroboaoopy 
indioatad that the fraquanoy of fornation dinlnlahad in oonaaquanoa by approxlnataly ona 
paroant, and an inoraaaa in dlanatar of ona-tbird that amount nuat hava ooourrad, but waa 
not aaaily dataotabla. Tha noat apparent dlffaranoa in the two atraana or tba figure la a 
laaaar degree of aurfaoe-wava activity upon tba ahella in tha praaenoa of aurfaotant. The 
wavaa ware induoed by the breakage of tha lntaroonnaoting filanant, and tba energy ralaaaed 
thereby nuat have been reduced by tbe lowering of the aurfaoe tenaion. The aurfaotant nay 
have contributed to a danping of the notion aa well aa to tbe reduotlon in initial wave 
amplitude. Aa a general obaervation, the addition of aurfaotant improved tba apparent 
quality of ahella obaerved at a atation one or two meters below the noxale exit. 

Tbe effect of gaa flow rata upon aball dlanatar and fornation fraquanoy waa daaorlbad 
above, and it waa indicated that tbe gaa volunetrlo flow rate nuat exoeed tbat at wbioh tne 
liquid flow generatea new volume within the oore for auooeaaful operation. Fig. 6 abowa the 
progreaaion in flow geometry aa the gaa flow rate waa lnoreaaed for a oonatant liquid 
velocity. The three aettlnga are oharaoterized there in terna of the ratio of the gas-to- 
llquld velooitlea. For a ratio aligbly above unity, ahown in the firat frame, a relatively 
long tine interval waa required to aoounulate auffiolent gaa to form a obeli, and the axial 
apaoing between ahella waa large. It waa found in tbia oaae that the oonf iguratlon or the 
oylindroal neok waa ateady in time, that the motion of aeal-off waa oonflned to a region 
aeveral diameters below the nozzle, and that tbe dianeter of the ahella waa aonewbat leaa 
than twioe that of tbe nozzle. For a ratio of velooitlea near optimal, aa in the center 
frame, tbe motion waa aa deaorlbed previoualy, with the dianeter being twioe tbat of the 
nozzle. The third frane shows that for a high flow rate the shells exhibited the sane 2:1 
dianeter ratio, but were produoed at sufficiently short intervals as to renaln 
interoonneoted for considerable distanoe, whereupon erratic ooaleaoenoe was obaerved. The 
thinneaa of the ahell wall nay be seen. 

As a further teat of tbe range of operation, tbe liquid rate was lnoraased four-fold with 
respeot to that of tbe forner figure, and the gaa rate was advanced to approxinately three 
tines that of the liquid, or near optinal. Tbe result la ahown in Fig. 8, wbereln tbe two 
franes at tbe right were obtained at higher nagnif ioatlon than that on tbe left, and differ 
only with regard to the phase of the oyolio notion. As seen, the water aurfaoe bad aasuned a 
very irregular forn, and this is believed to bave been due to an onset of fluid turbulenoe 
within tbe gas flow. The Reynolds nunber of the flow within the supply tube anounted to 
5000, approxinately, a value for wbiob a turbulent condition is to be expeoted. Apparently, 
tbe unateadlnesa of tbe turbulenoe Induoed oapillary waves upon tbe free aurfaoe or the 
liquid. Even though thla additional oonplexity waa present, the ahell-fornation oyole 
renamed alnilar to that ahown before, with the ahell dianeter having been twioe tbat of tbe 
nozzle. 

Aa a teat of nozzle geonetry, the A.O-nn nozzle was operated with air tubes whoae 
dianeters were aa tnall aa 1.2 an. Tbe apaoing interval between nodules was large, aa in tbe 
first frane of Fig. 7, beoauae tbe gas flow was restricted. The interoonneotlng filanant 
oontalned nuoh of the liquid, and tbia was transferred to tbe shells upon breakage, 
rendering tbe walla thiok. 

Shell ay nn atrlaatlon. 

An iaportant goal of the work waa to produoe rigid ahella possessing a blgb degree or 
aynnetry. Two aapeots of thla natter were considered. First, it waa neoeasary to prevent tbe 
apeolnens fron beoonlng distorted during tbe tine Interval following fornation and preoeolng 
solidlfioation. In particular, tbe shells were launohed by tbe jet with a oertain veloolty, 
and tended to gain additional veloolty by gravitational aooeleratlon. Tbe air realatanoe waa 
found to produoe a strong deoenterlng foroe upon tbe oaptured gaa, resulting in a looaliced 
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thinning of the wall! and taralnatlng in ruptura. This type of distortion and fallura war* 
particularly savara for large shells, for whloh the dimensionless paraaatar oharaoterislng 
gravitational affaots, p^Qr^/ff, was also largo. 

Control ovar this probles was gained by oonstruoting a drop tower in the fora or a 
vartloal wind tunnel configured suoh that the airflow within it aooalaratad downward with a 
1.0-0 value. With proper plaoeaent of a shell generator therein, the speoiaens experienced 
no relative air velocity, and no deoanterlng foroe. Fig. 9 shows a 7.0-mn Hj 0 shell 
photographed in free-fall in this tunnel at a location 2.0 a below the nosxle. The exterior 
surfaoes of the shells were found to be spherical to within one percent. The white line 
appearing within the iaage olrouaferenoe in Fig. 9 was determined through use or a ray- 
traolng program to represent the looation of the Interior surface of the shell. The wall 
thlokness was thereby indicated to aaount to ten percent of the radius and to be unirorm to 
within ten percent. In the absenoe of the downflow, the shells ruptured before reaching this 
station of observation. As a means for determining whether the reduotlon in relative airrlow 
would prevent the freeslng of molten metal specimens, measurements were made of the 
temperature-loss of hot water shells. The heat transfer rate was found to exhibit a fairly 
sharp minimum when the airflow aooeleration was adjusted to a 1.0-0 value, but to retain 
more than half the rate prevailing when the mismatch was substantial. Altnough 
solidification of metal specimens has not been attempted here, difficulty on aooount of the 
magnitude of the beat transfer is not expected for the oase of moderate shell sixes. 

A seoond aspeot of shell symmetrixation concerned the promotion o.f oenterlng by means of 
shell vibration. Theoretical and experimental studies on shell dynamics are given by 
Saffren, Elleman, and Rhim . Inoluded there are numerical results for shell vibration 
frequencies for the case of invisoid liquids, together with experimental results showing 
that suoh vibration has the beneficial effect of induolng a oenterlng of the Interior 
surfaoe with respect to the exterior one. Also, Lee, Feng, Flleman, and Wang and Xoung* show 
that the oenterlng foroe attainable by means of forced oscillation is very strong. The 
present studies do not yet lnolude results on cantering by stimulated oscillation, but an 
observation of possible interest was made for the oase in whioh surfaotant was added to 
water. As mentioned, the initial level of shell osoillatlon induoed by breakage of the 
liquid filament was greatly diminished then, and vibration was not deteotable by eye at 
stations a raw centimeters below the noxxle. Nevertheless, the oenterlng of the surfaces was 
Judged to equal that of the distilled water oase. 

flX UMlAl AhallAx 


As indicated, metal sheila may find application in inertial-confinement fusion 
technology. Such shells must be dimensionally preoiae, smooth, and strong. It has been shown 
here that the hollow-jet instability produoes shells of great dimensional uniformity, tnat 
surfaoe tension produced spherloity, and that foroes not direotly identified resulted in a 
ooncentriolty of the surfaoe. Work has been initiated on the use of liquid metals to form 
shells, and various aspeots of this have been described by Kendall, Lee, and Wang 6 . The most 
suooesaful results to date were obtained by Lee, who used a noxxle similar to tnat shown in 
Fig. 2. The metal employed was an alloy of gold, lead, and antimony which may, with adequate 
cooling rate, be solidified in the amorphous state. Certain properties of this metal, 
including that of surface smoothness, have been described by Lee, Kendall, and Johnson^. 


Fig. 10 shows two shell specimens formed or this metal. The radiograph indicates tnat tne 
wall thlokness uniformity was good. The wall was sufficiently thin that the average density 
of this speolmen was less than that of water. The SEM photograph on the right shows a shell 
whloh was broken at the time of recovery, thereby making vislblo the wall thlokness and a 
portion of the Interior surface. The cooling rate in this experiment was insufficient to 
attain the amorphous state, and surface imperf notions are clearly evident on that aooount. 
Most liquid metal tests have involved tin or lead, rather than the alloy, and tnese have 
been found to model the flow of the alloy fairly well. Tin shells with disasters between 
0.75 and 2.0 mm have been produoed. A problem yet to be oiroumvented oonoerns tne formation 
during solidlfioation of an exterior surfaoe protrusion at each of the locations from which 
a filament of liquid had been attaohed. This defeot is apparently due to material properties 
or to heat transfer, and is not of fluld-dynamio origin. 


AjknflNl«dg,»«gfltJ 


This work represents one phase of researoh oarried out at the Jet Propulsion Laboratory, 
California Institute of Technology, under Contraot NAS 7-100 of the National Aeronautlos and 
Spaoe Administration. E. W. Miles and M. E. Lucero performed many of the observations 
reported here. 0, S. Tennant fabricated the noxxle components. J. R. Oatewood provided 
extremely valuable advloe on materials and techniques for the metal shell experiments. 
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Fig. 1. Flow of water from a 4.0-om nozzle; drops are produced by Rayleigh 
Instability. Photographs obtained with 1.0-m axial spacing (upper). 
Same condition except for gas flow at core; shells are produced (lower). 




Fig. 2. Nozzle schematic, with typical flow conditions Indicated (left). 
Photograph of a small nozzle, disassembled (right). 
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Fig. 10. Radiograph of an undamaged 1.5 -«b gold alloy shell (left); JEM photo- 
graph of similar shell except portion of surface Is missing might). 
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Inertial Confinement Fusion Targets* 

Charles U. Hendricks 

Lawrence Livermore National Laboratory 
Mail Stop L-482 , P. 0. Box SS08, Livermore, California y4SS0 


Abstract 

Inertial confinement fusion (ICF) targets are made as simple flat discs, as hollow 
shells or as complicated multilayer structures. Many techniques have been devised for 
producing the targets. Glass and metal shells are made by using drop and bubble tech- 
niques. Solid hydrogen shells are also produced by adapting old methods to the solution 
of modern problems. Some of these techniques, prob’ems and solutions are discussed. In 
addition, the applications of many of the techniqi •• to fabrication of ICF targets is 
presented . 

Introductio n 

In the most simple, straignt forward direct driven case, an ICF target may be a simple 
ball on a stalk, tiber network, or film support as shown in Figure 1. In a more compli- 
cated case the fuel is inside a hohlraum designed to contain thermal x-rays produced by 
interaction of the driver Oeam with the outer shell. To simplify the presentation, in 
the remainder of this paper 1 will only discuss direct uriven ICF targets. 


r 



The tabrication of laser fusion targets presents a set of unique problems in material 
science, chemistry, physics, optics and microscopic mechanical techniques. As target 
designs have evolved from simple disks of plastic, metals or glass to multilayer spheri- 
cal shells, our techniques tor glass sphere production, polymer and metallic layer 
deposition, mechanical assembly and characterization have also evolved. 


Our early metallic disl. targets were prepared by means of two primary techniques. 
Some of the disks were deposited on thin plastic films by evaporation through a small 
(100-1S0 urn) hole in a mask. Others were made by a cookie cutter technique, punching 
the disks from a thin metal foil. More recently we have made disks by masking ana 
etching a silicon wafer to leave a flat topped, circular s«* of posts onto which is 


» hork performed under the auspices ol the U. S. Department of Lnergy by the Lawrence 
Livermore National Laboratory under contract number h-740S-tM>-48 . 


88 


ORIGINAL PAG* 

BLACK AND WHITE PHOTOGRAPH 


evaporated a metal layer of correct thickness. The disks are then removed from the top 
of the clylindrical posts by using a microscopic vacuum chuck. Disks have also been 
made of a low density ( p= 0. 05-0.07 gm/cc)cellulose acetate foam by slicing from an 
extruded foam clinder. For use as a target, a disk is mounted on edge on tne tip of a 
few micrometer diameter drawn glass finer whose base fits in a holder for insertion into 
the laser target chamber. 

ICF targets consisting of hollow-spherical glass shells have been used extensively at 
many laboratories. Initially the shells were obtained commencally in batches which 
were produced primarily for plastic fillers and other industrial uses, fcven with the 
relaxed specifications of early targets, it was a difficult and time consuming task to 
find one which was good enough to use. 

guite naturally, the manufacturers were not particularly interested in surface quality 
or uniformity of the sphere walls. To find a suitable target, wu often sorted through 
10 y -10^ glass shells! Because of the inefficiency of the sorting techniques and 
lack of availability of spheres which met our stringent specifications even after tne 
sorting process, we decided to make our own high quality glass shells. 

A liquid drop method developed at Lawrence Livermore National Laboratory ILLNL) has 
allowed us to improve the quality and yield of glass shells until we find that y0 to yy 
out of 100 meet the much more severe requirements of todays targets instead of the 1 in 
10® to lOH which satisfied some of our earlier less critical needs. To achieve 
such phenomenal yields, very uniform liquid u.'ops of an aqueous solution o* glass 
forming chemicals are generated and introduced into a vertical tube furnace as shown in 
Figure 2 . 


UQUI0 DROPLET 



Figure 2. Liquid Droplet Microsphere Generator. 

Tne aqueous solution of glass forming chemicals (e.g. sodium silicate, bone acid, 
sodium hydroxide, potassium hydroxide, etc.) is forced through an o’itice to form a 
cylindrical jet. A capillary wave launched onto the jet by means ot a piezo-electric 
transducer induces the jet to break up into a series of uniform drops. The solvent 
(water) is evaporated from the drops in a vertical column at about 3S0°C, leaving ury 
particles w u ich continue into a h’gher temperature region of the furnace to form glass 
spneres. hater ot uydration and gases evolved from the chemical constituents expand in 
the molten glass spheres and form tne glass into very uniform hollow shells. Instead ot 
a yield ot one in 10 a or ID 11 , our process yields the yy out ot 10C which meet the 
criteria for target use. This means a surface which is smooth to 100A and a wall 
thickness which docs nut vary by more than It of its average value. Surface tension ot 
the glass in the low viscosity state makes the liquid into essentially perfect spheres. 


The uniformity ano reproducibility of the initial droplets are important to the 
process from several points of view. 


Some of these are: 

1. Equal mass of glass in every shell. 

2. Repeatability allows variation of parameters to experimentally optimize the process. 

3. Reproducible injection into furnace. 

The droplet process allows us some optimizat on of a slightly different process for 
producing the glass spheres. One of the earliest processes tor producing hollow glass 
spheres commerically involved introducing dry particles of mixed glass materials into a 
gas flame. As the material fused in the flame, gases evolved from the components formed 
small bubbles whose walls became thin as expansion occurred. The internal bubble walls 
perforated and after a few milliseconds or less, one relatively internal large bubble 
was formed of all the smaller bubbles. The single bubble continued to expand and a 
hollow shell was formed. The glass flame was short and the glass shells cooled quickly 
on emerging from the flame and were literally scooped oft the chamber floor, bagged and 
marketed in large quantities. 

Preparation of the dry particles to be put into the flame for other high temperature 
device, e.g. vertical tube furnace) varied with particular manufacturers. The glass 
forming materials could be mixed into a slurry, dried, pulverized, sieved and otherwise 
manipulated to gain some uniformity of size. Another method involved dissolving the 
chemicals in water fand often included a decomposible gas former such as urea) and spray 
drying to form the dry particles which were then put into i flame or furnace for sphere 
production . 

The liquid drop generation techn iq»-'' allows us to produce first a set of uni form dry 
particles winch can subsequent l> be introduced into a furnace or flame for fusing ana 
forming into glass shells. Man? variations of the basic theme are possible and are use- 
ful in specific circumstances. 

The reasons for the almost perfect centering of inner and outer surfaces, i.e. uniform 
wall thickness, are not completely clear for any of these techniques. The most probable 
mechanism is that variations in the temperature profile seen by the glass shells during 
tne forming process provide variations in internal pressure in tiie shells which tend to 
pump the walls and induce flow in the glass which leads to centering. That pressure 
variations may inueed lead to the centering mechanism, is substant lateu to some extent 
by the work oi Taylor Nang, Dan fclleman, and their colleagues on bubble centering in 
liquid shells. 

It should be pointed out that a large fraction ot the fly-ash from large coal fired 
power plants consists of small, hollow glassy shells. 

bxperimental results indicate that for shell sizes up to about 3 mm, gravitational and 
aerodynamical forces do not appear to cause asphencity or decen'ering of inner and 
outer surfaces in vertical tube furnaces. Some analyses predict problems from these 
forces at even smaller sizes. A possible explanation of the absence of irregularities 
in the spheres may be that the spheres rotate and, indeed, may move up, down and side- 
ways as well in the turbulent atmosphere of the furnace. Our observations extend only 
to spheres up to 3 mm size range. Larger shells may also not be disturbed h\ aspheric- 
ity or decentering. At this time we have no data for larger sizes. 

After the spheres are collected from the furnace, they are washed and tilled with a 
mixture of deuterium and tritium IDT). These gases diffuse rapidly through the glass 
walls if the spheres are at a temperature of a few hundred degrees Celsius ie.g. 

3S0°C). At lower temperatures the gas will not diffuse back out of tne spheres over 
periods of several months to several years. 

Spheres whose wails vary in thickness by more than 1-21 and whose surfaces have peak- 
to-valley roughness variations of more than a few hundred (100-300) Angstroms are of 
little interest for use as targets, targets wmch are simple bare balls can sometimes 
be lower quality spheres than our canonical high quality shells. 

Other direct driven targets are also ot interest and require other techniques for pro- 
duction. 'lultiple layer coatings of various materials must be applied to the surface of 
gas or metal spheres to produce a complete target. Ne must produce metal shells which 
have the same high quality walls and surfaces as our present glass shells. The 
coatings, which may be CH or CF polymers, polymers with a tew atomic percent ot a nigh 
atomic number material uistnbuteu moiecularly throughout the polymer, or layers of 
copper or beryllium or other materials should be very high quality. Layer thickness 
variation and surface irregularities should be kept to the tew hundred to the thousand 
Angstrom range. 
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Some of our targets are 
or hydrocarbon polymers l 
silver or platinum. Atte 
oy sputtering, plasma act 
deposition or other Suita 
irregularities as small a 
patterns in the coatings 
are virtually perfect and 
coated shells. Figure 3 
microscopic uirt speck on 


glass shells coated with fluorocarbon polymers Hike Teflon) 
like polyethylene) or metallic layers such as copper, gold, 
r the glass shells are filled with DT, the coatings are applied 
ivated polymerization, chemical vapor ueposition, electro- 
ble processes. Specks of dust, surface weathering, or other 
few tens of Angstroms initiate or seed irregular growth 
during the deposition processes. Unless the substrate spheres 
absolutely clean, it is very difticult to produce high quality 
shows coating irregularity winch originated on a defect or 
tne surface of the glass sphere. 



VitMd by Trarn/nittad l^ht 



Figure 3. ThicK Hydrocarbon Coating Defect. 

. ® 

Of course, we must maintain the surface quality ot tne coa ings at the 1UU A smooth- 
ness level for thin coatings and at about If ot the thickness tor thick coatings. 


To avoiu introducing damage sites by 
coating processes, we have developed a 
uses gas at very low pressure flowing 
are placed above the structure and t tie 
sufficient momentum to levitate a stee 
system is operated at a pressure low e 
processes can De accomplished. The le 
multishell assemblies in winch inner s 
thin web ( 200 A thick Formvar) can be 
levitated sphere is shown in tne MBL i 


contact with supporting surfaces during the 
molecular beam levitation (MBL) technology which 
through a collimated hole structure. The spheres 
impact ot the molecules on the spheres transfer 
1 sphere as large as a 3/8 inch diameter. The 
nough that sputtering and various beam coating 
vitation process is sufficiently gentle that 
pneres are suspended concentrically by means of a 
uvercoateu to produce a seamless outer shell. A 
n Figure 4. 



Figure 4. Levitated Spherical Shell. 

A second technique for producing the outer shell is that of assembling two hemishells 
around the inner sphere (Figure S). Techniques tor making and assembling hemishells 
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into spherical shells nave been developed to a relatively successtul state. Utilizing 
single-point diamond tools ana hivh precision air-oeanng spinoie latlies, we make 
machined hemishells with ZSC-300 A surface finishes. To avoid assembly problems, we 
have also machined step joints into the edges ot the shells as shown in Figure o. The 
spheres are assembled arounu l)T tilled, coated glass shells to form double shell targets. 



F 1 gui e S. Double Shell Target Assemul) Figure t . Mating Polystyrene Hemishells. 

A number of directly driven targets tor luture uactor applications require metal 
spheres as containers tor the l)T tuel. Metal spheies have been proouceo by a number of 
techniques including annular jet techniques le.g. copper, woods alloy, tin) and by 
deposition on and leaching out ot spherical manurtls, and oy machine lapping methods. 

It is not anticipated that fusion targets will become less ditticult to produce or that 
the critical parameters will be relaxed in the near future. The techniques used to 
characterize the targets f optical interferometry, microradiography, electron and ion 
oeam techniques) are, in some cases, in tne development stages. A great deal ot 
research remains to be done just on measurement techniques. 

borne target designs contain one or more layers ot solid DT fuel. Conceptually, in a 
paper design, such layers are easy to put in a target. Exper 1 mental ' y it may be very- 
difficult to produce socn targets. Many ot the details ot cryogenic targets we have 
down cold. However, there are still many problems to be solved before high quality- 
cryogenic targets can be irradiated in t lie laser target chamber. 

At each step of the target fabrication process it is imperative to have accurate data 
on the geometry o! tne spheres, the coatings, supporting films, DT till, hemishells ana 
the assembled target. To make all these measurements we have developed a highly sophis- 
ticated set of characterization systems and analytical techniques ana apparatus. 

Transparent shells, walls and surfaces are measured to a few hundred Angstroms 
accuracy with lateral resolution of about Z micrometers or better. Transmission inter- 
ferometry provides an excellent tool for characterization of transparent spheres ano 
shells. Total 4- characterization of a glass she 1 1 can take up to 5 hours it done 
manually looking through an interference microscope. To reduce the time necessary tor a 
complete 4' character izat ion of a sphere, we have developed an automated sphere charac- 
terization system which measures the sphere and plots a contour map to a height accuracy 
uf about ZO 0 ^ with a lateral resolution of about Z micrometers in about 3 minutes. 

For detailed sc tace analysis and analytical studies we rely heavily on bcanning 
tlectron Microscopy ano Auger microprobes. Information on chemical composition ot sur- 
faces as well as on surtace contours is thus made available to material scientists who 
are concerned with coating, sphere formation, and other materials problems. 

Targets for economical energ, production in the future are yet to be tully developed. 
However, in several areas we have made significant progress toward high rate, low cost 
production of reactor class targets. 

Techniques tor producin'’ fully cryogenic targets ano tor levitating ano transporting 
targets of all types have been developed, he are continuing our efforts toward deter- 
mining the building o»ocks lor a target factory U igure 7). 
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Figure 7. Multilayer Cryogenic Reactor Target Production. 

As new ta ^et designs are generated anu more powerful and energetic lasers are built, 
new t Tgets aust be produced. We are continuing the research and development which will 
allow us to respond to the continuing challenges in the field of target fabrication in 
inerti.il confinement fusion. 

As fiither experiments are uone with more energetic and powerful driver beams, our 
understanding of target designs should improve and our target fabrication tasks will 
cnange -- but they are not likely to become easier! 
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Colliding droplets: A short film presentation* 

C. D. Hendricks 

University of California, Lawrence Livermore National Laboratory 
P. 0. Box 5508, Livermore, California 94550 


Abstract 


A series of experiments were performed in which liquid droplets were caused to 
collide. Impact velocities to several meters per second and droplet diameters up to 600 

micrometers were used. The impact parameters in the collisions vary from zero to 

greater than the sum of the droplet radii. Photographs of the collisions were taken 

with a high speed framing camera in order to study the impacts and subsequent behavior 
of the droplets. The experiments will be discussed and a short movie film presentation 
of some of the impacts will be shown. 

A series of experiments was set up to study collisions of liquid drops with 
variable impact parameter, drop diameter and drop velocity. Several materials were 
studied although water was the primary liquid for many experimental reasons and as a 
result of our then current interests in cloud physics and meterological phenomena. 

Two drop generators were arranged to project drops toward a region in the focal 
plane and field of view of a high speed framing camera. Drops were produced by each 
generator at rates of a few thousand per second. By electrically charging and 
deflecting some of the drops from each generator, single drop-pair collisions were 
obtained without aerodynamic effects from preceding drops. The drops were spaced 
sufficiently far apart that the aerodynamic disturbances from a pair of colliding drops 
had completely disappeared before the succeeding pair of drops arrived. 

High framing rate photographs were taken of droplets of several sizes and 
velocities. Drops with two diameters (120 and 600 micrometers) and several impact 
velocities (1, 3, 5 and 7 meters/second ) were of particular interest. Figure 1 is a 
series of frames of a collision between two 120 micrometer drops. It is interesting to 
note that collisions between successive pairs of drops were reproducible enough that a 
strobe light synchronized with the droplet production frequency could be used to study 
the impact and subsequent composite drop behavior in detail. 


nisi i \mm 
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Figure 1 A series of frames of a collision 
between two 120 micrometer drops. 


Work performed under the auspices of the U. S. Department of Energy by the Lawrence 
Livermore National Laboratory under contract number W-740S-Eng-48. 



* U82 23431 


ORIGINAL PAGE 

BLACK AND WHITE PHOTOGRAPH 


Behavior of liquid hydrogen inside an ICF target^ 

K. Kim and L. Mok 

Department of Electrical Engineering, University of Illinois 
Urbana, Illinois 61801 

T. Bernat 

Lawrence Livermore National Laboratory 
Livermore, California 94550 

Abstract 


The configuration of liquid hydrogen inside a spherical glass shell ICF target has been 
studied both theoretically and experimentally. Because of the zero contact angle between 
the D~ liquid and glass substrate and the limited wetting surface that is continuous, the 
liquid hydrogen completely covers the interior of the glass shell, resulting in the forma- 
tion of a void at the center. For this reason, the present problem distinguishes itself 
from that for a sessile drop sitting on a flat surface. A theory has been formulated to 
calculate the liquid hydrogen configuration bv including the London-dispersion force between 
the liquid and the substrate molecules. The net result is an augmented Bashforth-Adams 
equation appropriate to a spherical substrate, which is considered to be the major contri- 
bution of the present work. Preliminary calculations indicate that this new equation ac- 
curately models the liquid hydrogen behavior inside a soherical microshell. 

Intro^’^ t ion 

In the inertial confinement fusion (ICF) research, one of the important tasks is to find 
an optimum target design which can achieve sufficiently high fuel ^ejjsitv with minimum com- 
pression energy input. Various target designs have been proposed. ’ Among them is a cryo- 
genic target, which consists of a hollow uniform shell of liquid or solid PT (Deuteriumr 
Tritium mixture) condensed onto the inner surface of a glass microballoon (GMB) . Mason has 
theoretically predicted that such targets will give higher fusion yields. Recently, from the 
preliminary results of their target implosion experiment, Henderson and his coworkers have 
noted that neutron yields are enhanced by a factor of ten or more when a cryogenic DT target 
is used instead of a gas DT target. 

Because of this preliminary finding (which needs further investigation) , the cryogenic 
targets are currently attracting a fair, amount of attention. Several techniques have been 
developed to fabricate these targets. However, difficulties have been encountered, 

especially in conjunction with producing and maintaining a uniform liouid layer inside the 
GMB. Some researchers have obtained a liouid spheroid on one side of the CMB, whereas others 
have produced a continuous liquid layer, more often with one side thinner than the other. 

Shown in Figure 1 are the micrographs of a Dj-filled GMB target, 320 urn in diameter, 

15 urn in thickness, and filled with approximately z 700 atm of D 2 gas at room temperature. 
Figures la and lb are, respectively, the shadow and interference micrographs of the target 
at room temperature. The corresponding pictures taken at a temperature (-25 K) below the 
liquefaction point of D 2 are shown in Figures lc and Id. The interference micrographs were 
obtained using a home-made Kach-Zehnder interference microscope. 



Figure 1. Pictures of a D 2 -filled glass microshell. 320 um in diameter and 15 um in thick- 
ness, filled with approximately 700 atm of D 2 gas at room temperature. Figure la. Shadow 
micrograph at room temperature; Figure lb. interference micrograph at room temperature; 
Figure lc. Shadow micrograph of the target with a continuous liquid-D 2 layer at a cryogenic 
temperature; Figure Id. Interference micrograph of the same target in^Figure lc. 
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One distinct feature exhibited by Figure 1 is that the liquid D 2 formed inside the GMB 
spreads out and completely wets the entire substrate. The net result is a continuous liquid 
layer having a gas void inside of it. This situation is particularly interesting, not only 
because it is unique (note that one cannot achieve the same situation with a sessile drop 
sitting on a flat surface), but also because it offers a promising possibility for fabri- 
cating a uniform layer of DT-condensate inside an ICF target. 

Presented in this paper is an in-depth study of the behavior of a liquid inside a 
spherical microshell (SMS). First, a physical model is formulated to predict the liquid 
profile inside the SMS. These theoretical predictions are then compared with the experi- 
mental results obtained for a GMB containing liouid hydrogen. It is hoped that this study 
will result in a reliable scheme for producing and maintaining a uniform laver of DT- 
condensate inside a cryogenic ICF target. 

Theories for the profile of liquid inside a spherical microshell 

For the convenience of presentation, we first formulate a simple theory applicable to 
a liquid contained in a spherical substrate. Then, after showing that the theory is in- 
capable of describing a continuous liquid layer wetting the entire substrate - namelv, that 
it is only appropriate to a liquid layer having a vell-def ined line of contact between the 
substrate, liquid, and vapor, it is extended by including the van der Waals attraction be- 
tween the liquid and the substrate molecules. This latter theory, as will be shown, does 
have the properties appropriate for describing a continuous liquid layer and, therefore, 
constitutes a major contribution of the current work. 

Profile of liquid with contact line inside a spherical microshell 

Following Gibbs^, we calculate the minimum energy configuration of the liouid enclosed 
in an SMS using the calculus of variations. Consider a coordinate system shown in Figure 2a 
where the thick solid line represents the inner surface of the GMB. For the moment, we con- 
sider the gravitational force and the interfacial tensions at the licuid-vanor , liauid-solid 
and solid-vapor interfaces as the maior forces contributing to the energy of the svstem. 
Providing that the profile of the liquid-vapor interface is symmetric about the y-axis, the 
total energy of the system can, therefore, be expressed as the sum of the following terms. 


y 



y 



Figure 2. (a) Cylindrical coordinate system employed for the description of a spherical 

target. (b) The cylindrical system shown above redefined in dimensionless units. 


E g = Pg j y dv = 2w J. k _g y [R 2 - (y - P^ 2 - x 2 ] dv 
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= Y 


where 
the 


Y sv f ds - Constant 


r y2 

~ 2 7T 


Js sv 



the density of liquid; 

g is 

the 


'SV 


R. dy 


W 


:e , is the density of liquid; g is the gravitational acceleration; V. is the volume of 
liquid, Ycr » and are the interfacial tensions at the liouid-vanor , solid-liau 


1-iiC 'TV' I CT » aHU 'C\7 QIC LUC illLLL idLlCU LCUOlUllfl (3 L L 

and solid-vapor interfaces X= LV , Sg L> nd S cv ) , resoectivel v ; p 


SMS ; and x 


dx/ dv . 


"SV' 


liauid 

is the inner radius of the 


The variations are now subject to the constraint of the enclosed liouid volume, which 
is constant for a given temperature and gas fill nressure (e.g,, r ? pressure) of the S M S. 
(Note that the thermal energy of the system, which is also a constant at a given temperature, 
is uniquely determined once the liquid volume is specified, and, therefore, not specifically 
considered.) The expression of the liquid volume in this case is 

Yi 


* Constant + 2 n 


% [Rt - (y 


P.p 2 - x 2 ) dy 


(5) 


Combining Eqs..fl) through (5), and carrying out the mathematics required to arrive at the 
Euler equation^- , one obtains 


[1 + x[l + (*W 


pg V + \ 

^ LV 


( 6 ) 


where x' and x" , respectively, denote the first and second derivatives of x with resnect to 
y, and ' is the usual Lagrange multiplier resulting from the constraint of constant liouid 
volume. The absence of the solid-liouid and solid-vanor interfacial tensions, Yc L and y sv . 
in Eq . (6) was to be expected since the corresponding interfacial energy terms, E<L and few. 
depend only on the two end points y, and y 2 , which remain unchanged during the process of 1 ’ 
calculus of variations. 


Letting 


x = 




pgR? 

a » - — and P = 

LV LV 


(7) 


the dimensionless form of Eo. (6) is obtained as 

1 


[1 + (x') 2 ] 3/2 x(l + (x') 2 ^ 


= - (« + Py) 


( 8 ) 


Two end-point conditions are needed to close this eouation. They are 


1, x' « ■»’ at x = 0 (9a) 

2, x(v) = l 1 - ( y - l) 2 ]^ at y = y 2 (9b) 

The first condition simply states that the liquid profile is symmetric about the y-axis. 

The second condition is the so-called transversality condition ^ - that is, at y * y, the 
liquid-vapor interface lies on th? inner surface, of the SMS. It is easy to verify tnat the 
second condition gives rise to Young's equation for the contact angle, 0, i.e., 

^ ~ S 

COS t» - cos (0, - = — — (10) 

i L >LV 

The definitions of the angles and >' 2 are given in Fig. 2b. 
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Note that.Eq. (6) is reduced to the eauation derived earlier by Bashforth and Adams for 
a sessile drop 1 if the origin of the coordinate system is shifted to x - 0 and y - y, , and 
the normalization variable is replaced by the radius of curvature at the origin. So , 1 we 
henceforth, refer to Eq. (6) (or Ec. (£)) as the Bashforth - Adams equation. The original 
derivation was based on the force balance at the liouid-vapor interface, i.e., a direct 
application of the Young-Laplace equation. 

For the case of a sessile drop, the reader is referred to the,^ork of D. N. Staicopolus 
for a complete numerical solution of the Bashforth-Adams equation An approximate ana- 

lytical solution of a similar equation has been worked out by P-gConcus for calculation of 
the equilibrium meniscus in a vertical right circular cylinder. 

In the current analysis, a direct integration of Eq. (8) subject to a given con - set 
angle is carried out using numerical methods. Before presenting the numerical solut on, 
however, certain points must be clarified: 

1. The liquid-vapor interfacial tension is assumed to be constant throughout 
the calculations regardless of the position and curvature of the interface. 

This assumption is justified because the radii of curvature of interest in the 
present case are in the range of 0.01 cm, which is several magnitudes larger than 
the case studied by Tolman, Kirkwood and Buff, and Benson and Shuttleworth . 

' r hese authors have found that the surface tension of a small droplet decreases with 
increasing curvature. Tolman estimated that a 4 per cent drop in the sujrf^cc 
tension would occur if the diameter of a droplet was in the order of 10* cm; 

2. The liquid is assumed to be incompressible, and the effect of the vapor 
pressure on the liquid-vapor surface tension is neglected; 


3. The contact line is assumed to be ideal. Ar ideal contact line means that 
two mathematically defined surfaces meet together. Thus, rhe line should be 
infinitesimal and no liquid film exists beyond the line. In conjunction with 
this, we note that the va^jlitv of Young's equation for tae contact angle has 
long been^claimed by Gauss" and Gibbs 1 and more recently bv Johnson, 3 and 
Goodrich. For arguments advocating its invalidity, however, the reader 
is referred to a recent paper by G. J. Jameson and I 1 . C. G. del Cerro. ' 


Numerical solutions of the Bashforth-Adams eauation (Equation (8)) satisfying the end- 
point conditions Equation (9) have been obtained. Figure 3 shows a set of typical solutions 
obtained for the liquid deuterium enclosed in a GMB for different values of contact angle. 

The GMB target chosen was 67 pm in inner radius, of 3 urn thickness, and was assumed to be 
at a uniform temperature of 24 K. For ease of comparison with the experimental results, which 
is to be made in the future, the room- temperature D^-fill pressure of the target was chosen 
to be 110 atm. This fill pressure, along with the dimensions and temperature of the target, 



Figure 3. Numerical solutions of the Bash- 
forth-Adams equation for various contact 
angles. The inner radius of the GMB is 
67 pm, the wall thickness is 3 urn, and the 
temperature is 24 K. The liquid enclosed 
is deuterium and the fill pressure is 
110 atm at room temperature. 


Figure 6. Numerical solutions of the Aug- 
mented Bashforth-Adams equation. The 
line is for Bo, * 4.277 * 10 erg-cm 
the broken line is for B SL - 4.277 * 1 
jrg-cm. The volume of liquid deuterium is 
1.208 * 10' cm J and the temperature is 
28 K. The inner radius of the SMS is 67 pm 
and the wall thickness is 3 pm. 
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As clearly seen from Figure 3, the location of the contact line between liouid, solid, 
and gas rises as the value of the input contact angle (one of the end-point conditions, 
Equation (9)) is decreased. This is simply because of the fact that the smaller the contact 
angle, the larger is the area wet bv the liauid. For zero contact angle, it is, therefore, 
believed that the liquid will wet the entire target substrate, resulting in a continuous 
liquid layer. In this case, there will be a gas bubble inside the target completely 
surrounded by the liquid--a situation not possible in the case of a sessile drop sitting on 
a flat surface. 

Although different input values of the contact angle were used at the same temperature 
to produce the results in Figure 3, in reality, there can only be one correct contact angle 
corresponding to a given temperature. Since this correct contact angle is not theoretically 
available as a function of temperature for the current problem, it must be measured experi- 
mentally. Good and Ferry measured the contact angle between liquid hydrogea and-a few 
different materials and reported that it was zero for all the materials studied. Neither 
the details of the experimental arrangement nor the ranges of the observation temperatures 
were, however, included in their report. Considering the difficulties involved in main- 
taining a stable cryogenic environment and, in particular, the difficulties in creatirg and 
verifying an isothermal environment, it might perhaps not be totally unreasonable to suggest 
that the work of Good and Ferry be re-examined, or even redone using carefu’ ' designed, 
more modern equipment for all liquid hydrogen temperatures. 

Assuming now that the contact angles of liquid hydrogen and, according.’ 'at of 

liquid deuterium are zero, it is most probable that the liauid deuterium cor, l in an SMS 

exists in the for,,, of a continuous layer . 11 ■ It is for this reason that we now go back 
to the Bashforth-Adams equation and see if it can adequately give rise to a continuous 
liquid layer solution. 

Profile of a continuous liquid layer Inside a spherical microshell 

Let us now consider a situatio-' where the liquid inside an SMS forms a continuous 
layer, i.e., no liquid-vapor-solid contact line. The coordinate system used in this case 
is shown in Figure 4a. Following the same procedures previously used, and considering only 
the terms pertaining to the gravitational force and the liquid-vapor interfacial tension, 
one can easily derive a differential equation, which is identical to £a. (8). The boundary 
conditions are, however, different. Since the gravitational force is chosen acting parallel 
to the y axis, the profile of the vapor void (or the bubble) should also be symmetric about 
the y axis. Therefore, the boundary conditions for the bubble are 



Figure 4. (a) Coordinate systems used in the continuous liquid layer case. At x - x m and 

y - y , x’ is equal to zero, (b) Numerical solution of Bashforth-Adams equation with one 
boundSry condition satisfied, i.e., at x ■ 0: x‘ - «. Note that x m g > x m1 p at x’ » 0. 

(1) x’ « » at x - 0, y - y^ 

(2) x' « “ at x ■ 0, y - y 2 

Sefore finding the numerical solutions of Ecuations (8) and (11) , it is worthwhile to 
study Equation (8) somewhat more carefully. Upon integration, Eouation (8) gives rise to 
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(12) 


_ 2 v 


t [x - / x (a + Pv R T ) dx] 

x> . 2 B » T 

/* x(a + t>y B(T ) dx 

where y B _ denotes the two values of y corresponding to a single value of x: in the region 

where x*’is positive, y„ is used, with B denoting the "Bottom"; and in the region where x' 
is negative, y„ is used, with T representing the "Top". From Eouation (12) one finds that 
where x' - 0, Chat is, when x takes ot the maximum value, X , the values of x are given by 


mB 


’SnB 


x(a + ;jy g ) dx , and 


(13a) 


'mT 


f *mT 

j r(n + By T ) 


dx 


(13b) 


where the subscripts "B" and "T" again refer to "Bottom" and "Top," respectively. Because 
a and B are constants a,.d y R j 1 y_, Eouation (13) implies that one has tv' different values 
of x at x' - 0. Referring Co Figure 4b, since y T is always larger t^.an y g , one d -duces that 


x mB " x mT 


tl4) 


This deduction is clearly physically contradictory because no bubble can exist if there is 
a discontinuity in the liquid vapor interface. Consequently, there will be no solution to 
Equation (8) which can satisfy the bubble boundary conditions Eouation (11) . 

30 

The numerical solutions of Eouation (8) indeed illustrate this point. Only one of 
the two boundary conditions Equation (11) is satisfied, i.e., either xi ■ « at x * 0, but 
xl - «■ at x i 0; or xl ■ * at x - 0, but xi + «- at x « 0. It is obviofls that some forces 
aiting on the bubble that are different from the gravitational force and liauid-vaoor 
interfacial tension are left out of the theory hitherto considered. 

31 

There are several types of forces among molecules and atoms the attactive forces 
are primary (chemical) bonds, metallic bonds, and secondary (physical) bonds, whereas the 
repulsive forces are Born repulsions. Primary bonds and metallic bonds are usually strong, 
and are the basic forces responsible, for example, for forming different stable substances 
on earth. Secondary bonds are the long-range but weak attraction forces among atoms and 
molecules and are generally called van der V’aals forces. 

In fact, van der Waals forces are a collective term for the four different forc^j, 
namely, the Debye induction force between a permanent dipt ’ t and a neutralynolecule, the 
Keesom orientational force between two freely rotating permanent dipoles, the London- 
dispersion force due to electron fluctuations around nuclei, and the Margenau force 
arising from the dipole-quadrupole interaction. Since the liquid of our interest is 
deuterium or deuterium- tritium mixture and they are nonpolar neutral molecules, only the 
London-dispersion force is considered. The Born repulsion force is also neglected because 
it is inverse twelfth power of distance and thus quickly dies out as the distance is in- 
creased. The typical effective distance of the Born repulsion force is about 7 A. 

Two approaches are widely used to calculate the total attraction energy of the Lgndon- 
van der Waals type between two macroscopic bodies. One is London- Hamaker ' s approach -5 ’ 
in which the additivity of the London- van der Waals forces is assumed. The other is 
Lifshitz's macroscopic approach -5 in which the attraction energy is directly calculated 
from the imaginary parts of the complex dielectric constants of the media, especially their 
far ultraviolet portions. Lifshitz's approach is thought to be better than that of London 
and Hamaker, especially in the case where the separation distance between two macroscopic 
bodies is large. This is mainly due to the additivity assumption and the intrinsic 
characteristics of the dispersion forces. 

The London-van der Waals forces are electromagnetic-like forces, so they will be 
subject to retardation, i.e., at large separations the forces will be reduced because the 
finite time required for their propagation causes a phase difference between the electronic 
oscillations of the interacting molecules. Because of this retardation effect, the attraction 
energy calculated by London -Hamaker ' s approach will be over-estimated for molecules with 
large separations. 7 When the retardation effect is put into the calculation, as Caslmir 


101 


and Polder,^® and^Qvgrbgck^^ did, the two approaches usually have differences wichin an 
acceptable range. ’ 1 

To avoid the mathematical difficulties and the scarcity of the data required of the 
Lifshitz's macroscopic approach, the London -" imaker ' s approach is adooted. The nonretarded 
London-van der Uaals forces are considered first. The effects of retardation then follow. 
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Figuie 5. Spherical coordinate system used in the calculation of the London-van der Uaals 
attraction energy between the liquid molecule at p(r,o,o) and the spherical substrate with 
inner radius equal to R i and outer radius equal to R 


The coordinate system i sed is shown in Figure 5. The energy due to the London-van der 
Uaals forces of a liquid molecule at the point p(r,o,o) is then expressed as 


E(r) = « [ dv U(d) (15) 

P s J v 

s 

where the London potential l T (d) - -B /d E with B<„ denoting the London constant between the 
solid (substrate) and liquid moleculgfe; d is the^aistance between the substrate and liouid 
molecules; N is the number density of the substrate molecules; and V_ is the volume oc- 
cupied by the substrate. Noting the azimuthal symmetry of the system, application of the 
cosine rules enables one to rewrite Eouation (15) as 


E o (r > = - 2 * B SL N s 


where u = cos 6 . 
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After straightforward integration, Eouation (16) becomes 
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J SL 
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(17) 


The total energy due to the London-van der t’aals forces betveen the liouid and the 
solid wall is then 


E LVDW - N L L dv V ? > 

L 


(18) 


where is the number density of the liquid and is the volume occupied by the liquid. 
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In terms of the normalized cylindrical coordinate svstem defined in Figure 4a, 
Equation (18) is 

y 2 x 

E LVDW * 2,N L I dy I x dx E (r) 

>1 ° 

where 


E p (r) 
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B SL N s 


ir; 
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( 19 ) 
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+ (y - 1) 
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R. 


Following the same mathematical procedures previously used (i.e., the calculus of vari- 
ations) , one obtains 


[1 + ( x ') 2 ] 3/2 Xll + ( x ’) 2 ) 17 


t - -la + ?y + A D(x.v)] 


where 


s . 4 - b sl ", n l 

3 ^LV R i 


( 20 ) 


• R 3 , 

D ( X . V ) = Ty T "T T — T 

(R; - r~) J (1 - r Z ) 3 

and the rest of the symbols are as defined in Eouation (7). This ecuation is similar to the 
Bashforth-Adams equation Ecuation (8), exceDt that an extra term resulting from the London- 
van der Waals energy is added. For this reason, we name Eouation (20) as the "Augmented 
Bashforth-Adams equation." 

Integrating Equation (20) once and applying the bubble boundary conditions Eouation 
(11) , one lias 


fV + 2iA 


• o 


x ( D.j. ( x , 


y T ) 


Dg(x. v B ) ) 


dx - 0 


( 21 ) 


where V 


. is the specif ic-volume of the vapor void, or the bubble (i.e., the actual volume 
of the void divided by R. ) . the subscript T denotes the upper (top) portion of the bubble 
where x' >• 0; and the subscript B denotes the lower (bottom) portion of the bubble where 
0. ^rom F.ouation (21). one can easilv see that as 8 approaches zero and/or A ap- 
proaches infinity, lD_(x,v ) - D B (x,v„)] will take on a value which is vanishingly small. 

Or, putting it in another «av. at either or both of these two limits, the thickness of the 
liquid layer is uniform, or the bubble is a complete sphere. In practice, however, the 
values of A and 8 are finite and, therefore, the thickness of the liquid layer at the bottom 
of an SMS is always larger than that at the top. 


The numerical solutions of Equation (20) satisfying the bubble boundarv conditions 
Equation (11) are plotted in Figure 6. Note that there is only one uniaue solution for 
each set of parameters used. The SMS chosen-is 67 urn in inner radius, 3 ym in thickness, 
and contains liquid D„ of volume 1.208 x 10" cm' 3 . The calculations are done for two dif- 

ferent values of the London constant B„j , As expected, larger B„, produces a licuid layer 
more uniform in thickness. This effect L is more clearly demonstrated by Figure 7 in which 
both the top and bottom thicknesses of the liquid layer are plotted as a function of Bq, 
for two different values of liquid D-, volume. That a larger Bo. is reouired to supoort L a 
thicker uniform layer is clearly shown in the figure, which is s ?onsistent with the competing 
nature of the gravity and the van der Vaals attraction. 
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LONOON CONSTANT B Jt (erg. cm*) 


Figure 7. Equlibrium top and bottom thicknesses of liquid deuterium layer inside an SMS 
at 28 K. The target has inner radius of 67 iim and wall thickness of 3 inn. The broken 
lines are for the liquid volume of 6.47 ' 10 cm" 5 and the solid lines are for 

1.208 v 10' 7 cm J . 
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LONDON CONSTANT B lt (erg* cm*) 


Figure 8. Comparison of equilibrium top and bottom thicknesses of liouid deuterium ’aver 
for nonretarded (solid lines) and retarded (broken lines) London-var aer Waals forces. The 
inner radius of the SMS is 62 urn and its wall thickness is 3 urn. The volume of liquid 
deuterium is 1,208 * 10" cm 3 and the temperature is 28 K. V used in the calculation of 
retarded London-van der Waals forces is 10' 3 cm. 1 
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Since the wall thickness of the SMS and the thickness of the liouid layer are generally 
in the order of 1 um, the retardation effect of the London-van der Waals forces could be 
significant as pointed out by Casimir and Polder. To include such a reta: uatigy effect, 
a correction function has been introduced into the London potential by Overbeck: 


U(d) 


“SL 


f (rl 


( 22 ) 


where p «* 2 n d/ X witn X being the characteristic wavelength of the electronic oscillation, 
of atoms ; and c ' 


ftp) 


1.01-0.14 p , for 0 < p v 3 
2.45p~^ - 2 . 04p ^ i f or 3 < p v 


Unfortunately, this formula is not easily applicable to our case sigge two separate func- 
tions are involved in two different ranges. Schenkel and Kitchener 4 have found an approxi- 
mation for f (p) for the range, 1 p < ®. According to these authors, the deviation in 
the values of f (p) is less than 5% within this range. The Schenkel-Kitchener approximation 
is 


ftp) 


2,45 

P 


2.17 + 0. 59 
P 2 P 3 


(23) 


Replacing che London-potential U(d) in Eouation (15) with this approximation (Equations 
(22) and (23)) and carrying out the straightforward, yet tedious, integration, one obtains a 
lengthly expression for the retarded London-van der Waals attraction energy between a 
liquid molecule at point p(r‘,o,o) and the entire substrate of thickness of (Rq - R^) (see 
Figure 5) . 


This expression has been used in conjunction with the Augmented Bashforth-Adams ap- 
proach to determine the retardation effect of the London-van der Waals forces. Plotted in 
Figure 8 are the equilibrium top and bottom layer thicknesses of the liouid deuterium in- 
side an SMS of inner radius 67 um for various strengths of the London constant. The^ ^ 
temperature of the StlS is 28 K and the volume of the liouid deuterium is 1.208 ' 10" cm . 
As expected, the thickness of the top liquid layer is smaller than the case where the 
retardation effect is not included. 


Note that the Augmented Bashforth-Adams equation Eouation (20) with the retarded 
London-van der Waals energy term is only good within the range 1 < p < ». This range might 
be extended, down to p = 0.5, with a slightly larger ,-error , as pointed out by Schenkel and 
Kitchener . In general, \ is in the order of 10* cm, so that p = 0.5 corresponds to 
d ' 100 A. Consequently . 0 aS long as the top liquid layer thickness (i.e. the smaller thick- 
ness) is larger than 100 A, the error in the solution of this eouation will be negligible. 

Finallv, it must be pointed out that the liquid- vapor interfacial tension has been 
assumed to be constant throughout the calculations, which might turn out to be an important 
source of error. 


Conclusio n 

An "Augmented Bash: 'rth-Adams” eouation, Eouation (20), appropriate to a spherical 
substrate, has been derived for the first time by including the London-dispet -.ion force 
as the two-body interaction force between the liquid and substrate molecules. This was 
prompted b a proof presented in this work that the Bashforth-Adams equation, Eouation 
(8), has no solution subject to the boundary conditions Equation (11) required of a contin 
uous liquid layer. The choice of the London-dispersion force was specifically motivated 
by the desire to describe the liquid hydrogen behavior inside a spherical microshell ICF 
target, and was justified by the fact that liquid hydrogen consists of nonpolar neutral 
molecules . 

Considering the fact that most of the previous work on the thin-film phenomena, of 
which a wealth of literat "ce L1 exists, has only dealt with either plane- or cylinder- 
like geometries, the principal contribution of the present work is to have formulated a 
theory appropriate to a spherical substrate. 

It is hoped that with this work headway has been made toward an active investigation 
of the thin-film phenomena involving spherical geometry, not only for its own scientific 
merit, but also for a very interesting practical application - namely, the ICF target 
research. 
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Abstract 

By amplitude-modulating the driving voltage of an acoustic levitating apparatus, a 
strong core centering force can be generated in a submillimeter compound droplet system 
suspended by the radiation pressure in a gaseous medium. Depending on the acoustic 
characteristics of the droplet system, it has been found that the technique can be 
utilized advantageously in the multiple-layer coating of an inertial confinement fusion 
pellet. 


Introduction 

One of the important areas of research pertinent to the fabrication physics of 
inertial confinement fusion targets involves the investigation of various physical 
mechanisms that generate bubble-centering forces during the formation stage of fusion 
pellets. Theoretically, the strength of this force is proportional to the frequency of 
the normal mode oscillation of the compound-droplet system 1 . This frequency is given by 
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for a rigid-cored compound-droplet system of an inviscid fluid, a and pare the surface 
tension and density of the fluid, respectively. R 0 is the radius of the compound drop, t 
is the ratio of R Q to the radius of the core and i is any positive integer with the 
fundamental frequency corresponding to I * 2. In Fig. 1, Eq. (1) is plotted for the 
fundamental oscillation frequency (I * 2) versus R 0 . It is interesting to note that, for 
the two core sizes chosen in the figure, there is an optimal R„ at which the oscillation 
frequency reaches a maximum. This value of R 0 can be regarded as the most efficient 
radius of the compound-droplet system to generate the core-centering force. 

It is most convenient to generate and study this core-centering force using an 
acoustically-levitated submillimeter compound-droplet system. First, the oscillation can 
be excited easily by amplitude modulation of the carrier voltage of an acoustic levitating 
apparatus at the appropriate normal mode frequency of the compound droplet system. 
Second, for a submillimeter compound-droplet system, the core-centering force is very 
strong indeed. In comparison, the force is only barely observable for drop systems 5 mm 
or larger. 


Experimental Apparatus 

An acoustic apparatus has been specifically developed to handle samples of 
submillimeter sizes in a gaseous medium. This apparatus consists of an acoustic 
levitation device, deployment devices for small liquid and solid samples, heat sources for 
sample heat treatment, cold gas cooling system, acoustic alignment devices and data 
acquisition instrumentation. The levitation device includes a spherical aluminum dish 12” 
in diameter and 0.6" in thickness, 130 pieces of PZT transducers attached to the back side 


♦The research described in this paper was carried out by the Jet Propulsion Laboratory, 
California Insitute of Technology, under contract with the National Aeronautics and Space 
Administration. 
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of the dish and spherical concave reflector situated in the vicinity of the center of 
curvature of the dish. In Fig. 2, the underside of the focusing radiator is shown. In 
operation, the transducers are driven in phase at one of the resonant frequencies of the 
radiator. Figure 3 gives the top view of the hemispherical dish. At t..e center is the 
reflector for the production of the levitating force. A liquid sample atomizer is shown 
at the left. In Fig. 4, this device is shown in greater detail. It consists of an 
acoustic stepped-horn and two PZT transducers pre-stressed to 5000 psi for high power 
operation. It is supported by a knife edge at the step. A liquid drop placed at the tip 
of the horn can be transported to the levitating position through an atomization process. 
The focusing radiator levitating device operates at 75, 105 and 163 kHz, respectively. It 
has been demonstrated that a sample with a specific gravity as large as 19.3 can be 
levitated in this apparatus. The lateral positional wandering of the sample in the force 
well is estimated at less than 5% of the dimension of the sample size used. 

Compound Droplet System 

To create a compound droplet system, a solid sphere is first positioned in the 
acoustic field at the tip of a vacuum chuck and allowed to drift into the force region 
upon vacuum release. Liquid material is deployed by first atomizing the material into a 
fine mist in the vicinity of the force well. The mist is driven by the acoustic force, 
depositing it onto the surface of the sphere forming a compound droplet system. A typical 
droplet system has a dimension of about 250 pm diameter for the core and 100 pm thick 
shell for the liquid layer. 

Usually, a compound droplet formed in this manner is not designed to be neutrally 
buoyant. The gravitational force will manifest itself in two ways: 1. Depending on the 
relative specific gravity between the core and the fluid, the core will be off-centered, 
float to the top or sink to the bottom of the liquid shell, and 2. The gravity will 
deform the droplet to an approximately oval shape (Fig. 5). The second effect could be 
minimized significantly by increasing the surface tension of the fluid and/or reducing the 
size of the droplet. It has been observed that the percentage deformation between the two 
axes is less than 5% for a pure water droplet of typical 500 pm in size. The first 
effect, on the other hand, is omnipresent, as long as the experiment is performed 
terrestrially in a one-g environment. 

Core-centering Force 

The core-centering force has been observed in a compound-drop system of 1 cm or 
larger in a neutral buoyancy tank, where three liquids of comparable specific gravity are 
present. The core-centering force, in this case, is rather weak because of the size of 
the drop and the particular set of boundary conditions involved. In this report, we will 
present results of a strong core-centering force generated acoustically in a submillimeter 
compound droplet system suspended by the radiation pressure in a gaseous medium. 


To generate such a core-centering force, the liquid shell is set into oscillation at 
one of its natural normal modes. To accomplish this, an amplitude modulation at 
appropriate frequency is applied to the carrier driving voltage of the focusing radiator 
levitating apparatus. When the frequency of the amplitude modulation is tuned into the 
natural oscillation frequency of the compound droplet system, a large amplitude 
oscillation of the liquid shell is produced driving the core to the center of the system 
in a fraction of a second. For a typical sized droplet used in the experiment, a 
modulating frequency between 500 to 1000 Hz is required. Using a water-coated glass- 
microballoon system, it can be further verified that this is a very strong force indeed in 
view of the fact that the ratio of specific gravities between the water and the core is 
approximately five. In Fig. 6, a glass microballoon coated with a layer of water is shown 
to be centered by this force. 

An experimental technique to quantify this force has been devised. A promising 
method is to generate a secondary oscillation of the core in the presence of the core- 
centering force. From the frequency of the core oscillation, a force constant k can be 
measured, thus the core-centering force can be obtained from f ■ -kx, where x is the 
displacement of the core from the center position in the presence of the core-centering 
force. 


Sumaaty and Concluding Remarks 

In summary, we have demonstrated an acoustic technique for generation of a strong 
core-center force for a sul'millimeter compound-droplet system. Centering forces of this 
general nature are important in understanding the physics of, for instance, the formation 
of glass pellets. The application of this kind of force, for example, can be very 
advantageous in the multiple-layer coating of an inertial confinement fusion pellet 3 . 
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Figure 1. Frequency o: normal mode oscillation as a function of the radius 
of a compound droplet system. The core is rigid and i = 2. 
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Figure 2. The underside of the focusing 
radiator acoustic levitation 
apparatus. 


Figure 3. The top view of the focusing 
radiator acoustic levitatior 
apparatus. The reflector is 
situated at the vicinity of the 
focal point. The liquid sample 
atomizer is at the left. 
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Figure 4. The stepped-horn acoustic atomizer for liquid sample deployment 
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Abstract 

Holographic studies have been performed which examine the fragmentation process during 
vapor explosioi of a water-in-fuel (hexadecane/water) emulsion droplet. Holograms were 
taken at 700 to 1000 microseconds after the vapor explosion. Photographs of the 
reconstructed holograms reveal a wide range of fragment droplet sizes created during the 
explosion process. Fragment droplet diameters range from below 10 microns to over 100 
microns. It is estimated that between ten thousand and a million fragment droplets can 
result from this extremely violent vapor explosion process. This enhanced atomization is 
thus expected to have a pronounced effect on vaporization processes which are present 
during combustion of emulsified fuels. 


Introduction 


Water has long been observed to have a beneficial effect on combustion of liquid 
fuels but a complete understanding of the mechanisms bv which this enhancement occurs is 
just beginning to emerge. Water-in-fuel emulsions are being used or considered for use in 
many combustion applications where particulate pollution is a problem because of the 
potential of decreased particulate emissions and enhanced combustion. Although a number of 
studies have been carried out to determine the physical processes involved in the com- 
bustion of emulsified fuels, primarily phenomenological explanations have resulted. The 
present experiments are part of a larger program designed to quantify the phenomena which 
have been observed and understand the enhancement process. 

The first enlightening experiments were performed by Ivanov, et al. 1 of the Soviet 
Union in the late 1950's. They showed that water/oil emulsion droplets burned dioruptively 
when suspended on a quartz fiber (called a sting) and ignited. This disruptive burning 
process was called a "rricroexplosion. " In 1976, Dryer and coworkers 2 ' 5 performed similar 
experiments at Princeton University and from their observations suggested that the water 
in the cjl matrix was superheating. Near the limit of superheat, the water homogeneously 
nucleates rapidly to produce a vapor-phase explosion. The limit of superheat for water is 
approximately 260°C so their concept was that paraffinic fuels with a boiling point above 
this, when emulsified with water, should lead to a vapor explosion while those with boiling 
points below would not vapor explode. This means that hexadecane (boiling point 287“C) 
emulsions should vapor explode while tetradecane (252°C) emulsions should not. However, 
their early observations of burning emulsion droplets suspended on a quartz sting indicated 
dodecane (216°C) emulsions microexploded. They felt the sting was probably a source of 
nuclear uon sites that led to premature water nucleation. In order to eliminate the sting 
nucleatior. problems, free droplet studies were necessarv. 

Recently, studies by Lasheras, Dryer, et al. 1 *' 5 have been carried out in which free 
emulsion droplets were injected into the hot combustion products streaming out of a flat 
flame burner. Vapor explosions were observed using droplets of hexadecane/water and 
tetradecane/water emulsions but not in dodecane/water emulsions. These results correlated 
very nicely to a theoretical prediction by Avedesian*' 7 which predicted tetradecane/water 
emulsions should be on the edge of failure to undergo vapor explosion because the fuel 
boiling point is very close to the superheat limit for the svstem. 

The above mentioned studies have been primarily phenomenological with respect to the 
processes occurring during the vapor explosion because of the difficulties in photographing 
a free droplet. Two recent studies by Sheffield, Baer and Denison* '* using emulsion 
droplets levitated above a hot plate have shown that a number of verv interesting processes 
take place during the heatup and vapor explosion process. Surface tension induced circu- 
lation occurs inside the droplet and the small water droplets coalesce to form larger water 
globules during the heatup process. Then the large globules settle to the bottom of the 
droplet just prior to the vapor explosion. The explosion process was clearly shown to be 



very violent, producing fragment velocities ranging from 30 to 90 meters per second. 

However, instrumentation was not adequate to resolve fragment sizes in these experiments. 

The holography experiments described in this paper were carried out for the purpose of 
visualizing the explosion fragments to determine the extent of the fragmentation process. 
Droplet fragments from less than 10 to over 100 microns in diameter have been clearly 
identified at times 700 to 1000 microseconds after the vapor explosion starts. These 
experiments will be discuiised in detail in terms of th» experimental setup, experimental 
observations, and their correlations with previous results. 

Experimental Setup 

A water-in-fuel emulsion consists of a heterogeneous mixture with the fuel as the 
matrix, water as the dispersed phase, and a surfactant which is used to stabilize the 
material. In this «tudy, the fuel was n-hexadecane (Ci*Hi>,). The surfactant was a mixture 
of Span 80 and Tween 8(K° to give an HLB number of about 5.5 which results in a fuel 
soluble surfactant and produces a relatively stable water- in-fuel emulsion. Emulsions were 
made by mixing 29% water, 69% n-hexade=ane, and 2% surfactant (by volume) in a domestic 
blender for several minutes. The resulting emulsion has a milky color with the dispersed 
water drops a few microns m diameter. 

The free droplet experiment adopted in the present study uses the L’idenfrost 
phenomenon 1 1 to levitate a droplet above a heated surface. This experiment consists of 
placing an ^2 mm diameter droplet of emulsion on a heated metal surface using a smal) 
syringe to form the drop. The plate temperature is maintained above the Leideafrost 
temperature of the fuel so that fuel evaporation causes the droplet to levitate about 10 to 
50 micron3 above the plate 12 . A slight 50 mm diameter spherical indentation in the highly 
polished plate stabilizes the droplet in one area during its heatup period so that it can 
be easily photographed. The heated plate was maintained at temperature by using a 
laboratory hot plate. 

For these particular experiments, the plate was replaced by a stainless s^eel sub- 
strate machined to the shape of a truncated cone 25 mm diameter at the base ana 12 mm 
diameter at the top, which was highly polished with a spher - ' -al indentation in it. This 
substrate was placed on a laboratory hot plate and maintained at a temperature of about 
500°C. An insulation sheet 25 mm thick with a cutout to accommodate the cone shaped 
substrate was placed over the hot plate during each experiment to eliminate any hologram 
noise which might be generated by a large amount of natural convection induced turbulence 
in the 30 cm hot plate region surrounding the exploding droplet. The holocamera, Model 
HTC-5000 built by Spectron Development Laboratories, has a pulsed ruby laser light source 
which is switched by a Pockels cell to give a 10 to 20 nanosecond pulse between 700 and 
1200 microseconds after the holocamera is triggered. The low end of this delay is con- 
trolled by the amount of time it take, the flash lamp to pump the ruby rod to a suffi- 
ciently energetic state that a reliable laser pulse can be obtained when the laser pulse is 
allowed to escape by trigger' jg the Pockels cell. A schematic of the experimental setup 
is shown in Figure 1. Notice that the holography system consists of a reference beam which 
travels approximately the same distance as the information beam. The information beam 
passes through the explosion regime and then interfers with the reference beam on the film 
plana and exposes the glass holographic plate producing the hologram. Two lenses which are 
not shown on the figure were inserted in the information beam at the proper places to 
position the image of the droplet explosion behind the holographic plate to simplify the 
reconstruction. By properly choosing these lens;s, magnification of the explosion was 
obtained in some of the experiments. 

Triggering of the holocamera was accomplished by passing a helium-neon laser beam close 
to the side of the droplet and into a photo detector setup that was designed to send out a 
trigger signal when the beam was interrupted. Since the beam was near the bottom of the 
droplet, it was interrupted when the vapor explosion produced the early jetting to the side. 
A trigger signal then went to the holocamera. Between a setable delay of 700 to 1000 
microseconds after the holocamera was triggered, the Pockels cell was triggered, providing 
the laser pulse required to produce the hologram. Since the laser pulse width was limited 
to 10 to 20 nanoseconds, a stop action hologram of the explosion process was produced. 
Resolution of the holograms was a few microns with this configuration so fragment droplets 
of a few microns were detectable. 

Reconstruction of the explosion images was accomplished bv expanding a helium-neon 
laser beam and orienting the developed holographic plate in the expanded beam so that the 
three dimensional image was formed off at an angle from the main v »am as shown in Figure 2. 
Pictures were then taken of the image using macrophotography technioues to provide the 
desired magnification. An Olympus OM-2 camera was used to take the pictures. 




Figure 1. Exploding droplet holograpr.v experimental setup. 
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Figure 2. Holographic image reconstruction setup. 
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Results and Discussion 


Over 30 holograms of exploding droplets were taken during this study. Some explosions 
were obviously less violent than others probably due to premature heterogeneous nucleation 
of the water before it reached the superheat limit. Three representative holograms were 
picked for ciose study and several photographs of the reconstructed images were made. In 
Figures 3, 4, and 5, respectively, fragmentation is shown 700, 875, and 1000 microseconds 
after the holocamera was triggered. It was possible to make only one hologram of each 
droplet explosion so these figures represent three different explosions with the 
accompanying differences between them one might expect. 

Figure 3 clearly shows the nature of the fragmentation process with a jet visible near 
the plate, moving out parallel to the plate. Other parts of the droplet liquid are in the 
form of ligaments in the process of breaking up to form droplets. The lower left enlarge- 
ment shows a ligament that has nearly completed the breakup process. The next two 
enlargements, moving clockwise around the center picture, show a common area; only the 
position of the camera focus has been changed to show the three dimensionality of the 
hologram image. Some droplets which are in focus in one enlargement are out of focus in 
the other. The enlargement in the top-right corner was made in an area that appears to 
have only a few droplets in the center picture but the enlargement shows a large number 
are actually present. The same is true for the lower-right enlargement. From the scale 
it is clear that the ligaments and a few droplets are larger than 100 microns in size, but 
a large number are substantially smaller. 

Figure 4 shows a droplet explosion 875 microseconds after the holocamera was triggered. 
Although this explosion looks considerably different from the one shown in the previous 
figure, many droplets with a wide range of sizes are discernable. No ligaments appear in 
this explosion, however. The jet on the left side is visible but the one on the right 
seems to have already disappeared, perhaps, as a result of the explosion venting more to 
the right side than the left during the early part of the process. This phenomenon has 
been observed in high speed framing camera pictures in earlier testing. 

Figure 5 shows a droplet explosion 1000 microseconds after the holocamera triggered. 
Again the remains of the jets are visible near the plate. The lower-left enlargement 
contains part of the jet, but droplets are not clearly discernable in this area of the 
picture, sc they are apparently on the order of the resolution of the hologram, around 1 to 
5 microns. Other drops in the center picture and the enlargements range from about 10 to 
100 microns in size. Most of the ligaments appear to have already broken up because there 
are only a few small ones present throughout the picture. The top-left enlargement shows 
an area where very few droplets are discernable in the central picture, but many drops are 
clearly observable in the enlargement, some in the 10 micron range. Again this figure 
shows, in a graphic way, the tremendous fragmentation that results from the vapor explosion. 

Although this experimental setup represents a somewhat non-physical situation as far 
as simulating a combustion environment is concerned, it does provide a needed visualization 
of the explosion process. The jetting near the substrate is due to the asymmetric con- 
finement and heating provided by the substrate. It is felt, however, that the explosion 
upward is quite representative of what one might expect in a combustion environment. The 
small droplets formed in the jets by the rapid venting provide an interesting comparison to 
those formed in the less violent upward explosion. 

Droplets formed in the jet are on the order of a lew microns which means they could 
vaporize in a few hundred microseconds 1 3 unless the atmosphere around them was saturated 
with fuel vapor as is probably the case at the late times of the holograms. This cor- 
relates nicely with high speed framing camera pictures which show the jets disappearing. 

For comparison purposes a sequence taken at 40,000 frames per second has been included as 
Figure 6. It shows the jet disappearing in frame 5, about 200 microseconds after the 
explosion starts. In this sequence, the side jets are moving out at about 90 m/s and the 
droplet is exploding upward at between 30 and 70 m/s. The droplets visible in the holo- 
grams, which are much later in time than the film sequence, have moved about 30 mm in 1000 
microseconds (average velocity of 30 m/s). As expected, the droplets are slowing down due 
to drag as they move out. It is estimated that the drop velocity should be reduced to the 
surrounding gas velocity in 10 to 20 mm of travel 13 so the true droplet velocity is 
probably slower than the calculated average velocity at these late times. Based on this, 
one would expect the diameter of the sphere of influence of the explosion to be about 30 
to 60 mm or about 15 to 30 or,' 'inal droplet diameters in these experiments. 

Pictures of the holograms in Figures 3 through 5 clearly show that a large number of 
fragment droplets are formed. No attempt has been made to carefully count all the drops 
in each picture because this only represents a small slice of the whole explosion volume. 

If one assumes a 2 mm droplet is reduced to a mor.odisperse group of 50 micron diameter 
fragments, one drop would produce over 50,000 fragment droplets. If the fragment diameter 
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Figure 3. Picture of image of droplet explosion 7 00 microseconds 
after holocamera was triggered. 


Pi'-ture of image of droplet explosion 875 microseconds 
after holocamera was triggered. 


Figure 4 
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was 30 microns, one drop would produce 300,000 fragment droplets. In' this case we have a 
distribution of sizes from too small to measure in the jets (probably a few microns in 
diameter) to over a hundred microns. An average size is probably between 30 and 50 microns 
which indicates there are on the order of tens of thousands to hundreds of thousands of 
fragments from one drop exploding. An estimate of the number of drops visible in one 
picture led to about 4000 drops. Since, this is only slice of the whole volume, one would 
expect to have 10 to 100 times this many in the entire explosion, again leading to the same 
estimate as above. We have estimated that the lower and upper limits on numbers of 
fragments formed are ten thousand and a million, respectively. 



Figure 5. Picture of image of droplet explosion 1000 microseconds 
after holocanera was triggered. 

Conclusions 


Time resolved holography has been shown to be an extremely useful experimental 
technique to study the vapor explosion of a vaporizing water-in-fuel emulsion droplet. It 
has led to some very graphic pictures of the droplet fragmentation which results from the 
explosion. Fragment sizes from less than 10 to larger than 100 microns are visible with 
the average probably in the 30 to ^0 micron range. In the early time holograms (700 micro- 
seconds), ligaments that are breaking up are visible, while at the later times (1000 micro- 
secords) the ligament breakup is nearly complete. Estimates based on the average size and 
the number of drops visible in the pictures of the holograms indicate that lower and upper 
limits for the numbers of fragments are ten thousand ' a million. The typical number is 
probably between 50,000 and 300,000, indicating the v violent nature of the vapor 
explosion. 

The distances that the fragments have traveled after the explosion lead to an average 
velocity of 30 m/s compared to between 30 and 70 m/s when the explosion first starts, 
indicating a drag induced reduction in velocity. The sphere of influence of the explosion 
is estimated to be about 15 to 30 original droplet diameters. 
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Figure 6. High speed framing camera senuence of a droplet explosion. 
Droplet was backlighted with an expanded laser beam. 

Frames are 50 microseconds apart. 
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Droplets generated from a new 'ogee' shaped, 
liquid, air- shear, electrostatic nozzle 

I. I. Inculet, T.E. Base and G.S.P. Castle 
Faculty of Engineering Science 
The University of Western Ontario 
London, Ontario, Canada, N6A 5B9 


ABSTRACT 

A series of experimental tests was carried out on an 'OGEE' shaped planform, liquid air-shear 
electrostatic nozzle. Liquid was ejected from the upper surface of the nozzle and was then dispersed and 
atomized efficiently by a high speed air flow passing over the nozzle and by the effect of two very strong 
coherent air vortices generated by the 'OGEE' shaped nozzle surface. Initial test results which are presented 
in the paper show the nozzle to perform far superior to a similar delta wing shaped nozzle design which is 
used extensively in various industrial applications. 

INTRODUCTION 

The air shear nozzle is used in many spray applications which require relatively large quantities 
of finely atomized liquid droplets. It consists of an orifice which introduces a liquid into a high velocity 
air stream. The atomization results from the mechanical disruption of the liquid stream by the air shear and 
pressure forces 1 . A number of different geometries have been used for the nozzle ranging from simple open 
tubes to aerodynamical ly shaped nozzles. One commonly used geometry is a delta wing shaped planform nozzle 
with a raised lip along its trailing edge (See Figure 1.) In a previous investigation 2 the atomization 
pattern of this nozzle was studied in order to optimize the positioning of an induction electrode for 
electrostatic charging of the droplets. In the course of this investigation it was discovered that contrary 
to expectations, the majority of the atomization took place off the open surface of the nozzle rather than the 
raised lip. This observation led to further experimentation to determine the influence of the aerodynamic 
shape on the effectiveness of atomization. It led to the development of the new OGEE shaped liquid air shear 
nozzle shown in Fig. 2 (Patent Pending). In what follows a description of the theory of operation along with 
experimental results are presented for both the delta wing and OGEE nozzles with and without electrostatic 
charging. 


AIR FLOW CHARACTERISTICS AS APPLIED TO AIR SHEAR NOZZLE DESIGN 

The OGEE air shear nozzle, as shown in Fig. 2, has a slender wing airfoil planform shape. The 
particular shape used is called an 'OGEE' wing according to the resemblance to a leading edge of a wave like 
form similar to the letter 's'. The characteristics of slender wings are well described by Hoerner 3 . The 
essential flow regime generated by a slender wing at an angle of incidence to the approaching flow consists 
of two, strong, coherent vortices circulating with opposite rotational sense. These vortices start at the 
apex of the nozzle and are continually shed from the sharp 's' shaped leading edge to proceed downstream and 
pass over the trailing edge. The two vortices pass over the trailing edge of the nozzle at a position ranging 
from 90S to 70% of the semi span measured from the nozzle centre line. This depends on the angle of incidence 
and the ratio of the semi span to the length. The height of the vortex cores above the wing increases with an 
increase in the angle of incidence. In the design of an air-shear nozzle the angle of incidence and span to 
length ratio has to be chosen such that the vortices shed from the leading edge have a trajectory passing near 
the region where liquid will be released into the flow. One advantage of using a slender wing shaped nozzle 
Instead of a more conventional straight wing of higher aspect ratio is that in the case of a slender wing the 
coherent vortex pattern is fully developed before the flow reaches the trailing edge whereas for a straight 
wing, the flow is not fully developed until at least several wing spans downstream of the trailing edge. In 

the final design, the vortices pass over the upper surface of the nozzle and Increase the divergence of the 

liquid flow emitted from the upper surface. The effect of the two vortices also creates a very low pressure 
or high suction which improves the liquid flow and droplet atomization. The effect of the circulation and 
rotation of the vortices also improves the mass transfer of the liquid droplets after the two-phase flow has 

passed downstream of the trailing edge of the nozzle. A physical advantage of the 'OGEE' shaped planform 

nozzle compared with the delta wing shaped nozzle is that geometrically a larger liquid jet can be achieved 
for the same length, span and thickness of nozzle. 

INDUCTION CHARGING WITH AIR SHEAR NOZZLES 

The geometry of the air shear nozzle described above it ideally suited for induction charging 
since the atomization takes place over the open face of the nozzle. Thus by placing an Insulated plane 
electrode opposite the nozzle face and by ensuring that the liquid has adequate conductivity and is connected 
to ground, induction charging of the droplets will take place at the moment of atomization. The advantages of 
combining electrostatic charging In droplet spraying are well known 4 and when compared with simple mechanical * 

atomization Include: 
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1. The production of smaller more uniformly sited droplets, since electrostatic surface charge counteracts 
surface tension forces, 

2. More uniformly dispersed droplets on account of the mutual repulsion caused by their like charges, 

3. More effective deposition of the charged droplets on target surfaces, due to the attraction by Induced 
space charge image. 

In the previous work with the delta wing shaped nozzle 2 the size and shape of the induction 
electrode was investigated along with the value of optimum induction field to maximize the charge to mass 
ratios. 


EXPERIMENTAL RESULTS 

The experiments were carried out using a commercially available air blast sprayer of the Kinkelder 
type as used in agricultural spraying. For the purpose of these tests, the spray heads were modified to allow 
induction charging 1 *. This modification consisted of replacing the cast aluminum spray heads with identically 
shaped fibreglass heads having conductive induction electrodes embedded flush with the Inside surface at 
points opposite the air shear nozzles. The electrodes were connected via an imbedded high voltage cable to a 
self regulating H.V. power supply rated 15 kV open circuit. The pcwer supply was fed from a 12 V DC battery. 
The complete spray system is shown in Fig. 3. With this arrangement it was possible to test the air shear 
nozzles under fixed conditions with the only difference being the presence or absence of induction charging 
(i.e.: induction voltage switched on or off). 

Figure 4 shows an example of the type of atomization produced with a single OGEE nozzle mounted in 
the spray head. This photograph illustrates the back flow of liquid caused by the vortices induced by the 
OGEE nozzle and the resulting atomization. Normally five nozzles were mounted in the head during the tests. 

The droplets were sampled using microscope slides coated with viscous polybutene. The slides were 
mounted behind a mechanical shutter having a 1 cm diameter opening. This allowed the slide to be exposed to 
the cloud of droplets for brief exposures (« 0.5 second). The viscous polybutene trapped the droplets intact 
and when covered with a slide cover immediately after sampling, allowed particle analysis to be done up to 2 
or 3 days after the test without any change in the sample. The particles were counted and sized manually 
using a microscope equipped with a squared graticule. 

The spray pattern was sampled with the shutter mounted at a right angle to the sprzy flow at a 
distance of 3 m from the heads. Droplet charges were measured by collecting samples of the spray in a 
snielded metallic container connected as a Faraday pail. Thus by measuring the accumulated charge for a given 
mass of droplets, the average charge to mass ratio was calculated. 

Table I, gives a summary of the results obtained for one set of conditions. A similar pattern of 
results was found for different flow rates for both the liquid feed and the entrainment air. 


TABLE 1 

RESULTS OF TESTS ON THE 'OGEE' SHAPED PLASTIC NOZZLE AND A DELTA WING SHAPED METAL NOZZLE 

'OGEE' Shaped Plastic Nozzle Delta Wing Metal Nozzle 



Voltage ‘0n‘ 

Voltage ‘Off 1 

Voltage 'On 1 

Voltago '( 

Mean diameter of droplet 
(um) 

51 

61 

69 

70 

Standard deviation of 
diameters measured (pm) 

37 

32 

48 

61 

Charge to mass ratio 
(vit/g) 

6.2 

N/A 

5.8 

N/A 

Air speed (m/s) 

85 

85 

85 

85 


liquid flow rate * 10‘ 2 kg/s/nozzle 


DISCUSSION 

One of the most significant findings in the course of this development was the i ■'served backflow 
of the liquid over the top surface of the OGEE nozzle. The flow visualization studies clearly showed that 
when the liquid emerged from the upper surface of the nozzle the initial motion was upstream due to the 
separated flow near the centre of the nozzle. This greatly Improved the mechanical atomization of the liquid 
since it was more readily entrained by the two strong coherent vortices. In addition, the upstream motion 
produced a larger area of atomization giving better exposure to the inducing electric field for the combined 
mechanical -electrostatic atomization. 
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As seen from Table I, the OGEE generated droplets offered considerable Improvement over the delta 

wing nozzle. Comparing the two conditions i.e. with and without electrostatic charging It Is seen that: 

a) the droplets generated with the OGEE are smaller In diameter; 13% in the case of pure mechanical 
atomization, 26% in the case of mechanical -electrostatic atomization. 

b) the droplets generated with the OGEE are more uniform; the standard deviation is 48% smaller in the case 
of mechanical atomization, 23% smaller In the case of mechanical -electrostatic atomization. 

c) the number of droplets generated with the OGEE is greater: considering that the liquid flow rates were 
the same in all cases and that mass is proportional to the cube of diameter the average number of OGEE 
generated drops is 147% greater than the delta generated drops for the mechanical atomization, and 245% 
greater for the mechanical -electrostatic atomization. 

d) the mechanical -electrostatic atomization produced in the OGEE nozzle is superior to all other conditions 
in terms of minimum particle size, uniformity of particle size, maximum number of droplets for a givm 
liquid flow rate and charge to mass ratio. 


CONCLUSIONS 

Due to the improved atomization it it believed that the new nozzle described here will have 
superior characteristics for both industrial and agricultural applications where large concentrations of 
reasonably uniform, small sized d'oplets are required. Also being an air shear nozzle it retains the 
advantages of having a relatively large diameter clog free feed allowing substantial liquid flow rates. 
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OBSERVED PATTERN OF ATOMIZATION 


FIGURE 1. DELTA WING SHAPED AIR 
SHEAR NOZZLE 


122 



A 



pvanviEW 

I 



ll.ll 


AIR FLOSV 


buck 


AW WnlTZ 


PAGE 1 

Photograph 



vi lw fmov trailing toot 


FIGURE 2. THE OGEE AIR SHEAR NOZZLE. 




FIGURE «. LIQUID ATOMIZATION FROM A SINGLE 
OGEE NOZZLE MOUNTED IN THE SPRAY 
HEAD (ENTRAINMENT AIR VELOCITY 
85 M/S). 



FIGURE 3. THE ELECTROSTATIC SPRAY SYSTEM. 
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Liquid drop technique for generation of orgtnic glass and metal shells* 

C. D. Hendricks 

University of California, Lawrence Livermore National Laboratory 
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Abstract 


We have for several years utilized the technique of capillary ^ave synchronization 
of the break-up of single and multiple component jets to produce ..niform sized liquid 
drops and solid particles, and hollow liquid and solid shells. The technioue has also 
been used to encapsulate a number of liquids in impermeable spherical shells. 

Highly uniform glass shells have been made by generating uniform ’~ops of glass 
forming materials in an aqueous solution, subsequently evaporating the water, and then 
fusing and "blowing" the remaining solids in a high temperature vertical tube furnace. 
Experimental results will be presented and the critical problems in further research in 
this field will be discussed. 

Drop generation from a liquid stream has been experimentally observed since man's 
beginning. In recent times more precise techniques have been developed and used in such 
diverse fields as electric propulsion of spacecraft, cloud physics, high speed printing, 
magnetic confinement, fusion reactor fueling and inertial confinement fusion target 
fabrication. Other uses which are perhaps more common but less. well known in the 
physics and engineering communities are encapsulation of one fluid inside another and 
generation of gas filled soluble capsules (or study of blood pressure in the heart and 
other parts of the circulatory system. 

In the time span from 1966 to 1981 our work has included liquid drop, solid 
particle and hollow shell generation from many different liqui'ds from hydrogen to gold 
and including many organic and inorganic materials. A very brief chronology of our work 
is shown in Figures 1-10. Building on the work of Rayleigh, we developed techniques to 
produce very uniform drops with a wide range of sizes and materials. 1 Figure 1 shows 
a "solid" jet of liquid on which a capillary wave has been launched to initiate 
generation of uniform drops. Figure 2 shows a jet of water into which air has been 
injected. 2 The composite jet generated hollow shells of water around individual air 
bubbles. By the mid-1960's, we were interested in encapsulating fluids inside 
impermeable shells. Some of our first encapsulations were liquids such as silicone and 
organic oils i i alginate shells. We were interested in multiple layers and built 
tri-axial systems as shown in Figure 3. However, a simple double tube concentiic system 
was sufficient for the single shell encapsulation. An aqueous solution (Fluid tl) of 
sodium or potassium alginate was passed through the outer part of the system. Fluid 12 
was the liquid to be encapsulated, e.g. an oil with Flame Red dye dissolved in the oil 
or other fluid including gases such as air. In the double concentric system, the inner 
tube and Fluid I 3 were not present. Controlled, driven break-up of the two component 
jet formed highly concentric capsules. The capsules were passed through a mist or fine 
spray of calcium, magnesium or zinc chloride solution or into a bath of such solutions. 
Rapid change of the sodium or potassium alginate to calcium, magnesium o.' zinc 
occurred. The latter compounds are relatively insoluble in water and formed a "skin" on 
the capsule. Subsequent drying of the particles resulted in a thin walled spheroid 
containing the encapsulated fluid. 

Further experiments resulted in the generation of spheres of polymeric materials, 
water shells with air as the inner fluid, copper, and more recently gold. Epoxy resins 
and appropriate hardners can be dissolved in solvents such as acetone, MEK or 
methylchloride . If the resin and curing agent are dissolved separately in dilute 
solutions, mixing does not result in curing of the epoxy. However, if droplets of the 
mixed solution are formed, allowed to pass through a heated column and the solvents 
evaporated, the resin and hardner react to form a normal, cured epoxy shell or solid 
bead (depending on temperature, rate of transport, etc.). 

An apparatus (Figures 4 and 5) to produce copper shells from molten copper was 
constructed and operated and produced the spheres shown in Figure 6. The high tempera- 
ture parts of the apparatus (copper reservoir, gas injection tube, offices, etc.) were 
quartz. The apparatus was filled with hydrogen gas to reduce the formation of oxides. 
All the copper was run through the quartz system before cooling was allowed because of 
differences in expansion coefficients of copper and quartz. Copper will wet clean high 
temperature quartz and will shrink enough to pull pieces out of the quartz as it cools. 
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Hollow hydrogen shells were produced in the early 1970's by initiating bubbles in 
jets of liquid hydrogen. 3 The shells were frozen and had diameters of over a hundred 
micrometers and wall thicknesses of about ten micrometers. Solid spheres of hydrogen 
were also produced using some of the same techniques to launch capillary waves on a 
liquid hydrogen jet for control of jet break-up to generate uniform drops. The hydrogen 
spheres (hollow and solid) have both immediate and potential use in the genetic 

confinement and inertial fusion programs. Figure 7 shows hollow hydrogei shells 
produced from jets of liquid hydrogen. 

As the laser fusion program developed during the early 1970's •' c j*<*ame necessary 
to produce glass shells with exceptionally smooth surfaces and uni' iis.4 A 

solution of glass forming chemicals in water was used to form a cy’' al jet which 
was then caused to break into uniform drops. The drops passed ver j , downward into 
a hot column. In the upper portion the solute was evaporated ~t at j$0°C to leave 
dry particles. In the lower part of the column, the temperature / icreased to 
1200®-iS00°C and the particle fused to form hollow > lass shells. me apparatus is 
shown in Figure 8. Recent development of the process allows production of high quality 
glass shells with 90-991 having uniform walls and smooth surfaces such as those shown in 
an interference microscope in Figure 9. 

Silver spheres have been formed by a technique similar to that used for forming 
glass spheres. 3 A solution of silver nitrate was formed into drops which were allowed 
to fall through the low temperature-high temperature column. Figure 10 shows the 
spheres resulting from the process. Some are hollow and some are solid. The surfaces 
of the spheres are smooth to 0.1-0.S micrometer. 

We have found liquid drop techniques to be very useful in several diverse areas. 

For producing very uniform metallic, organic, inorganic and, in particular, glassy 
shells, the liquid jet method is the most reproducible and exceptionally useful of all 
the techniques we have studied. 
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Figure 1 A typical liquid jet on which a 
capillary wave has been launched 
to synchron'ze break-up of the 
jet into uniform drops. 


Figure 2 A water-air jet from which hollow 
spheres of water are being 
generated. The inner orifice can 
be moved axially to optimize the 
shell production. Ga flow 
rate, liquid flow rate orifice 
diameters and drive fre uency 
are important parameters. (1974) 



Figure 3 An apparatus designed to pro- 
duce multilayer spheres. 
Encapsulation of one liquid in 
another can be accomplished by 
a double instead of a triple 
coaxial system, (ca 1966) 


Figure 4 Schematic diagram of a system 
designed to produce hollow and 
solid spheres from high melting 
point materials such as copper. 
(1974) 




Figure S Photograph of an experimental 
system used to produce copper 
shells and solid spheres. (1974) 
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Figure 9 Interference microscope fringes 
in glass shells produced by 
liquid drop techniques. 
Perfectly uniform (surface, 
wall and sphericity) shells are 
indicated bv circular fringe 
patterns. 
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Figure 10 Silver spheres produced by 

liquid drop techniques. (1980) 
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Abstract 

Gradient theory converts the molecular theory of inhomogeneous fluid into nonlinear 
boundary value problems for density and stress distributions in fluid interfaces, contact 
line regions, nuclei and microdroplets, and other fluid microstructures. The relationship 
between the basic patterns of fluid phase behavior and the occurrence and stability of 
fluid microstructures is clearly established by the theory. All the inputs of the theory 
have molecular expressions which are computable from simple models. 

On another level, the theory becomes a phenomenological framework in which the 
equation of state of homogeneous fluid and sets of influence parameters of inhomogeneous 
fluids are the inputs and the structures, stress tensions and contact angles of menisci are 
the outputs — outputs that find applications in the science and technology of drops and 
bubbles . 


Introduction 


As witnessed by the papers presented at this colloquium, drops and bubbles, thin films 
and adsorbed layers, and contact angles are key actors in numerou ; natural and man-made 
processes. With our knowledge of and demands on these processes becoming more sophisti- 
cated, it is increasingly important to have a molecular level theory of structure and 
stress in interfaces. Although the formal statistical mechanical theory of inhomogeneous 
fluids at equilibrium has been developed rather extensively over the last two decades, the 
formal theory is presently intractable. 1 ’ 2 Far more powerful is gradient theory, 2 an 
approximation going back to Rayleigh 3 and van der Waals 1 * which was rediscovered by Cahn and 
Hilliard 5 and was recently put into modern form by Bongiomo et at . 6 and Yang et at. 7 
Successes in predicting the surface tension of polymer melts, 8 hydrocarbons and their mix- 
tures, 9 and water 10 prove that the theory is useful for real fluids. In this paper, I 
outline the elements of gradient theory and describe applications that my Minnesota 
colleagues and I have made of the theory to fluid-fluid interfaces, fluids at solid sur- 
faces, and drops and bubbles. 

Gradient theory of microstructured fluids 


A fluid microstructure is an inhomogeneous region in a fluid in which component 
densities vary appreciably over molecular distances. Any fluid is, of course, inhomo- 
geneous because of the presence of gravity. However, the mhomogeneities that result from 
gravity are so weak that component densities vary negligibly over molecular distances. 
Similarly, the inhomogeneities induced by ordinary centrifugal fields and by the temperature 
and composition gradients involved in the usual transport situations are very weak. If the 
component densities vary sufficiently little over molecular distances, then the thermo- 
dynamic functions can be approximated locally by the corresponding functions for homogeneous 
f luid at the local composition. In fluid microstructures the effect of the local component 
^ensity variations must be accounted for in the local thermodynamic functions. 

In the absence of external fields and density inhomogeneities, the Helmholtz free energy 
density is f 0 . From intermolecular interactions species i and j give to f Q a contribution 
of the order of aijnjnj , n^ and nj being component densities and a-jj a characteristic energy 
parameter. The fa£torl/2 njnj is a measure of the number of interacting pairs. If the 
fluid is inhomogeneous at position r, then the number of interacting pairs in the vicinity 
of r should be corrected by some amount 1/2 6ni5nj. An estimate of fin^is rijVni, r-y the 
range of the intermolecular force between i and j and Vn^ the gradient of n^ at r. It 
follows heuristically then that the local Helmholtz free energy density of Inhomogeneous 

V I 

fluid is f 0 (n) + j c ij Vn i' ?n j plus terms higher order in gradients of component densi- 
ties; f Q (n(r)) is the Helmholtz free energy density of homogeneous fluid at the local 
composition r.(r) t {n^(r), ^(r) , • • • ,n (r) } and the terms involving density gradients are 
the Helmholtz free energy density of the' inhomogeneity. The quantity c^j is proportional to 
aurh , the proportionality factor arising from appropriate molecular averaging, ff an external 
conservative potential u£(r) is present, then to the local free energy density is added 
t n^ u*. Putting together the pieces of this heuristic argument, one gets the gradient 
theoretical formula for the Helmholtz free energy F of inhomogeneous fluid: 
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c^Vn^Vn. + E n^Ugld^r 


( 1 ) 


If the density gradients are macroscopic, e.g. , caused by gravity or ordinary centrifugal 
fields, then Vn^ is of the order of n^/L, L being the dimension of the system. In this case 
the quantity CijVnj/Vnj is negligible since it is of the order of (r^j/L) 2 compared to the 
local value of the homogeneous fluid free energy density f 0 . Thus, it is appropriate to 

identify .E. j c..Vn^*Vn. as the free energy density of fluid microstructure. 


Van der Waals introduced the one-component version of Equation (1) in his theory of 
liquid-vapor interfaces and Cahn and Hilliard 5 ’ 11 used a binary regular solution version of 
the equation in connection with interfacial structure and spinodal decomposition of sub- 
cooled homogeneous solution. In the modern statistical mechanical version of the 
theory, 2 * Equation (1) is derived from a formal component density expansion of the exact 
free energy of inhomogeneous fluid. Expressions are obtained which relate the local 
"influence parameters" cij of inhomogeneous fluid to the fluid radial distribution functions 
of homogeneous fluid at local component densities. The heuristic connection of the influence 
parameter c— to a^jr^j is justified by the rigorous statistical mechanical expressions. 

In its modern version gradient theory is a very attractive description of inhomogeneous 
fluid: on the one hand the inputs f Q (n) and c^<(n) can in principle be computed from the 

molecular theory of homogeneous fluid, but on tne'other hand if molecular theory is insuf- 
ficiently developed for the fluids of interest semiempirical or empirical schemes can be 
used to deduce equations of state for f 0 (n) and c^<(n). Along these lines it is encouraging 
that the molecular theoretical formulas for Cj* ana some predictions 12 ’ 13 based on simple 
models imply that the influence parameters are J often only weak functions of component 
densities. Similarly, the success of the theory with constant cjj in predicting the sur- 
face tensions of hydrocarbon mixtures’ and water 10 argues against appreciable density 
dependence of the influence parameters. The importance of this is that one can determine 
the values of influence parameters from limited experimental data. In all the applications 
I discuss below the influence parameters are held constant. 


At equilibrium the grand potential, 

1! F • I y. | n^d 3 r , (2) 

1 V 


is a minimum in a closed system. The chemical potential, plays the 
multiplier accounting for the constraint that N^(= /n^d’r) is fixed in a 
density distributions n^(r), i=l,*«*,v, that minimize Q must, according 
variations, obey the corresponding Euler equations 
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i=l,***,v. Boundary conditions appropriate for a given fluid microstructure must be 
assigned and the component densities of the microstructure determined by solving, these non- 
linear differential equations. Thus, gradient theory reduces the problem of determining 
equilibrium fluid miorostruotures to a nonlinear boundary value problem. Of course, once a 
microstruccure solution has been obtained its stability has to be established by prrving 
that it is a local minimum of the grand potential SI. Typically one solves nonlinea’ dif- 
ferential equations by discretization (e.g., finite difference or finite element) ani 
iteration using the Newton-Raphson technique. 14 ’ 15 A biproduct of such a solution technique 
is that the matrix generated by the Newton-Raphson technique is the one required for sta- 
bility analysis of the solution so obtained, i.e., the same algorithm generates the solution 
and the elements of stability analysis. 


The pressure tensor is another quantity of interest in fluid microstructures. In homo- 
geneous fluid, the pressure is isotropic, i.e., the number of lines of force passing through 
a small element of area from molecules lying on each side of element is independent of the 
orientation of the element. This is because the molecular population is identical in all 
directions in homogeneous fluid. This is not true in inhomogeneous fluid and so the iso- 
tropic pressure of homogeneous fluid, P 0 (n)I, must be corrected to account for local 
component density variation. I is the unit' tensor. Since the number of lines of force 
passing through the area element will depend on orientation, components of the pressure 
tensor are in general different in an inhomogeneous fluid, i.e., the pressure tensor | is 
anisotropic. To second order in density gradiei, .s the general formula for the pressure 
tensor is of the form 2 
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where , • • • , are functions of the local composition n. The one component version of 
Equation- 1 (5) was 1 - 1 first proposed by Korteweg. 16 The theoretical formulas for the are 

much more complicated than that for the influence parameters. 2 Several simplified 
versions of the i( a ) have been investigated. 13 The simplest of these is obtained by 
assuming that the^-J influence parameters are constant and that the il( a ) must be consistent 
with the constancy. The result is 2 ij 

? “ p 0 <P>i * f i;j c ij {n i VVn j - J (VnjXVnj) + j [n t V 2 nj - ^-(Vn^ • (V nj )]I} . (5) 

Since f Q and P Q are related by the thermodynamic relation dP Q - -d(f Q V) , at constant 

T. nm ■ • • ,n v V, the gradient theory of stress given by Equation (5) requires exactly the same 

inputs as the gradient theory of the free energy. 

In what follows the influence parameters are always assumed to be constant and either 
the van der Waals (VDVJ) equation of state or one of its empirically modified successors, the 
Peng-Robinson (PR) equation, 17 is used. Both equations can be summarized as 


V*> - 


nkT 
1 - nb 


n- a 


1 + i|>[2nb- (nb) 2 ] 
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4=0 in the VDVJ equation and i)’“l in the PR equation, a and b are energy and volume 
parameters. For pure fluids the parameters are determined by the critical temperature and 
pressure for the VDW equation and these plus the acentric factor for the PR equation. 17 
The recommended forms of a and b for mixtures is nb » l mb* and n 2 a *= ,•£< n.n.a.j, where 


b^ and 
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a^ are pure fluid parameters and a^ , if*j , are 1 mixture parameters to -'be J determined 
by a fit of the equation to experimental data on two-component systems. The PR equation is 
quantitatively superior to the VDVJ equation but qualitatively both are quite similar, and so 
either serves equally well the purposes of this article. 


Planar interfaces 



1 and 2 . 
ditions P, 


phases 


These component densities are of course determined by the usual equilibrium con- 
^(nV 1 )) « P 0 (n(-’)), p°(n( 1 )) = u°(n( ; )), i=l,***,v. Equation (3) can be solvec 
analytically in the case of a one-component' fluid but must be solved numerically in the 


multicomponent case. 


The density profile of a one-component liquid-vapor interface predicted with the VDW 
equation at the reduced temperature kTb/a = 0.197 is shown in Figure 1. The density is 


n 
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Figure 1. Density in units of b" 1 , distance in .c/a . kTb/a * 0.197. Ref. 14. 
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given in units of b*‘and the distance in units of >c fa, a length of the order of magnitude 
of a molecular diameter. In a planar interface the normal pressure Pm, that is the com- 
ponent of pressure measured by a flat test surface lying in the interracial plane, is 
constant in accordance with the , condition of hydrostatic equilibrium (V*P * 0, or dP^/dx ■ 0 
since P - P N li + P~,(jj + life), i the unit vector along the x-axis). On *the other hand, the 
transverse pressure 1 P~, the component of pressure measured by a flat test surface orthogonal 
to the interfacial plane, is not constrained by hydrostatic equilibrium and must take on 
whatever values forced on it by the density profile. P~. cannot be constant in the inter- 
face; otherwise, the interfacial tension, which is the difference between the normal and 
transverse pressures integrated across the interface, namely, 


3 


>oo 

(P^ “ Pij»)dx , 

— oo 


(7) 


would have to be zero. 

From Equation (5) it follows that 

P T = f P o<?> 4 J P N ' (8) 

This result, which has been derived from several approximations 13 to the coefficients in 
the gradient theoretical pressure tensor, is heuristically very suggestive. The density 
n(x) is uniform in a plane parallel to the interface, that is the pressure is isotropic in 
such a plane. The contribution to the transverse pressure from molecules lying near the 
plane is expected to be proportional to P Q (n(x)). Molecules lying further from the plane 
are distributed to maintain a constant normal pressure Pm. The contribution of the so- 
distributed molecules to the transverse pressure should be of same order of magnitude. 

Thus, it might be argued that P^. will be a linear combination of P Q (n) and P^ , the 
respective coefficients being 2/3 and 1/3 reflecting the fact that the dimensions of the 
interfacial plane are 2 and the normal direction is 1 . It would be interesting to find a 
convincing derivation of Equation (8) from this point of view. An accounting of the lines 
of intermolecular force passing through a small element of area versus orientation of the 
element might be fruitful in pursuing this goal. 

An important implication of Equation (8) is that the structure of the transverse 
pressure in the interface is determined by the equation of state of homogeneous fluid. The 
normal and transverse pressures corresponding to the profile in Figure 1 are shown in 
Figure 2. As expected there is a wide region in which the interface is under tension (i.e., 
Pt < P^) • Since tension is positive and equals the area under the curve P N - P^ versus x, 
there must be a region in which P^. ■ Pm. There is however a small region of compression 
( p T ' Pm) on the gas side of the interface. The correspondence between the van der V’aals 
loops in the PVT phase diagram for homogeneous fluid is seen by comparing Figures 2 and 3. 
The normal pressure is of course the liquid-vapor coexistence pressure, i.e., P^ = 

P (n v ) = P (n„) , n f and rv the liquid and vapor densities, respectively. The region of 
compression in the interface arises from the region in which the pressure isotherm '.res 
above the tie-lines, which locate the pressure P^ . 

A significant feature of the theory is that the structure and stress in the interface 
are determined by the thermodynamic functions of homogeneous fluid in the metastable and 
unstable regions of the PVT diagram. It has usually been thought that in the unstable 
region of the phase diagram the thermodynamic functions are meaningless. Far from being 
meaningless, the behavior of these functions in this region is a determining factor of 
interfacial behavior. The gradient terms provide the necessary free energy to stabilize 
states that would be unstable in homogeneous fluid. 7 

As a critical point or a solution plait point is approached, the VDU loops in the 
pressure isotherm begin to flatten out and become symmetric about the tie-line, both pat- 
terns of which drive the tension towards zero. That tension goes to zero as a critical 
point is approached is veil-known, but the mechanism of getting low tension by symmetrizing 
the VDW loops ot the pressure isotherm is novel. Such an example is provided in Figure 4, 
in which is given density and pressure profiles of the liquid-liquid interface of carbon 
dioxide and decane. 1 ’ The prof iles were pre dicted with the PR equation using the mixture 
parameter values a^ “ >a ll a 22 ant ^ c j2 • ^' /c ll c 22 an8 c ii va * ues fitted from pure fluid 
surface tension. The tension of the interface in Figure 4 is y = 0.6 dyn/cm. 
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Figure 2. Principal pressures in a planar 
interface. VDW fluid. Pressure 
in u nits of a/b 2 , distance in 
i ; c / a . Ref. 14. 




Figure 3. PVT phase diagram of a VDW fluid. 

Density in units of b" 1 tempera- 
ture in a/kb. The liquid-vapor 
densities are indicated by points 
connected with constant-pressure 
tie-lines . 



Figure 4. Density and principal pressure profiles of a CC^-decane liquid-liquid 
interface of a PR fluid. kTb/a = 0.148, density n^ in units of b^ 1 , 
distance in /c/a, pressure in a/b 2 . a, b, c CO 2 values. Ref. 19. 
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Contact angle, wettability, and film formation 

The adsorption and wetting characteristics of fluids on solid surfaces and at fluid- 
fluid interfaces are of enormous practical interest in the design of detergents, lubricants, 
flotation and foaming agents, paints, capillary delivery devices, and the like. In spite 
of such practical importance, the molecular theory of adsorption and wetting is still a 
fledgling science, based most often on ad hoc models for various special situations. 

Gradient theory shows promise of giving a unified theoretical basis to the subject. In what 
follows, the theory is applied to adsorption and film formation at interfaces, three phase 
contact regions and the contact angle, and perfect wetting transitions. 

Suppose a fluid-fluid interface contacts a flat solid wall as indicated in Figure 5. 

If the meniscus (a mathematical surface representing the position of the interface) is 
observed at some distance R lying far enough from the solid for bulk fluid phases to exist 
on each side of the surface but not far enough for gravitational distortion to affect it, 
then the observed contact angle 6 obeys Young's equation 

y m Y a + '< u cos0 • (9) 

1 y a y B ' u h 

y ya and y , g denote the tensions (or surface excess free energies) of fluid phases a and B 
with solid "phase y. y g is the interfacial tension of the interface between fluids a and 
B. The basis and meaning of Equation (9), which can be derived from a force balance on the 
hemicylinder wfose cross -section is shown in dashed lines in Figure 5, has been discussed 
at length in a recent paper by Benner et al. 15 



Figure 5. Angle of contact of fluid meniscus Figure 6. 
at a flat solid wall. 


Angles of contact of three fluid 
phases . 


If all three phase are fluid, then the menisci define three dihedral angles (Figure 6) 
obeying the force balance 
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A contact angle is not always observed when three phases are brought together, 
either of the inequalities 


If 


yn 


' Y B 


+ y 


<B 


or 


> ^-ya + 


(ID 


then Equation (9) (or (10)) has no solution and the free energy of the system will decrease 
as the result of a thin layer of phase S (or phase a) intruding between phase y and phase a 
(or phase B) as shown in Figure 7. The intruding phase is said to completely or perfectly 
wet the interface between the other two phases. The transition between contact angle and 
perfect wetting behavior occurs at conditions for which one of the inequalities in Equation 
(11) becomes an equality. 
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Perfect wetting is of course essen- 
tial in applications involving spontaneous 
spreading of some fluid at an interface. 
Examples of perfect wetting are well-known. 
In the presence of air, most liquids per- 
fectly wet on clean metal surfaces, water 
on quartz, some organic liquids on water, 
some organic liquids on some polymers, 
etc. Not so well-known is critical point 
wetting, a phenomenon hypothesized recently 
by Cahn. 20 He noted that according to 
critical point theory and experiment, as 
a critical point of phase a and 8 is 
approached along a temperature, pressure, 
or chemical potential path, the inter- 
facial tension approaches zero asymptoti- 
cally as 


Y 


a 8 



( 12 ) 


where h is the field variable (’any thermo- 
dynamic quantity being the same in all 
coexisting phases) , h c its value at the 
critical point, and y° g a scale factor. 
Cahn postulated that th$ p difference 
|y - Y a g| will approach zero as the 

composition of the components in phases 
a and 8 approach each other, i.e., it 
obeys the scaling law 
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Figure 7. Conditions for perfect wetting 
by either phase a or phase 8. 
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sufficiently near the critical point. Since y - approaches zero faster than that postulated 
for |y - y^g|, Cahn concluded that there willalways exist a critical wetting value of 
the field variable, h not equal to h c , at which one of the fluids will become perfectly 
wetting. The combination of Equations (9), (12) and (13)gives asymptotic formulas for the 
contact angle at a solid as h approaches h cw , namely. 


cose - t(— ) 0 ’ 74 » • 

7 «6 

where y c is the value of y aB 
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(14) 


The practical significance of Cahn's theory is that one of a pair of fluids can always 
be made perfectly wetting in the presence in a third phase by adjusting field variables 
(e.g., by changing temperature or pressure or by adding some component) to get near a 
critical point. 


To test the validity of Equation (13), an unverified hypothesis, and to understand the 
relation of y and h to fluid and solid properties and interfacial structure, Teletzke 
et al. :i studied with c gradient theory the behavior of a one-component fluid at a flat solid 
wall. Some results of this work are of interest here. The PR equation of state was used for 
the fluid and the wall was characterized by the wall-fluid molecule potential 


u e (x) 
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(15) 


,i choice appropriate for walls and fluids composed of molecules interacting with the 6-12 
Lennard-Jones potential, x denotes the distance from the wall. W is a measure of the 
strength of the wall-fluid potential and d its range. 


The gradient profile equation with constant influence parameter was solved for the 
density profile n(x) by the Galerkin technique using a finite element basis set. The solid- 
fluid tension can be computed as the area derivative of the free energy, v * 3F/9A, or, 
equivalently, from the pressure formula, y - r°°[P 0 (n B ) - Pj]dx, n B being the bulk density 
of fluid far from the wall. The boundary conditions for the problem are n(x)-*-0 as x-*0 and 
n(x)^ng as x^°°. 

A PR fluid has an upper critical temperature T c equal to 0.1704 in the units a/b. 
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Gradient theory predict! a critical-wetting 
temperature T cw above which the liquid 
phase becomes perfectly wetting at the 
solid-vapor surface. An example is shown 
in Figure 8, for the soli d-fluid parameters 
W - 6.4 a/b and d - /c/a. Below T cw a drop 
of liquid would not spread on the solid, 
but would form a contact angle. Above T cw 
the drop would spread to form a perfectly 
wetting layer. The critical wetting tem- 
perature depends on W and d. At fixed d, 

T_ w decreases with increasing W, i.e., as 
tne strength of the solid-liquid potential 
Increases perfect wetting occurs at lower 
temperature. At fixed W, T cw decreases 
with increasing range d of the wall 
potential, i.e., the longer the range of 
the potential the lower the temperature 
at which perfect wetting occurs. 

Correspondingly, the characteristic 
tension y c s Ypy(T cw ) decreases with 
increasing T cw ' (ana, therefore, with 
decreasing W or d) . If W and/or d are 
small enough, then T cw is near the 
critical point and Equation (14) should 
hold if Cahn's hypothesis is true. This 
was indeed found to be true (although there 
is a small detail of mean-field versus 
correct scaling laws 21 ). On the other hand, 
as W and/or d increase, the perfect-wetting 
temperature T« w decreases and Equation (14) 
no longer holds. At sufficiently low temperature the interface is very sharp (narrow) 
and the Good-Girifalco formula 2 ’ 



Figure 8. 


Phase and film diagram for a 
Peng-Robinson fluid. Tempera- 
ture in units a/kb, density 
in b" 1 . Ref. 21. 
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ought to hold since it is based on a discontinuous interface approximation. This turns out 
to be the case. The dependence of T cw and y c " Yr v (T ) on W and the dependence of co s6 on 
Ylv(T)/y c various values of W are shown In Figures C and 10 for the case d - /c/a. The 



Figure 9. Variation of critical wetting 

temperature (units a/kb) critical 
wetting tension (units /ac/b 2 ) 
with W (units a/b). Ref. 21. 



Figure 1C. Contact angle versus ylv( t )/y c 
for various W. Ref. 2i. 
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near-critical scaling law, Equation (14), holds for W < 3, the Good-Girifalco formula, 

Equation (16), holds for W > 9. In the intermediate range, neither formula holds. 

Several years ago, Zisman 24 suggested that the contact angle correlates with the ratio 
y lv /y c but that Y c was a characteristic only of the solid, not of the fluid phi e. The 
implication of Figu re 9 is that this is not so unless the reduced energy par .merer Wb/a and 
length parameter a//c/a are fixed in the series of fluids compared. As these ratios depend 
both on s oli d and fluid, it appears that Zisman 's scaling worked because the fluid parameters 
b/a and /c/a were not very different for the systems compared. 

Another thing gradient theory predicts is a first order transition of the absorbed 
layer at the solid surface. In the temperature range T w to T cg (Figure 8), as the bulk 
fluid density increases from zero towards the gas side of the phase diagram a composition 
is reached at which two adsorbed layers or thin-films of different thickness are predicted 
at the same equilibrium conditions. An example is shown in Figure 11. As the bulk density 
is increased beyond the thin-film co- 
existence curve the thin-film grows 
continuously into a thick thin-film to become 
finally a perfectly wetting layer of 
liquid when the liquid-vapor phase dome is 
reached. The temperature T cs i^ a film 
critical point. Above T cs , as bulk density 
increases from zero to tne liquid-vapor 
coexistence curve an adsorbed layer grows 
continuously through thin-film states into 
t. perfectly wetting layer of liquid phase. 

'ielow T ov only submonolayer adsorption 
occurs with increasing density until at 
the liquid-vapor coexistence curve liquid 
appears as a drop with a contact angle. 

On the liquid side of the coexistence 
region only submonolayer adsorption occurs. 

A thin-film transition was predicted by Sam 
and Ebner 2 s using an integral model free 
energy. Their thin-film coexistence curve 
is very similar to that of described here. 

The thin-film transition predicted by Cahn 
on the basis of a two-dimensional model of 
the solid is, however, qualitatively 
different . 2 1 


It should be emphasized that according eo the theory the patterns of film and phase 
behavior of a one-component fluid at a solid wall are general. Sufficiently near a 
critical point of a pair n and B of multicomponent coexisting fluid phases, either a or B 
will become perfectly wetting at the interface formed by a third phase y and the nonwetting 
fluid phase. The third phase y can be solid or liquid. The critical point can be pn upper 
or lower critical point. In approaching a critical point alone any field variable h, e.g. 
temperature, pressure, or chemical potential of a component, there will be a critical 
wetting value hj, w , a finite distance from the critical point value h ? , at which one of the 
near-critical phases becomes perfectly wetting on a third phase. Outside but near tha 
coexistence composition region of a and B, a first order thin-film transition occurs with a 
coexistence curve lying between h_ w and h C8 , h cs being the film critical point. h Cil lies 
between h w and h c . If h lies between h_ w and Fq, , then sufficiently near the a-B 
coexistence region a thin-film formed between the third phase y and, say, phase a will 
thicken continuously into a layer of the perfectly wetting phase B. 

An example of the structure and stress of a liquid-vapor interface at which a thin-film 
has almost grown into a layer of a second liquid phase is shown in Figure 12. This figure 
was taken from the work of Falls et aZ. 1 ’ in which theory was applied with the PR equation 
to planar interfaces and spherical drops formed in carbon dioxide and decare mixtures. The 
transverse pressure profile is highly structured, looking like that of a liquid-liquid 
interface on the left and of a liquid-vapor interface on the right. 

There is abundant evidence that the qualitative patterns of wetting transitions described 
ere are correct 2 4 * 2 2 ’ 2 7 and the expected continuously thickening thin films have been 
observed by ellipsomeury . 2 4 However, the predicted first order thin-film transition has not 
been verified experimentally, nor have the critical exponents of Equations (13) and (14) 
been established experimentally. 

The theory of wetting transitions and film formation at flat surfaces requires solving 
only a one-dimensional density profile problem. However, if the structure and stress of 



Figure 11. Density profile of fluid at a 
solid wall as a function of 
bulk fluid density. Ref. 21. 
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Figure 12. Density end pressure profiles of a thin-film lc a liquid-vapor 
inter face in CO 2 and decane. Density n^ ir units bl 1 , distance 
in /c^/a^ and pressure in a^/b^. Component 1 is 1 C02- 

kTbi/*!! - 0.148. Ref. 19. 

the three phase contact region is desired, the problem becomes of necessity greater than 
one-dimensional, even if one phase is a flat solid. If a fluid-fluid interface contacts 
a flat solid the compom .it densities depend on the distance x from the wall and the dis- 
tance y parallel to the wall. Benner et al. xi have recently studied the contact region of 
a one-component liquid-vapor interface at flat solid. The PR equation was used for the 
fluid and Equation (15) for the wall-fluid interaction potential. The space available here 
does not allow an extensive discussion of the paper. However, one interesting feature is 
that the stress state in the liquid-vapor interface is affected relatively far from the 
interface. An example of this is given in Figure 13. The principal pressure directions 
in the x-y plane are indicated by crosses, 
the size of which indicates the magnitudes 
of the principal pressures in the x-y plane. 

Far away from the solid and the liquid-vapor 
meniscus (defined as the position where 
n(x,y) ■ l/2(n„ + n^) and indicated by the 
solid curve) s the pressur' components equal 
the bulk fluid value wich is so small the 
corresponding crosses are almost invisible 
on the scale of Figure 13. At a planar 
liquid-vapor interface the normal pressure 
component (Pj^) would be constant and 
therefore the pressure crosses would appear 
as horizontal lines (P 22 large, small) 
in the interfacial zone. Instead, even tc 
the far right of Figure 13, a distance of 
about 25 molecular diameters away from the 
wall, the normal pressure component is very 
large. And the principal stress pairs 
P 22 undergo four sign changes in going from 
the liquid to the vapor phase. Wild and 
wonderful patterns! Are they consequential? 

A major conclusion from the work of Benner 
etal. is that at a flat surface Young's 
equation is applicable outside the contact 
region (see Figure 5) . The radius of the 
contact region is two or three times the 
thickness of the interfacial zone between the 
fluid phases. of region shown is 25>c/a. PR fluid. 

Ref. i5 . 



Figure 13. Principal prescare and components 
in a liquid-vapor interface near a 
wall. kTb/a - 0.1, W - 6a/b. Wiith 
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Spherical fluid microstructures 

Visible examples of spherical microstructures are the drops and bubbles that occur in 
mists, foams, beverages, manufactured glass, and basalt lavas. Invisible examples are 
colloidal particles, vesicles, and micelles. The classical description of spherical 
structures is based on the Young-Laplace equation and the Kelvin equation expressing 
mechanical and chemical equilibrium between a bulk phase interior and a bulk phase exterior 
separated by an interface having the tension of a planar interface. In a sufficiently 
small spherical microstructure, however, the interior will not be bulk phase and the 
tension will not be that of a planar interface. Deviation from classical behavior might be 
consequential in nucleating fluids and micellar solutions, in which the equilibrium micro- 
structures are tens of angstroms in diameter and, to mention a couple of examples receiving 
special attention at this colloquim, microdrops or microbubbles in microdrops and thin 
liquid layers on the inside of glass shells. 

Gradient theory provides a molecular level theory of spherical structures which estab- 
lishes the point at which the classical description breaks down and determines the 
structure, stress and mechanisms of stability of spherical microstructures. By way of 
example, I will outline some results of the recent investigations of Falls et ai. ,ls on 
one and two-component mirrodrops and microbubbles. 

For spherical microstructures suspended in bulk fluid, the boundary conditions are 
3n^/3r = 0 at r=0 and n^(r)— *n^n as r-*-°°. n^g being the bulk phase density of i in the sus- 
pending fluid. With these boundary conditions and constant influence parameters. Falls 
et at. have solved gradient theory for a one-component VDW fluid 14 and a two-component PR 
fluid. 1 ’ Figure 14 illustrates their results for the density profiles n(r) of liquid-like 
microdrops suspended in a vapor phase. From the Young-Laplace and Kelvin equations, one 
expects the interior of the drop to be at higher pressure, and therefore higher density, 
than the saturated liquid density n®9- . This is seen to be true in Figure 14 for drops of 
radius larger than about four molecular diameters (the "radius" of the drop does not have 
a precise meaning for microdrops). However, for smaller drops, the interior density 
decreases with drop size and the density 
profile takes on a Gaussian-like shape with 
no interior bulk region. The loss of a 
bulk-like interior begins to occur when the 
radius of the drop is about equal to the 
thickness of the liquid vapor interface. 

Because the interface is curved, the 
normal pressure profile P N 
(P = P N (r)rr + P T (r) (I - ) in a 

spherical fluid structure) is not constant 
across the interface. Thus, the pressure 
profiles in a spherical interface are quite 
different from those in a planar interface 
at the same temperature (compare Figures 15 
and 2) . This leads om to expect strong 
deviations between the tension y„, of a 
planar interface and the tension y(R) of a 
microdrop of radius R. Similar deviations 
are expected for the Young-Laplace equation 
as classically applied, i.e. P N (r=0) - 
Pu(r=“>) = 2y /R. From the thermodynamics 
of drops it follows that the appropriate 
radius R with which to describe the tension 
of the drop is the radius of the surfacs of 
tension. 2 9 This radius (which does not differ 
greatly from the value of r at which n(r) = 
l/2(n(r=0) + n fi )) and the corresponding 
tension y(R) are predicted by gradient 
theory. 14 As illustrated in Table 1, the 
tension of the drop does differ from y^ for 
small drops and the classical Young-Laolace 
equation does break down. However, what is 
remarkable is that already for drops 
fifteen molecules wide the drop interface 
has virtually the same tension as a planar 
interface and the classical Young-Laplace 
equation is accurate. 


DENSITY 



Figure 14. Density profiles of microspherical 
drops in a VDl T vapor. kTb/a = 
0.197, densit y in units of b~ 1 , 
distance /c/a. 


Table 1. Microdrops in VDW vapor, 

Radius R in units of /c/a. 
kTb/a - 0.197. 



R 


— f n w - 

—JT7JW— 

2.56 

0.79 

-0.079 

2.88 

0.83 

0.017 

3.26 

0.87 

0.19 

3.76 

0.91 

0.43 

4.6^ 

0.95 

0.73 

5.52 

0.97 

0.87 

7.74 

0.99 

0.97 

10.15 

0.996 

0.99 


Figure 15. Principal pressure profiles of a 
raicrospherical drop in a VDW 
vapor. Pressure in units of a/b : , 
density in b -1 , distance in /cTa. 
kTb/a = 0.197. Ref. 14. 

The implication of the one-component studies just outlined is that microdrop 
curvature affects the interfacial structure and the interfacial tension very little once 
the drop radius is larger than 10 molecular diameters. In multicomponent systems this con- 
clusion may or may not follow. Consider for example the bubble in liquid CO- and decane 
shown in Figure 16 (from Falls ct a/. 1 ''). The radius of the bubble is only about 12 carbon 
dioxide diameters, but its component density profiles are almost identical to those of the 
planar liquid vapor interface (indicated as a bubble with R=~) . 




Figure 16. Density profiles in a planar liquid-vapor interface (R=>») 

and in a bubble (R * 12) in a CO^-decane PR fluid. Density 

n. in units of b; 1 . distance in .c, , /aT, . kTb-,/an = 0.148. 
Ref. 19. x ll II l ll 
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The tensions of the bubble and planar interface agree within 107.. Thus, this bubble 
behaves as expected from the one-component results. 

However, as was discusseu in the previous section (Figure 12) , in a multicomponent fluid 
conditions can be such that a thin-film of an incipient third phase may be formed at an inter- 
face. These films are very sensitive to a change in a field variable. Curving an interface 
changes the chemical potential of the system (this follows from Kelvin's equation in the 
classical theory) , and so it can be anticipated that under conditions of high adsorption or 
thin-film formation the interfacial structure and stress will be very sensitive to drop 
size. Comparison of the drop component density and pressure profiles of Figure 17 (from 
Falls et u/. 1 ’) with the corresponding planar case, Figure 12, illustrates that this is 




Figure 17. Density and pressure profiles of a drop in a Cf^-decane PR 
fluid. Density in units of bT 1 , pressure in ■ 

distance in ><^^11 ' kTb i/ a n “ 0.148. Ref. 19. 

indeed the case. At this temperature, it has been estimated 1 ’ from the theory that the 
drop structure will not begin take on the planar form until it is larger than 100 carbon 
dioxide molecules in radius. The important implication of this result is that in regions 
of thin-f i in formation the interfaoi a! composition can le greatly modified by curvature. 

This fact might be quite important in the manufacture of objects with thin, uniform layers 
of a desired material. 

Although space does not allow discussion, gradient theory predicts the work of forma- 
tion of drops and bubbles, a quantity important to the theory of homogeneous nucleation. 

In fact, the theory was used by Cahn 1 1 to support his theory of spinodal decomposition. He 
showed that the barrier expected for the nucleation of microdrops is not there owing to the 
size dependence of the interfacial tension and that as a result a homogeneous material at 
the spinodal density can transform continuously into a multiphase system. In heterogeneous 
nucleation, it is likely that thin-film formation will be an important intermediate step in 
the process when conditions are right. These matters are ripe for future work. 

Closing remarks 

In closing, I would like the point out a few problems to which gradient theory might 
profitably be applied next. 

1. Thin, uniform layers of fluid in a spherical solid shell. A fluid-solid potential 
will have to be introduced for shell. For uniform thin-f ilms and thin layers of phase only 
spherically symmetric solutions need to be sought, so the problem remains one dimensional. 

By a different method Kim, Mok, and Bemat address this problem in their paper. 

2. Fluid microstructure at rough or chemically heterogeneous solid surfaces. For this 
problem a two-dimensional solid-fluid potential will have to be introduced. Thus, the prob- 
lem is two-dimensional. 

3. Contact angles with rough or chemically heterogeneous solid surfaces. This invol- 
ves the same solid-fluid potential as in Problem 2 and a fluid interface in the vicinity of 
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the solid and so is a three-dimensional problem. The problem will pose a challenge to 
computer-aided mathematics . 

4. Drop shapes on inclined rough or chemically heterogeneous surfaces. This again is 
a three-dimensional problem and an even greater challenge than Problem 3. 
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Abstract 


An experimental study of large amplitude drop shape oscillation has been conducted in 
immiscible liquids systems and with levitated free liquid drops in air. In liquid-liquid 
systems the results indicate the existence of familiar characteristics of nonlinear phe- 
nomena. The resonance frequency of the fundamental quadrupole mode of stationary, low 
viscosity Silicone oil drops acoustically levitated in water falls to noticeably lower 
values as the amplitude of oscillation is increased. A typical, experimentally determined re- 
lative frequency decrease of a 0.5 cm3 drop would be about 10^ when the maximum deformed 
shape is characterized by a major to minor axial ratio of 1.9* On the other hand, no change 
in the fundamental mode frequency could be detected for 1 mm drops levitated in air. The 
experimental data for the decay constant of the quadrupole mode of drops immersed in a 
liquid host indicate a slight increase for larger oscillation amplitudes. A qualitative 
investigation of the internal fluid flows for such drops has revealed the existence of 
steady internal circulation within drops oscillating in the fundamental and higher modes. 

The flow field configuration in the outer host liquid is also significantly altered when 
the drop oscillation amplitude becomes large. 

Introduction 


In this paper we report the outcome of a series of experiments aiming at determining 
the characteristics of large amplitude liquid drops shape oscillations. Two systems have 
been investigated in the present studyi drops held stationary in an immiscible liquid 
host, and drops freely suspended in air. They have been made accessible to a controlled la- 
boratory study through the technique of acoustic levitation 1-3. Most of the experimental 
results presented here, however, deal with immiscible liquids systems. 

Observations of the variations of the free decay frequency, the fundamental resonance 
frequency of a forced vibrating drop, the damping constant, and of the time distribution 
of the prolate and oblate configurations, have been made as functions of the oscillation 
amplitude. Visualization of the flow fields both inside and outside the oscillating drops 
suspended in liquid hosts has revealed a gradual appearance of a steady circulation not 
present for small amplitude oscillations. 

Theoretical background 

Theoretical analyses of small amplitude drop shape oscillations have been shown to be 
resonably successful at describing the observed phenomena 3 . Recent linear treatments have 
included the normal mode approach 4,5 , as well as a solution to the initial value problem 
yielding the small time behavior b . The analytical solution of the complete nonlinear 
Navier-Stokes equations have not yet been made available, although results of numerical 
calculations suggest the appearance of various nonlinear effects as the vibration amplitude 
of liquid drops suspended in a gaseous medium is increased 7. Among these predictions are a 
decrease in the free decay frequency and an unbalance in the time distribution of the pro- 
late and oblate configurations characteristic of the fundamental mode. 

On the basis of a linear treatment ^*5 , the steady-state frequencies for the oscillation 
modes of a liquid droplpt immersed in an immiscible host liquid can be written 

W L = W L ‘ 2) w l * + a2 / 4 , and = [oL(L+l) (L-l) (L+2)/R 3 |L • p 0 +(L+l) • (D 

The subscripts i and o refer to the inner and outer fluids respectively, p designates the 
density, v the dynamic viscosity, a the interfacial tension, and L refers to the mode 
number. The parameters a and y are characteristics of the fluids involved. 3 

The damping constant for small amplitude oscillations can be written as 

r £ 1 = “£ * + iv - £a 2 • (2) 

According to these results no dependence on the oscillation amplitude for either the 
resonance frequency or the damping constant can be obtained, as they are valid only in the 
limit of small displacements of the drop surface. 
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Photographs of experimentally obtained axisymmetric arop shape oscillations in the first 
three modes are reproduced in figure (1) . 
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Figure l : Experimentally obtained resonance modes for shape 
oscillation of a lcm* silicone oil drop in water. 


Experimental -technique 


An acoustic standing wave established in a fluid-filled resonant cavity can be used to 
yield a stable positioning of a fluid sphere having different properties than the cavity 
fluid. This effect is the result of the action of acoustic radiation pressure forces, and 
can be obtained in liquids as well as in gases. Figure (2) illustrates such a syster.. 

This schematic representation is for a system involving a liquid drop trapped in a sound 
field established in an immiscible liquid host. In this particular case, the drop liquid 
has a higher compressibility and density than the host liquid, and is oodltioned near an 
acoustic pressure maximum. 
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Figure 2 : Schematic representation of a liquid 
drop trapped in a standing wave. Figure 2b illus- 
trates the action of the acoustic force deforming 
the drop into an oblate shape. Figure 2d shows 
the opposite action: the drop is elongated at the 
ijoics into a prolate configuration. In this work 

f * 22 kHz. 
c 


The acoustic forces will also produce a deformation of the trapped drop when the acoustic 
pressure is increased (see r igure 2a ) > A low frequency modulation of this force is therefore 
possible through the modulation of the sound pressure. A steady-state drive of shape oscilla- 
tions can then be obtained, and the successive drop resonances will be excited as the modu- 
lation frequency is varied. 

In addition to the deformation shown where the drop is statically distorted into an 
oblate spheroid, the appropriate tailoring of the acoustic field distribution can provide 
static distortions into the prolate spheroidal shape. Hence, the opposite drive where the 
drop is pulled apart at the poles is also available (see figure 2c and 2d) . 

Figure (3) is a schematic diagram of the experimental apparatus. The necessary electronic 
instrumentation provices the required voltage drive to a piezoelectric transducer used to 
excite the acoustic standing waves. An optical detection system allows the monitoring of 
the shape of the drop. The analog signal thus obtained can be displayed on a CRT screen or 
can be plotted on a X-Y recorder as a DC signal proportional to the amplitude of oscillation. 
Resonance curves and free decay traces can be obtained in a straightforward manner. High 
speed cinefilms also provides the necessary data for the oscillation amplitude and the 
static equilibrium shapes. 



Figure ) : The experimental ai aratus. 1 is the 
acoustic .-ell, C is the plera 'lectric transducer, 
l is a hydrophone, 4 is a vat table phase shifter, 
is a photodetcctor • " is a bal tnred modulator. 
The Cxf tre>pieney doubler supplies a reference 
si anal with a determined phase relationship with 
respect io the hydrophone signal. 


The voltage applied to the transducer terminals may be written 

V T = Y c sin (2-rf c t).cos (2wf ffi t) (3) 

f is the frequency of the high frequency standing wave i22 or tt kHz in this case), and 
f c i s the modulation low frequency (from 2 to 15 Hz in this case for 1 cm diameter drops 
m of oil in water). The acoustic pressure is proportional to this voltage Tor the linear 
operation of the transducer. The acoustic radiation pressure force is approximately propor- 
tional to the square of the acoustic pressure. 

P r ^ < P. 2 C« 1S > ~cos 2 UTf^t) . (4) 

The time average of this force is given by 

< F <J(1 ■» cos t}> • (5' 

r in 

This includes a steady-state as well as a slowly varying force component at the frequency 
2f ffl . The steady-state component induces a steady deformation of the drop shape. 

Free deca y freauer. cy 

Measurements of the free decay frequency in the immiscible liquid system as a function 
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of the initial oscillation amplitude were carried out by first exciting the drop into its 
first resonant mode. The modulated acoustic drive was then turned off and the decay phase 
observed. The f: decay frequency was measured from both the oscilloscope traces and 

high speed motion picture films. The experimental uncertainty was within + l£ . 

In the axi symmetric case, and with the linear approximation, one might describe the 
deformation with the parameter 


x 19, t) = r 19, t) - R, 


( 6 ) 


where r (9,t) is the expression for the boundary of the drop, and R is the radius of 
a sphere of equal^olume . A linear expansion would yield 

x (S,t) ~ ^static + cos (i|wf t ) p (cos9) 

■~T [n n m n I n 

l' n (cos9) is a Legendre polynomial of order n. In this particular case where only the 

fundamental mode is excited, and for a reasonably high 4 system (Q s 15 ), one has the 
approximations 


l?) 


x 2 


x n / 2 >-> 


^static 

n 
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x-- is the distortion produced b> the static component of the acoustic force. 


During free decay the drop deformation may be expressed as 


x ( 9 , t) 




static 


cos ( 2 f't * 0' ) exp(-b't) 


♦ x cos (2 f"t ■'0" ) exp( -b"t) 
n n ^n r n 


P (cos9) 
n 


19) 


The term with the single prime refers .o the decay of the static deformation, the double 
primed one to the decay of the oscillatory motion initially driven at the resonance 

frequency of the fundamental mode. In this particular case the time dependence of f' , 
f” , b' , and b£ has been neglected. This has been justified by the experimental evidence. 


Figure (M reproduces some of the experimental results. The free decay frequency varia- 
tions with the maximum oscillation amplitude prior to the decay phase are shown for a C . 9 
and a 1 cm3 drop of Silicone oil/ SJl^ mixture made almost neutrally buoyant with distilled 
water. A steady docrease can be observed with increasingly larger initial oscillatory motion. 



Fiquro 4 : Relative chanjc in the free decay 
frequency as a function of the ii.it ul oscil- 
lation amplitude. The ratio L/W refer to the 
maximum deformation m the prolate shape durinq 
’he steady-state forced oscillations prior ti 
trip froe decay [base. 
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Driven oscillations 



The amplitude dependence of the fundamental resonance frequency for forced steady-state 
oscillations has been investigated both in the immiscible 1 iquids* system, and with drops 
suspended in air. The results are qualitatively different for the two systems, although 
the measurements made for a levitated drop in air are not as precise, and for significantly 
distorted drops due to the gravitational fieid. 


Figure ( 1) is a plot of the relative frequency shift as a function of the oscillation 
amplitude for a 1 cm3 drop of Silicone oil/SSli* mixture in distilled water. Qualitatively 
different results are obtained when the two opposite driving mechanisms are usee. The oblate 
biased mechanism is based on a compression of the drop at the poles, whil" the prolate- 
biased drive consists in elongating the drop at the poles. The source of such a discrepancy 
has not yet been totally eluciaated, but there are some indications that the interference of 
the acoustic fields or. the drop motion might play an important role. 


Figure (6) reproduces the results of measurements taken for drops of a mixture of glycerin 
and distilled water suspended in air. The equilibrium shape of the drops is oblate as indica- 
ted by the parameter^ 4 , /l) P . No change in the fundamental mode resonance frequency can yet be 
resolved within the experimental uncertainty (*5^) • These results have been obtained with 
an oblate-biased mechanism. 
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Figure S : An; l nude dependence of the fundamental 
mode fot forced oscillations for a liquid drop in II 



Fiqure 6: Amplitude dependence of the fun- 
damental mode frequency •oi a drop levitated 
in an .Q K . (Q K r, A 

,0. R-0.1M m. The stall.- shape is oblate. (W/L) 


Decay constant measurement 


Measurement of the dissipation rate of liquid drops oscillating in an immiscible liouid 
host has revealed a single value for the free decay constant for each initial oscillation 
amplitude. Figure (?) gives an example of such a decay process. The decrease to sere 
deformation is strikingly exponential, and is at a constant rate. This rate appears to vary 
for different initial oscillation amplitude, with a tendency for higher values fer larger 
amplitudes . Figure (8) shows such results. 
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Figure 1 : Time dependence of drop 
oscil latlon amplitude. 
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olate and ob 


Immiscible liquids systems results suggest that the duration of the prolate configuration 
increases with the oscillation amplitude. Table (I) reproduces the results of measurements 
performed on drops with an oblate static equilibrium shape* The duration of the prolate 
configuration definitely shows an increase for larger amplitudes. Such an increase is also 
obtained when a static prolate shape is used. 


Cycle number after 
termination of the 
steady drive 


MAXIMUM OBLATE DISTORTION 
DURING OSCILLATIONS 


_oblate 

r 

cycle 


Erolate 

T 

cycle 


_oblate 

n 

cycle 


prolate 

T 

cycle 


Table I i Duration of the oblate and prolate cycles during the 
free decay of shape oscillations initially forced by acoustic 
forces. The static equilibrium shape is oblate. Larger amplitude 
oscillations increase the duration of the prolate phase. 


id flow fields 


The visualization of the fluid flows fields revealed by suspended dye particles appropria- 
tely illuminated, has shown the gradual appearance of a steady circulatory motion superposed 
upon the oscillatory motion induced by the drop shape oscillations in liquid-liquid systems. 
Figure (9) shows photographs of such flow fields for small and large amplitude for both inner 
and outer liquids. 


Figure 9» A. Streak patterns of 
suspended dye particles 
in a Silicone oil drop 
undergoing small ampli- 
tude oscillation in 
the L*2 mode . The drop 
is levitated in distil- 
led water. ( 4R/R<o .05) 
B. Streak patterns for 
the same drop oscilla- 
ting at higher amplitu- 
de. ( dR/R=; 0.1) . 
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Figure 9* C. Sane drop as In 

A and B, but the osci- 
llations are in the 
L«3 mode at small 
amplitude . 

D. L«3 oscillations 
at large amplitude 
( 4R/R sr 0.10) . 






Figure 9« E. Flow pattern in 
the outer fluid with 
a stationary and 
still drop. The flow 
around the drop is 
caused by acoustic 
streaming, and is 
characterized by a 
Reynolds number of 
5 > 

F. Flow pattern in 
the outer fluid for 
a drop oscillating 
in the L*2 mode at 
small amplitude. 
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Figure 9' G.and H. 

Plow pattern in the 
outer fluid with a 
drop oscillating in 
the L«2 mode at larg 
amplitude . 
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Conclusion 

The experimental observations gathered so far point to certain definite nonlinear 
characteristics of liquid-liquid systems. Both inertial and viscous effects have been 
shown to exist, and these must play an important role in causing these phenomena. The absence 
absence of theoretical information, however, has not allowed a further analysis. 


The techniques using acoustic radiation pressure forces have been shown to allow the 
controlled experimental study of single drop phenomena. One must exercise caution, however, 
when interpreting the observations based on such a technique because of the unavoidable 
interaction between the acoustic fields and the drop motion. 
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Abstract 


We consider the shape of a gas bubble which rises through a quiescent incompressible, Newtonian fluid at 
inter-tdiate Reynolds numbers. Exact numerical solutions for the velocity and pressure fields, as well as the 
bubble shape, are obtained using finite difference techniques and a numerically generated transformation to an 
orthogonal, boundary-fitted coordinate system. No restriction is placed on the allowable magnitude of defor- 
mation. 


Introduction 


In spite of intensive investigation for more than 70 years, the theoretical problem of bubble and drop 
motion in an unbounded viscous Newtonian liquid, which may either be quiescent or undergoing some prescribed 
motion far from the bubble or drop, has remained essentially unsolved. The main difficulty, in addition to 
the usual nonlinearity of the equations of motion at finite Ryenolds number, is that the bubble or drop shape 
is unknown and required as part of the solution of the problem. As a consequence, the boundary conditions at 
tne bubble or drop surface are nonlinear, and, in addition, the solution depends on the prior history of the 
bubble or drop motion and interface shapes, even in the creeping motion limit. 

This problem of bubble or drop motion i" a viscous liquid, with an unknown boundary shape, is an example 
of the general class of so-called "free fc . /' problems of fluid mechanics. Although a number of methods 

exist for this type of problem, which can . id to analyze the motion of bubbles or drops, all but purely 
numerical methods inevitably s. ffer from sone restriction. Included is the asymptotic technique of "domain 
perturbations" which has beer, applied, for example, for buoyancy-driven motions of a drop at finite Reynolds, 1 
and for a drop in a general linear "shear" flow, 2 but is restricted to small dei rmations from a known (or 
guessed) boundary shape. Boundary integral techniques art not restricted in the degree of deformation (and 
thus provide a powerful tool to study bubble and drop deformation 3-5 ), but are only applicable in the limits 
of either creeping flow, or potential flow, where the governing differential equations are linear. For more 
general conditions, this leaves us with numerical methods which are not limited, in principle, either by the 
allowable degree of deformation or by lir arity of the governing equations. Such methods have not been 
applied directly to the problem of calculating bubble or drop shapes in viscous flow so far as we are awaro. 
Htwever, in most other applications to free boundary problem in fluid mechanics, the numerical r. thods of 
choice have been ased c.on finite element formulations. At least in part, this has been a consequence of the 

loss of accuracy which occurs when finite difference techniques are applied in domains with boundaries that 

are not coincident with coordinate lines or surfaces. Thus, if one considers only the classical orthogonal 
coordinates, such as cylindrical, spherical, etc., the use of finite-difference methods is generally unaccept- 
able for free boundary problems. The present paper explores the alternative possibility of finite-difference 
solutions oased on a numerical method of constructing a system of orthogonal, boundary-fitted coordinates, for 
the problem of streaming flow past a bubble. We do not claim or intend to imply "superiority" in any sense 
over other possible numerical approaches to the same problem. Indeed, the methods described here are not at a 
sufficiently advanced stage of development for such comparisons to be meaningful, even if one were philosophi- 
cally inclined to make them! 

A detailed description of the methods of orthogonal mapping will soon appear in the Journal c>j' Computa- 
tional Physios , 6 and a more detailed description of methods and results for the application to the motion of a 

bubble or drop in a viscous fluid is presently in preparation. Here, we simply outline the method o f solution 

and present two ixamnles of the solution for streaming flow past a bubble at finite Reynolds number as an 
illustration of i ts application. 


Orthogonal Happing 

The idea which we pursue is thus to obtain orthogonal boundary-f i t'.ed coordinates for the domain exterior 
to a bubble whose sh t e is unknown, thouqh smooth and generally nonspheri cal . In the present development, 
the u. .nown shape is generated via an iterative procedure starting from some initial guess. At each step, 
with the boundary shape specified, mapping functions for the boundary-fitted coordinates are generated numer- 
ically, the equations of motion are then solved in the transform (...main and the normal stress balance at the 
bubble surface is used to generate an improved shape. We restrict ourselves to steady, axisyranetric 
configurations and discuss the mapping problem in 2D, with the axisymmetric boundary shape generated by rota- 
tion about the axis of synmetry which is thus required to be a coordinate line for the transform coordinates. 

In the remainder of this section, we outline a method of obtaining the desired coordinate transformation. 
From a mathematical point of view, we require a pair of functions x(r‘,n) and y(^,p) which map poi ts of the 
physical domain onto a unit square, 0 S £,r, < 1, in the -ransform donvin, with lines of constant £ and n 
being orthogonal. For convenience, we designate the bubble surface as £ • 1 , and the upstream and downstream 
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axes of symmetry as i • 1 and n • 0, respectively, with [ -* 0 corresponding to Infinity. There has, of course, 
been a great deal of recent research aimed at the problem of obtaining numerically generated coordinate map- 
oings. Included In this work are methods based on .the solution of a pair of elliptic equations for the mapping 
functions, 7 conformal mapping,' direct integration of "Cauchy-Riemann ,, -type equations as an initial value 
problem starting from a boundary'’ 10 and other methods of orthogonal mapping which are equivalent to conformal 
mapping with less restrictive constraints on the ratio of the diagonal components of the metric tensor (the 
latter are, in fact, most closely related to the present approach). 11 ’ 13 Limitations of space prevent a de- 
tailed review of this prior work. However, in general, the resulting coordinate systems are either nonorth- 
ogona 1 , 7 ill-conditioned in the sense of extreme sensitivity to boundary shape and/or (the possibility of) 
highly nonuniform spacing of coordinate lines (conformal mapping,' some types of "orthogonal mapping" 11 ' 12 ) or 
only suitable i some local subdomain (integrations of Cauchy-Riemann equations'* 10 ). 

The present objective is a numerically generated mapping which is applicable in the whole domain, automat- 
ically orthogonal and free of the usual sensitivtty problems of conformal mapping. Our basis is conventional 
tensor analysis, yielding equations for x(£,n) and y(£,n) which are coordinate invariant. These equations 
follow almost trivally from the observation that a Cartesian coordinate x (or y) is a linear scalar function 
of position, so that grad x (or grad y) is constant and 

di v grad x ■ 0 (1) 


The latter is nothing more than the covariant Laplace equation for x. When expressed in terms of the desired 
(but as yet unspecified) £,ii coordinates, it becomes 


9 ,J *. 


•J 


(2) 


in which g 1 - 1 is the ij component of the metric tensor and ";" denotes regular covariant differentiation. Al- 
though the solutions of Eq. (1) (and the similar equation for y) will not generally yield orthogonal coordi- 
nates, we further specify that 


q. . * G 

; Jr * if j 

(3) 

and 

g ll ’ \ ’ 

g 22 • h n 

(4) 


with the h-.h^ being "scale" factors for the £,n system. In this case, the equations governing the transfor- 
mation (mapping) functions become 
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and the solution of these equations, subject to appropriate boundary conditions (which we shall discuss in the 
next sectio’’ 1 , wi i I yield orthogcnal coordinates for any f, which can thus be chosen freely. It may be noted 
that confor. mapping corresponds to the restrictive choice f(£,r|) * 1, for all £,n. 

In general, the "most appropriate" choice of f depends on the type of mapping required The problem of 
direct mapping with fixed boundary shape and a specified distribution of coordinate nodes along the boundary 
is discussed elsewhere. 6 Here, we consider only the mapping problem in which the boundary shape is unknown 
and required as part of the solution of the overall problem. In this case, f(£,n) can be specified directly 
as a function of c;,q, with the form for f chosen so as to yield desired properties of the transform coordi- 
nates (e.g. nonuniform spacing of coordinate lines in some region of the domain). 

The fluid dynamics problem — basic formulation 

Let us now return to the problem of uniform streaming flow past a bubble. In this case, we adopt the very 
simple form for f, f(£,r|) 1 wf,. In addition, we introduce a relatively s ! mple modification of the mapping 
procedure outlined above to take care of th. iact that infinite values of the mapping functions x and y, 
corresponding directly to an infinite domain, cannot be generated numerically. To avoid this difficulty, we 
simply calculate the mapping fr„.e the unit square in the £,ri plane to an auxiliary finite domain, which is 
then transformed to the physical domain by a conformal inversion. 

Now, one great advantage of orthogonal coordinates, in addition to avoiding inaccuracy of numerical 
approximation in nonorthogonai coordinates, is that physical components of vectors and tensors can be used 
instead of covariant or contravariant ones. The governing Navier-Stokes equations, plus boundary conditions, 
can thus be expressed in a straightforward manner in terms of the resulting boundary-fitted coordinates 
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£,n.4. obtained by rotation of the two-dimensional coordinates given by x(£,n) and o(£,n) (where x is parallel 
to the axis of symmetry and a is the distance to this axis along a normal through the point of interest). If 
we introduce the streamfuncrion 4, and use standard expressions for the invariant differential operators in 
general orthogonal curvilinear coordinates, the Navier-Stokes equations are 


i 3ii' 3 (C\ _!_££. JL|i\ 

\ h n 3n 3r * ~ h £; h n 3 ^ 3n 0 

l 2 '!’ C - 0 

where C is the vorticity, Re ” — — 


“ £L 2 «o) 

, d is the equivalent diameter of the bubble and 



The streamf unction at infinity, for a . tiform streaming flow, takes the form 


Thus, to avoid dealing with large (or infinite) numbers, we actually solve for 


* 

V » 


’ - *a 


(7) 

( 8 ) 


( 9 ) 


( 10 ) 


( 11 ) 


where '<+' is the potential flow solution for flow past a spherical bubble with the given form ^ at infinity, 

i .e. 


- p<' - ?3) 


(12) 


Now, Eqs. (4) and (5), rewritten in terms of 4 , are to be solved for 4' , C and the bubble shape subject 
to the boundary conditions 

41 is bounded, 4 » 0; at infinity (i.e. C " 0) 

4 “0, s = 0; at 1 * 0, H * I (symmetry axis) 

and, at the bubble surface, 

* 

V « 0 

nl 
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r, + 2<j s ^u 
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(14) 

(zero normal velocity) 1 

(15) 

(zero tang, stress) \ at C “ 1 

(16) 

(normal stress balance) / 

(17) 


The first term in (16) is the hydrostatic pressure; is the drag coefficient; p^ is the dynamic pressure 


4 f 1 3 


l s Re J Oh- 


(cc)h„dn 


(18) 


dPv‘ 


u. is the surface velocity; 1 is the normal component of viscous stress at the surface. We » 


; Y is 


,.(Sn) 


,(W) 


the surface tension, and K | n ) and K ( n ) are norma ' curvatures in two perpendicular directions. 


Numerical scheme 


In order to solve Eqs. (7) and (8) of the preceding section, together with Eqs. (5a) and (5b) for the 
mapping function, xU,n) and o(5,n), we used a uniform 41x41 grid in the domain, 0 < £,n < 1. The computa- 
tions were carried out using single precision arithmetic on a VAX-11 computing system, which has a round-off 

error of 0(10*8). Tnus, with an 0(h*) finite-difference scheme, this mesh size represents the practical 
limits of resolution in order th truncation error be comparable to this roun» -off error divided by h* (when 
computing second derivatives). 

The numerical scheme itself must be fast, highly stable and applicable to elliptic equations of quite 
general form. In the work reported here, we adopt the ADI scheme of Peaceman and Rachfcrd and treat all 

equations of the problem (i.e. the equations of motion for C end 4, and the two mapping equations for x and 

0) as "quasi -time-dependent", by writing them in the standard form 
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with a/ at representing a "fictitious" (or artificial) time derivative as required by ADI, 
the iteration parameter (i.e. time step) was determined 1 4 to be 0(h). 


An optimal value of 


Boundary conditions for Eqs. (3), (5) and (6) are straightforward [see Eqs. (13)-(16) plus Ref. 6], with 
the exception t'o conditions at the bubble surface. Here, the necessary boundary values of vorticity are cal- 
culated indirectly from the boundary condition (16) on tangential stress usina a natural extension of the 
method for a solid boundary suggested by Dorodnitsyn and Heller 15 and Israeli* 6 and utilized previously for a 
spherical drop. 17 At each new iteration, say n, the new value of the boundary vorticity r, n is determined from 
its previous value and the previous value of the tanqential stress, as 


n 




n- 1 
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, (£n) n-1 
2 *(n) u s 



( 20 ) 


where the optimal b was found (by trial and error) to be approximately 0.2. When the solution has converged, 
of course, the tangential stress will be zero. Boundary conditions for x(F,r;) and o(F,,n) at 5 « 1 must also 
be discussed briefly. Both x and a cannot be specified directly at F. ■ 1 if the condition g^ “ 0 is satis- 
fied (i.e. the coordinates are to be orthogonal) as the problems for x and u are then overdetermined. We 
would, on the other hand, like to approach the final solution for bubble shape iteratively starting from some 
initial guess. This involves incrementing the bubble boundary to create a new shape at each iteration, based 
upon the normal stress imbalance at the interface at the preceding iteration. However, in view of the re- 
striction on simultaneous specification of x and J, the necessary small displacement of the bubble boundary 
must be carried out indirectly rathe r than specifying increments in x(l,n) and a(1,n) directly. This is ac- 
complished by changing the mapping itself (rather than the position of the bubble surface) via incremental 
changes in the scale factor h ; of the mapping, i.e. 
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where A is the normal stress imbalance at iteration n. 
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The incremented h. 


F- 1 


is then used to generate "equivalent" boundary conditions for 
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The normal stress difference, 3 , has to be normalized before it is used in (21) for changing the bubble shape 
because of the indeterminacy due to incompressibility (A contains an integration constant); this indeterminacy 
is removed by requiring that the volume of the bubble remain con, .ant. 


T he overall solution algorithm may thus be schematically represented as follows; 

(1) Start with an Initial guess of the shape. Here we choose a spherical shape, i.e. a circle in a plane 
through the axis of symmetry. Hence, with f(F,n) “ as indicated earlier, the mapping is initially x ■ 
Fcos"n and y » Tsincti, corresponding to polar coordinates in the plane through the axis of symmetry. 

(2) For the given bubble shape and coordinate mapping, compute a new approximation for the dynamic fields 
(, and ') by advancing the solution of the Navier-Stokes equations one iteration (i.e. one ADI time step). 

(3) Calculate the normal stress terms at the bubble surface, and if the condition (17) is not satisfied, 
increment the bubble shape by a small amount by incrementing ir(l,h) using Eq. (21), and obtaining correspon- 
ding boundary conditions for 3x/.V%J.^ and Ay/A\ j_r m | • 

(4) Calculate a new orthogonal mapping fitting the new bubble shape by solving Eqs. (5a, b) with appropri- 
ate boundary conditions (in practice we do only one ADI iteration on the mapping equations). 

(5) Repeat this process starting with step (2) until convergence is achieved. 


Results 


We consider two cases here of streaming flow past a bubble. 

Case A; Rc ■ 2.47, W* - 4.00 
r ase B: Re - 100. , We - 2.00 
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The final bubble shape is depicted for Case A in fig. 1, where we show a portion of the final coordinate mesh 
and the upper half of the bubble boundary in the plane through the axis of symmetry. The flow Is from left to 
right. The corresoonding streamlines and lines of constant vorticity are shown in Figs. 2 and 3. It may be 
noted that the bubble shape Is in qualitative agreement with available experimental results. 19 Indeed, the 
drag coefficient calculated here is 9.17, whereas the measured value at the same Reynolds number but somewhat 
larger We was 9.37. It may be noted that the drag coefficient was found experimentally 19 to be insensitive to 
We for large We. The streamlines and lines of constant vorticity for Case B are shown in Figs, it and 5, from 
which the bubble shape can also be discerned. Again, the flow is from left to right. It is thus evident that 
the bubble is actually flattened to a greater degree in the front and is more rounded at the rear. Shapes of 
this genera) type have been previously observed experimentally for similar values of Re and We, 14 although a 
shape which is rounded In the front and flattened at the rear, which will occur for larger Reynolds number or 
larger Weber number, I .e. smaller surface tension, is much more common. Each example required about an hour 
of CPU time on a VAX-11 computer, starting from the irrotational flow pas a sphere as an inttial guess in 
both cases. The cost is thus on the order of $10. 
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Abstract 


This work describes the fundamental mechanism arising during the bursting of a bubble at 
an air-liquid interface. A single bubble is followed from an arbitrary depth in the liquid, 
up to the creation and motion of the film and jet drops. Several phenomena are involved and 
their relative order of magnitude is compared in order to point out the dimensionless para- 
meters which govern each step of the motion. Furthermore, this study is completed by high 
speed cinematography. The characteristic bubble radius which separates the creation of jet 
drops from cap bursting without jet drops is shown to be a = (c/pg)*/2, The corresponding 
numerical value for water is 3 mm and agrees with experimental observations. 

Introduction : physical mechanisms description 

The burst of gas bubbles on a liquid interface leads to a mass transfer in stratified 
two-phase flows which is of great importance in many fields such as ocean-atmosphere ex- 
changes, aerosol generation, boilers, dega 2 eif ication processes, etc... The physical me- 
caniims of such a phenomenon are still not wellknown. The burst occurs during a few tens of 
microseconds and involves many physico-chemical effects. The film cap draining is due to 
gravity and surface tension and its thickness (in the range of 0.5 to 10 -: micrometers) may 
be small enough to produce non negligeable intermolecular forces which depend on the impuri- 
ties contained in the liquid phase. The film cap breakage generates an aerosol which is 
usually split into two distinct families which are the "film drops" and the "jet drops". 

. The film drops are created by the tearing of the interfacial cap which propagates frcm an ini- 
initial hole at a very high speed (8 m/s) . Due to the tangential motion of the liquid film, 
some drops are ejected horizontally and the others are blown vertically by the air which was 
initially inside the bubble. Another possible mecanism is the sudden shattering of the whole 
cap which bursts into droplets in any direction . Film drops are very small (1-20 pm) 
and their number increases with the initial bubble diameter 0b (about lOO when 0b = 2 mm, 
and lOOO when 0 = 6 nun) . They are ejected up to a height in the order of 10 to 20 mm above 
the free surface level. 

. The jet drops are produced by the very fast motion of the bubble bottom interface which 
is in a state of non-equilibrium when the film cap breaks. Instantaneously, gravity and sur- 
face tension act to create a strong interface deformation and give rise to the formation of 
a jet in the upward direction. Because of instabilities, the liquid jet is fragmented into 
several drops (from 1 to 5 depending on the bubble diameter 0b, in the range 6 mm to 0.1mm). 
For values of 0^ less than 2 mm, the ejection height of jet drops may reach 100 0b above the 
free surface level. 

These two families lead to a transfer in the gas of two different kinds of chemical sub- 
stances, namely the surfactants spread on the free surface (film drops) and the particules 
j.n suspension or dissolved inside the liquid (jet drops). 

The aim of this paper is to consider a dimensional analysis of aerosol production in or- 
der to reach a better understanding of the phenomena involved during the bursting of the 
bubble. The notion of dimensionless parameters, characteristic times and predominant mecha- 
nisms may be used to define simplified experimental studies and to search for approximate 
analytical solutions. In what follows, several effects are analyzed : 

- underwater bubble rising - film drainage - cap tear propagation 

- film drops ejection - free surface motion after film cap rupture. 

Underwater bubble rising 
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The dimensionless form of equations governing the relative liquid flow past the bubble 
is written with the characteristic bubble size a, the pressure variation pag (involving 
the liquid density p and the acceleration g gravity) and an unknown characteristic time t 
which leads to the reference velocity a/t. The bubble motion is obtained from the fundamen- 
tal dynamic law : 
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ab 
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nds = 0 
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in which the symetric part D of the velocity gradient Vy and the local pressure Pj oc are 9*' 
ven by the Navier-Stokes equation : 
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The bubble shape is deduced from the normal stress equilibrium 
P a 


p. = p, + — — + z_(t) - 2v 
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n is the unit normal vector, p., C, v and o respectively stand for the internal bubble pres- 
sure, the mean curvature, the Aynamic viscosity and the surface tension coefficient. 

The local pressure is defined by the relation 

P a 

P = + z^ft) + P, 

* pga B ^loc. 

in which, for the most part, the constant p /pga is much greater than unity. 

cl 

It is easily seen, from equation (2) . that high Reynolds number flows correspond to the 
characteristic time evolution ig= ( a/g) */ 2 , and situations dominated by viscous effects 
are scaled by the reference time t v = v/ag. The relative Reynolds number : 


= a g/v = (a/aj) 


(4) 


leads to a characteristic length a 3 = (v 2 /g) 1//2 [^50 ftm for water). In equation (3), ano- 
ther length ai = 2(o/pg) 1 / 2 (^6 mm for water) is defined from the dimension) ess number : 


l = 4o/pga 2 = (a 2 /a) 2 = <T g /t s ) 2 (5) 

The new characteristic time t_ = pa 2 /4o concerns the interface vibrations due to the surface 
tension. Depending on the bubble diameter a, the following situations occur. 

. a >> a 2 , R r >> 1, motions due to surface tension are frozen, but the bubble can oscil- 
late with instationnary terms of equation (3) (bubble wake for instance) on the time scale 

T g‘ 

. a! << a << a 2 , R r 1 but *"he non stationnary terms in equation (3) are negligeable 
and the bubble keeps its spherical shape. 


. a << aj, Rr << 1 and the comparison between the last two terms of equation (3) leads to 
a new length a 3 = pv 2 /2o ('vS.lO - ' u m for water). Bubble diameters less than a 3 will not be 
considered in this paper. Therefor surface tension is the dominant phenomenon and deforma- 
tions cannot occur. We will write * * a 3 /a * pv 2 /2«a (always less than unity for water) . 


The characteristic velocities of the rising motion are 
(stokes drag) when a < a*. 


(ag) 1 / 2 when a 


ai and 

n y 


Film draining 

There are two fundamental mecanisms which cause the film draining, when the bubble ar- 
rives on the 'ree surface. First, the gravity which creates the bubble motion and inertia 
terms (when a > a 3 ) increases the local pressure p a on the free surface. On the relative 
stagnation point, this increase is of the order of pga. Secondly, the free surface curva- 
ture leads to a pressure increment in the order of 4o/a. Comparison between both phenomena 
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a 


is given by the value of I » 4o/pa 2 introduced in the last paragraph. Consequently, for 
bubble diameters larger than a 2 , the effect of gravity is predominant, and for aj << a << a t 
the surface tension plays the most important role. 

A very crude analysis for z << l shows that (from the continuity equations) the liquid 

pushed up by the rising of the bubble (order £ a 2 /ag) must be evacuated through the lateral surfa- 
ce of a cylinder (it a h /ag) . This balance gives an order of magnitude of the height below 
the free surface which must be reached by the bubble top before undergoing a non negligeable 
free surface deformation. When a^ << a << , the characteristic bubble rising velocity /ag 

has not the same order of magnitude as the characterirMc velocity due to the surface ten- 
sion pressure drop : (4a/pa)*'* and the same crude analysis leads to : 

j a 2 /ag = 2 i a h (o/pa ) 1/2 and h * — ^ 7 ? << a 
For very small bubble '^3 << a << a^), the same trivial argument gives : 



The characteristic 1 aining time is easily deduced from the above considerations, and 

3 .3 


from the volume to be drained (■v ~g- when 1 << 1 ; - - when a^<< a << a 2 ; 


and 


4 r 


3 3/2 

2 n a n ' when a<;<a 1 !. One obtains respectively for each situation ■ t /4, t /2i, 


/2 T v n 


1/4 


. As an example in each case, one obtains respectively for a = 1 cm, 1 mm and 


10 um, the following values : = 0.07 s, 4 ms and 0.5 ms, in water. The end of drainage 

in the first two cases is governed by viscous effects when the Reynolds number based on the 

1/2 1 /2 

the film thickness e is of order unity i.e e * v/(ag) when z << 1 and e v(pa/o) 
when z >> 1 . These limiting thicknesses in water are respectively 3 pm and 0.3 pm when 
a = ’ cm and a = 1 mm. At this stage, it is necessary to be very careful about the boundary 
conditions to be written on the film boundaries. For very dirty liquids, Haberman and 
Morton have shown that a vanishing velocity condition must be considered. In any case, one 
must take into account the influence of Van der Waals intermolccular forces which are, for a 
clean liquid, given under the form of a non isotropic tension in the normal direction to the 
film. Its value for a thickness e is (Sheludko) : 

x = — ‘yP-- ‘ (MKSA units! 


this influence is non-negligible when the pressure gradient is of the same order : 

4 10*" 1 5 10 "^ 

a > a 2 ( F < * 1 ), eg ^ — : — 2 and e ^ — : — \TT = 0 . 5 um 

e (rg) ' 

a * a- ( i •>> 1) , ~ - 3 4 - 1P .-1 and e ^ 10" ? a 1/2 M.K.S.A. (0.3 pm when a - 1 mm) . 

‘ a^ r l/ * e 4 

These orders of magnitude for the film thickness is in agreement with the experimental eva- 
luations. 
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Cap tear propagation 



Assuming that a hole is created instantaneously, the driving force is due to surface tension 
and leads to a characteristic velocity : v f ■ (a/pe) 1 / 2 . If the characteristic thickness 
e 1 pm is admitted, it follows that in water (o ^ 0.0'<) the tear propagates with a veloci- 
ty of 8 m/s which is exactly the value observed experimentaly with a high speed camera. This 
evaluation ii valid, only when the liquid flow inside the film is dominated by the inertia 
terms. This happens for a local Reynolds number greater than unity : 
v,e 2 

R, = — >> 1 -> e >> — ( = 0.01 pm) 

IV 0 


So, it is obvious that the experimental study of cap tear breaking may be performed without 
any precaution because any other phenuiienon is frozen with respect to cap tear propagation. This 
has been done in the movie presented at the end of this paper. 

This experiment shows the cap tear of a large bubble (0^ = 4 cm) at rest on the free sur- 
face of ordinary drinkable water. The hole is created on the circle which delimits the bub- 
ble cap on the free surface. It is due to a much smaller bubble sticking to the larger one 
and which causes a point of weakness. Soma papers (Vrij , Ivanov ,...) explain the film 
breaking by the non stable modes of capillarity waves, but this is probably true for bi- 
distilled water only. 


Film drops ejection 

The very complex nature of film cap fragmentation is not investigated in this paper, but 
we will consider the behaviour of a film droplet assumed to have a size in the order of 1 pm 


The blowing-out is due to the fact that the pressure level Inside the bubble before brea- 
king is larger than on the outside. The sudden pressure drop is of order o L ag when I << 1 
and o/ a when l >■> 1. For high Reynolds number gas flows, this produces velocities of order 
(PLag/.^) 1 ' 2 or (a/a ) l ' 2 . For each case, the gas Reynolds number is : 


(f7) 


1/2 


a 3/2 

>> 1 if a » 5 pm 

V G 


>> 1 if a >>0.1 A 


(air an^ water) 


(air and water) 


2 

The characteristic time of a particule transport due to the viscous drag is t - r /v G f(. 
where r denotes the particule radius. For a micronic droplet this time is 1 mill - second , as 
a result, film drops follow instantaneously the air flow produced by the breaking. For bubble 
diameters : 1 cm, 1 mm, 10 pm, the initial velocity of droplets are respectively : 10 m/s, 

10 m/s and 100 m/s. 


Experimentally, it is know that a 10 pm bubble does not produce any film drops, but one 
can see that for most bubbles, there is a strong interaction between the cap tear propaga- 
tion (8 m/s) and the air ejection (10 m/s) . If the air flow is roughly supposed to be simi- 
lar to a source flow, the velocity V r at a distance r is given by V r * Vi(a/2r) . A numeri- 
cal value of V- with a = 1 mm and r * 1 cm is 2.5 cm/s (less than 1 km/h). This argument 
proves that film drops are immediatly convected by the wind in ocean-atmosphere exchanges. 

Free surface motion afeer film cap rupture 

It has been shown that film tear propagation occurs instantaneously with resr p to the 
bubble rising velocity. This result confirmed by Mac Intyre's visualisations a by the pho- 
tographs given in the present paper. As a result, the curvature of the bubble is greater at 
the bottom than the sides. This causes stronger surface tension forces on the deepest part 
of the bubble interface and produces the jet when the sur f ace tension phenomenon is not 
negligible with respect to the gravity effect. 
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The dimensionless equations governing the free surface motion are written assuming a 
potential flow (v = 70) for the liquid phase. It will be proved ( later on, that inertia 
dominates the viscous terms. In a cylindrical coordinates system, the bubble diameter a is 
chosen as the reference length in the radial and vertical directions. The characteristic 
time T needed for the free surfa-e z = i(r,t) to reach an altitude of order a is unknown at 
this stage. 
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The reference potential and the time T are obtained from the free surface boudary condi- 
tions. Equation (6) leads in any case to the relation = a 2 /T. From equation (5), the cha- 
racteristic time T depends on the comparison between = pga 2 /4 (gravity) and the mean 

dimentionless curvature C which is of order unity, z -•> 1 : surface tension is the dominant 
phenomenon and T = ,ai 0 /'' = pa 2 /oT. The characteristic time and velocity are respectively s 

T * (pa 3 /o) 1/2 and V = (o/pa) 1/2 

i << 1 : the free surface motion is governed by the gravity effect. One obtains respectively 
T * (a/g) 1/2 and V = (ag) 1/2 


These results are valid only for high Reynolds number flows. When r >> 1 (a << a 2 , 0.6 cm 
for water) R * aV/ . = (a o/ .v)l/ 2 which is larger than unity for bubble diameters larger 
than a = pv 2 /c (0.01 m for water). When i: << 1, R » (a-^g/u 2 ) i/ 2 and the bubble diameter 
must be larger than aj ■* (u 2 /g) 1 / 2 (50 yir. for water). This condition is always fulfilled 
because a > > 0.6 cm. 




The characteristic bubble diameter a 2 ■ (4 'pg) 1 ^ 2 splits the possible free surface beha- 
viours into two classes : 
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a > a 2 : the film cap rupture leads only to free oscillations of the free surface without 
jet, but many film droplets are blown into the atmosphere. 

a < &2 '• the predominance of the surface tension effect leads to a strong driving force 
at the bottom of the bubble which produces a jet. Surface tension forces still act on the 
jet surface and cause pressure gradients along the jet axis, oriented from the smallest sec- 
tions to the largest ones. The drairing of the lowest sections due to this mechanism leads to 
the jet breaking into one or :everal drops. 



The dimensionless equation (5) shows that the gravity effect becomes important for a di- 
mensionless z of order l . So the jet top can reach an altitude of order ar. The experimental 
evaluation : lOO a, given in the introduction corresponds to a ■* 0.6 mm and an altitude of 
60 cm. Dissipations due to viscous effects are given by the Reynolds number R ■ (a a/ P v 2 )l/2 
^ 8.10 for a 0.6 mm bubble diameter. In that case, the boundary layer on the free surface, 
in which viscous draining occurs has a thickness in the order of a hundredth of a bubble 
diameter. 


Flow visualisation 


The photographs given in this section have been obtained with a high speed camera HYCAM 
(7500| images per second in the present case). The first sequence represents a cap tear which 
propagates on a 4 cm bubble diameter, from a smsll bubble K 1 mm) which was initially atta- 
ched to the large one on the free surface. One can observe that some droplets tangential- 
ly ejected by the tear motion have a much larger size than 1 micrometer. 

The next two sequences show jet drops due to a 1 mm bubble diameter. In ’JET N°l", the 
hole created instantaneously by the breaking of the fiTm is shown. The jet thickness is of 
order 0. 1 mm corresponding to velocities of order 1 m/s. The half-sphere in the up- 

per part of each view is a liquid drop sticking on the end of a 1 mm cylindrical wire placed 
there to give an indication of the length scale. The "JET N # 2 M gives more details on the jet 
breaking mechanism. One can observe that che top drop has no motion during its growth, but 
its upward motion continues after its creation. 

Concl idlng remark s 

This paper is a first step in the study of aerosols created by bursting bubbles on an air- 
liquid interface. Jet drops have been studied and visualized in the past ; however a theore- 
tical model for the prediction of tha size and number of the drops would be useful for a bet- 
ter understanding of the jet breaking mechanisms. 

Neverthless, the lack of knowledge is more important for film droplets and a lot of expe- 
rimem.il work will be necessary in order to visualize the film breaking and to predict the 
full size distribution of aerosols in a real industrial statified two-phase flow figuration. 


This study has been supported by a CNRS* contract. 


* Centre National de la Recherche Scientifique (France) . 
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Abstract 


Acoustic levitation and the response of fluid spheres to spherical harmonic projections 
of the radiation pressure are described. Simplified discussions of the l « 1, 2, and 3 
projections are given. A relationship between the tangential radiation stress and the 
Konstantinov effect is introduced and fundamental streaming patterns for drops are predic- 
ted. Experiments on the forced shape oscillation of drops are described and photographs of 
drop fission are displayed. Photographs of critical angle and glory scattering by bubbles 
and rainbow scattering by drops are displayed. 

Introduction 


This paper summarizes research into resonance, acoustical, and optical properties of 
drops and bubbles. In addition to reviewing earlier work, models concerning tangential 
stresses, streaming, and the hexapole projection of the radiation pressure are given. 

These may be applicable to the enhancement of circulation in containerless conditions. New 
experiments are described. The methodology and notation are simplified from that in 
earlier papers to manifest the essential results. A review of research into optical pro- 
perties of bubbles will be published separately 1 so that research is only briefly sum- 
marized (near the end of this paper) in a section which may be read independently of the 
others. 


Acoustic Levitation 


Experiments on a single drop with a stationary (or nearly so) center-of-mass are pos- 
sible by counteracting gravitational buoyancy forces with forces due to acoustic radiation 
pressure. This technique has been particularly useful for obtaining physical properties of 
metastable liquids (for a review of this application see Ref. 2); however, the present 
paper is concerned with the mechanics of drops rather than the properties of the constit- 
uent fluid. The fluid in the drop is assumed to have a density pj , sound speed c^, and 
adiabatic compressibility 3i = (p.c?)" . It is assumed to be immiscible in the surrounding 
host fluid which has corresponding properties c Q , p , and 3 Q . The i and o diacritics refer 
to the inner and outer fluids, respectively. In the diagrams which follow, the z axis is 
chosen to be up, antiparallel to the acceleration of gravity. The incident acoustic wave 
(neglecting scattering) will usually be taken to have uniaxial flow parallel to the z axis. 
The time averaged stresses of the incident and scattered n^ves not only levitate the drop, 
they also change its shape. These effects are roughly independent for small deformations 
and in this section the drop will be assumed to be spherical with a mean radius a with a 
center at z = 0. 


To obtain sufficient radiation pressure forces to counteract buoyancy, the incident 
sound wave approximates a standing wave, which (for the case of uniaxial flow) has the fol- 
lowing pressure p(z,t) = p cos(kz + kh)sinut where k = w/c ** 2tt / A and z = -h is the loca- 
tion of an adjacent velocity node. The average force vector on the fluid sphere due to the 
acoustic radiation pressure (which is second-order in p g ) is*’ 

<-F> = -2(ir/3)a 3 p g k(6 i -B 0 D)sin2kh, D = (5q-2)/(2q+l) , (la,b) 


where z is the z axis unit vector, q is p . / p , and the effects of the viscosities of the 
inner and outer fluids have been neglected. °The derivation of Eq. (1) assumes that both 
X e ka << 1 and X << X where X = aw /c and m is the lowest radial (or monopole) reso- 
nance frequency of the m sphere. m The latter requirement is due to the omission of the dynam- 
ical effects of resonance; in traveling waves these may be included by taking the appro- 
priate case of an expression derived for elastic spheres (see discussion in Ref. 6 of 
Eq. 24). (It can be shown that the lowest non-zero root of (l-q)tanX, = X. gives X = 

c.X,/c . Drops in liquids with 1 1— q | << 1 have X. « ir/2 and X * ire. 72c . Drops in air 

1 n 1 V ~ .r J V ~ ~ ✓✓ 1 V 1 ~ / *5 Q IQ \l 1 1 


h O' 


q >> 1, 


X. = 

1 


and X m - 
m 


’ftc^/c o . Gas bubbles x have q << 1 Bnd - (9^/8^)* << 1.) 


The cause of the term proportional to 3. is illustrated in Fig. 1. Assume that 3^ >> B 
and < p Q so that 3^ >> B Q D. For 0 < h i A/4, as in Fig. 1, <F> is directed downward 


^Present address: Naval Undersea Warfare Engineering Station, Keyport, WA 98345. 
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Fig. 1. The solid and dashed curves 

illustrate p of the incident wave for Fig. 2. Local mean 
wt = u/2 and 3v/2, respectively. stresses on a quad- 

Quasi-static responses of the sphere rant of the sphere's 

and the associated instantaneous forces surface, 
due to Vp Are illustrated on the left. 



Fig. 3. Streamlines for 
inviscid low frequency 
flow past a sphere and 
(cashed) the favored 
deformation. 


3 

since the sphere's volume, V(t) = (4ira /3) [l-g.p(O.t)] , is largest during that part of the 
cycle when (-Vp) is downward; conversely, <F> Is upward if A/4 < h < A/2. In a gravita- 
tional field g, there is an equilibrium position where <F> = z47ra 3 (p i -p )g/3 provided p s is 
sufficiently large. Equilibrium is slightly above a velocity node ii p? < p and slightly 
below one if p > p., provided $ q D is negligible. For bubbles, uu = (378.P a 3 )® and if 
w > w the phase of 1 the response°is reversed from that shown in Fig. 1. The direction of 
<F> is reversed so that the bubble is attracted to pressure nodes.' There are ordinarily 
transverse pressure gradients which make the equilibrium unstable in this case. 


For drops of hydrocarbon liquids in water, 6- > B D and the equilibrium position is close 
to a pressure antinode due to the phenomena illustrated in Fig. 1. Levitation apparatus 
often have a dependence of transverse to the z direction which stabilizes the horizontal 
position. Typical designs ’ ’ at ultrasonic frequencies require p = 2 x 10 5 Pa. The 
neglect, implicit in the derivations of Eq..(l), of viscous and thermal effects requires 
that the viscous (6* and 6”) and thermal (6^ and 6°) penetration lengths be << a. These 
are given by 6 = (v/u>)i and 6 = (x/w)i whfere, for the inner or outer fluid, v is the kine- 
matic viscosit^ and x is the thermal diffusivity. For macroscopic drops the above condi- 
tions are satisfied and there is some experimental confirmation*' of Eq. (I)., For micro- 
scopic objects, e.g., red blood cells, viscous corrections become significant. 

For the levitation of liquid or solid spheres in air, ( B* - B Q D) * -B 5/2 and Eq. (1) 
reduces to the well known expression first derived by King.* 2 . The sign°of <F> is reversed 
and equilibrium positions are near pressure nodes. Attraction to the velocity antinodes 
occurs because the average reduction in pressure due to the Bernoulli effact is strongest 
on that side of the drop. Equation (1) neglects harmonics generated from the nonlineari- 
ties of the equjtions-of-state. Harmonic effects can be significant in gases unless they 
are suppressed. 


Multipole Projections of the Radiation Pressure 

The radiation pressure on the surface of a compressible sphere is distributed nonuni- 
formly. To describe the response cf the sphere, it is convenient to use spherical harmonic 
(or "multipole") projections of the radial stress 

R *m = n rr _II rr ) ^tm ( ® ’ ^ )sin6t * e • n rr (e,$) = 2 _1 [B<pJ>- P<v 2 >] + p<v 2 > (2a, b) 

where 8 is the polar angle illustrated in Fig. 2; $ is the azimuthal angle; p,,v, and v 
denote the total (incident + scattered) first-order pressure, velocity, and radial velocity; 
<> denotes an average over an acoustic period; and the Y, are real-valued spherical har- 
monic functions described in Ref. 14.** Equation (2b) evaluated for the conditions at the 
inner side of the sphere's surface gives the radially outward force/area; evaluated at the 


**The notation is simpler than in Ref. 14 and 15 since we first consider unmodulated 
incident waves. Correct prescriptions for the Y, with t > ImJ^O are given in footnote 4 
of Ref. 14. Due to an error of transcription in x Hef. 15, the sign of the <v“> term was 
printed incorrectly in Eq. (1(2). 
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outer side, it gives the inward force/area. Hence Eq. (2a) 
is the projection of the second-order radially outward 
force/area. Derivations of the stress tensor for Eq. (2b) 
are cited in Ref. 15. For incident waves characterized by 
uniaxial flows along the z axis, R, » 0 for m f 0 and the 
relevant are Just tfce ordinary*! ■ 0 spherical har- 


monics: 


foo. 


(4n )-a , 


n)icos0, Y„ 


0 UU - • Y 10 ■ (3/4n)*cose, - (5/16n)i 
(3cos 2 0-l) , and ? 3 q ■ (7^i6Tr)#(5cos36-3cos07V We retain 
the m subscript to allow for other incident waves. 





For incident waves with no dependence on 4 (e.g., the 
uniaxial case mentioned), the continuity of v and p. 
(both oscillate at frequency u>) at the boundary give the 
following local radiation stress on the sphere's surface 


14 


2 


"rr-C 


2 


Fig. 4. Reflection of sound 
from a rigid plate produces 
tangential stresses - 


d, P_ 2 34 

[qa 2 <(^f)“> + 




3 *i 2 
<(-r-i) Z >] 
v 3r ’ 1 


(3) 


where d. ■ q-1, 4. is the inner acoustic velocity potential and the derivatives are evalu- 
ated with the radial coordinate r - a; Eq. (3) neglects viscous effects. Expressions for 
p. at r * a and the 4, are derived in Ref. 5. If the incident wave is again the standing 
wave p(z,t) - B s cos(k2 + kh)sinwt, then Eq. (3) is applicable. From Fig. (2) we expect that 
<F> ■ (4ir/3)ia*R, Q ; indeed, a laborious computation of R,. reproduces Eq. (1) for the same 
conditions on X even though Eq. (1) was originally derivea by a slightly different method of 
averaging. 


To obtain those radiation stresses which favor the spheroidal (or "quadrupole") deforma- 
tion of a compressible sphere, we used Eq. (3) and found that 1 


d 2 

RjjO - Rjjot 1 + + + 0(X 4 )]sin 2 kh + R£ Q cos 2 kh 

d l 


(4) 


R 20 * ' i p s e o (5,,)4c, 1.2’ R 20 a p S B o (5n)i 5a -( f d l,3 (2+d 3 ) + 3( 1 ~ ( 2+ d)b + 0(X 2 )) (5a, b) 


where d 


d,/d . d, * 1 + 2q , d. 


2 + 3q, and b - 8,/S, 


- o . 2 




It is assumed that 


v , - u, / u , M fy k aiv| | v* — mt ' ) suiu w _ Mi/ ~ v / xjv, . • a v ao aoouuiuu v U 

X - ka *<*1 ana tnat. X << X^. A remarkable feature of Eq.°(4) Is that if q f 1 and the 
sphere is not precisely centered on a velocity node, then slnkh f 0 and R,. does not vanish 
as X * 0 (that is as 1/a ■* 0). The reason for this is illustrated in Fig. 3. Assume also 
that p. >' p (as for a drop in air) so that translational motion of the sphere is negli- 
gible. At tne equator (0 - 90*) the mean pressure is less than at the poles since the poles 
are stagnation points. Consequently, there is an outward directed stress on the equator 
which.will tend to deform a drop into a nearly oblate spheroidal shape as has been obser- 
ved. The.equilibrium shape is determined by a balance of R,. with stresses due to surface 
tension. * The pressure distribution of oscillating incompressible potential flow 1 has 
been used to give an independent derivation of Eq. (5a) which does not even require that 
P 4 >> p^. This argument has also been extended to traveling waves, where as X + 0, 


R 


i 


* R^ n with p B equal to the pressure amplitude of the incident wave. The only R im which 
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do°not necessarily vanish as X •* 0 have t * 2 or l * 0 
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Compressible liquid drops (e.g., silicone oil or xylene) in water are attracted toward 
velocity nodes where the part of R, 0 « sin^Uh is small and R, 0 is dominated by R^.. For 
these drops R" , and hence R- fl , are negative numbers because^^+qjb dominates the u other 
terms in the parentheses in Eq. (5b). The tendency is again to deform into an oblate spher- 
oid but for a different reason than that depicted in Fig. 3^ it appears that the attraction 
depicted in Fig. 1 of compressible fluids to the velocity node can also deform a drop. If a 
drop with 8. > 8 is somehow constrained (e.g., with the radiation pressure of a second 
wave) to lie near a pressure node, the term of Eq. (4) « X 2 sin 2 kh may be dominant if X 2 is 
not too small. Then R?o is positive and the drop will tend to elongate. This is apparently 
due to the repulsion or highly compressible fluids from pressure nodes by the mechanism 
depicted in Fig. 1. 

To obtain the kexapole projection, which favors a "pear" shaped deformation of a compres- 
sible sphere, we used Eq. (3) and found that R™ - -p|0 o (x/7)*X (Oqdi/djdj) + 0(X 2 ) )sin2kh. 
It is assumed that X << 1 and that X << Xg,. Tne dependences on kh ana X differ from those 
of R 20 but the periodicity in h may be argued from elementary considerations. 

Equation (2) and these results for I<20 and R 30 neglect the previously mentioned harmonic 
effects 13 which are known to alter the <F> exerted on spheres in air when the fundamental 
amplitude, p„, is large. Harmonic effects should be negligible when the outer fluid is 
liquid or, if it is a gas and p s is small. 
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black and white photograph 



of xylene in water which contribute 
to rainbow scattering. The dashed 
profile is when x £m (t) >0, t = 2, 
n’ = 0. 



Fig. 8. Far-field scattering for: (a) the rainbow 

region of a xylene drop (a*i00 uni) levitated in water; 
and (b) the critical region of an air bubble (a*480 urn) 
in water. In both cases the incident light nad a wave- 
length (in water) of 632.8 nm/n 0 where n 0 = 1.33. In 

(a) the scattering angle (denoted by D in Fig. 7) 
increases from left to right; the angular width of the 
photograph 7*. The coarse structure (broad vertical 
bands) is described by Airy's diffraction integral. In 

(b) the scattering angle (<j> in Fig. 11) decreases from 
left to right (with $ c near the left edge) and the 
width =14°. The coarse structure in (b) is due to 
critical diffraction and interference. The scattering 
plane and the incident electric field are perpendicu- 
lar in (a) and parallel in (b). 


Y 2 = 1*. The sin2V factor in n xy causes II' to occur with Yi > fa- (The ^l associated with 
nj., approaches b* as J, - 0; it increases with increasing V 2 with a slope of roughly 8 until 
T 2 3 1* and more slowly thereafter.) The maximum in n xy is broad; It x (V « 45*) = 0.03 E 
when V 2 « 1* and n xy (45*) is roughly « Y 2 . For 6 70 » Konstantin "*s T depends somewhat 

on H' v /'F t ; however, this dependence is not retained in Eq. (6) and in these estimates. 

2 1 

Herrey has measured radiation stresses on a copper plate in water but did not detect 
tangential stresses for f = 1 MHz and 7 < 50°. It may be that for these * the experiment 
was not able to discriminate between the n xy and the much larger normal stress whose magni- 
tude * 2 E when f = 0. Second-order acoustic torques on a rigid surface caused by tangential 
stresses have been observed. 2 


It might appear that the expression for n xy does not allow for the momentum of fluid 
streaming near the surface. If the extent of the plate is lengthened, however, so that vis- 
cosity transfers the x-momentum of the second-order flow to the plate, the apparent Il xy on 
the plate is still given by this expression. This may also be shown by considering t.he 
momentum flux across a control surface which encloses both the plate and the confined strea- 
ming. One procedure for describing how the first-order velocity v is coupled to the second- 
order velocity u is to consider the equation for the second-order vorticity: 23 

" vv2 ) Vxu “ -v(S £ +S R +S T ) , S R * -v“ l <V»( v*V*v)> , S T * -6<V»(p^V*V*v)> (7a.b,c) 

where Sg is Eckart's "volume" source of vorticity 23 which is negligible near the surface in 
comparison to the "surface" sources Sg and Sf. This procedure is useful for the description 
of streaming near rigid surfaces provided the Reynold's number (for u) is rmall. 

An approximation for u which should be useful near the fluid-fluid interface of a drop or 
a bubble was introduced by Marston. 14 It is to neglect the source terms in Eq. (7a) and to 
solve the resulting homogeneous vorticity equation subject to boundary conditions which 
include the tangential (T) and radial (R £m ) radiation stresses on the interface. As 
reviewed subsequently, this procedure is particularly useful for describing the response to 
oscillating R fm due to modulated sound. In this section the sound has no modulation and u 
is driven only by the T. By inspection of Eq. (7) and extension of the previous momentum 
arguments, this procedure should be useful if the spatial extent of the region of signifi- 
cant |V*v| is << a; this will be so if 6 V << a which is usually the case of interest. The 
resulting u can be written in a series which makes use of multipole projections (V*T) £m of 
the tangential divergence of T (see Eq. (14) and Appendix B of Ref. 14). As noted pre- 
viously, 33 for steady flows the coupling coefficients in Ref. 14 were iucorrect due to 
errors in the assumed boundary conditions (Ref. 14, Eq . C6 and CIO). These errors have been 
corrected in the result given below. For incident acoustic waves with no $ dependency 
n* r ■ 0 and n 9r is Independent of *. This T(6) must be present because of the dissipation 
of sound present at Interfaces separating real fluids. 2 ® Its description may be facilitated 
with methods developed for torques. 22 

Consider the particular case of !lg r ■ B 2 sin26 where B 2 is a constant. This n 9r has 
(VT) 20 = 8 ( •" /5 ) 9 B 2 /a and all other (7*T) £m ■ 0 as does the torque. The interface is 
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Fig. 9. A 2 mm radius drop underdoing forced Fig. 10. A 1.7 mm radius drop splitting 
quadrupole oscillations with f = 10 Hz. Here into two drops as a consequence of forced 
and in Fig. 10, time increases from left to quadrupole oscillations with f » 24 Hz. 

right and from top to bottom. Here, and in Fig. 9, the z axis is vertical. 

assumed to be ideal (free of surface viscosity) and the boundary conditions are continuity 
of normal and tangential velocities and the balance of forces. These give the following 
velocities inside (i), and outside (o), the sphere: Uq = ( Gr/2) ( 5r 2 -3)sin29 , u£ = 

Gr(l-r 2 )(3 cos 2 0-l), u8 ■ Gr - * sin29 and u2 = Gr -4 (l-r 2 )(3 cos 2 0-l) where ? = r/a, G = 
B 2 a/5(ui + W 0 ) . and P is the shear viscosity of the indicated fluid. Resulting streamlines 
are illustrated in Fig. 5(a). In addition to acoustic stresses, externally applied electric 
fields 24 can cause tangential stresses with this dependence on 0. With an appropriate 
choice of material parameters, and B 2 , we find that u and the radial stresses caused by u 
(described in the next section) agree with those predicted by Taylor's specialized method 
after correcting his algebraic errors. 2 ^ The outer fluid is unbounded in this computation. 

Consider now the case of n H _ = B. sin0 where the only (7*7)^ f 0 has t * 1 and m » 0. 
This stress is predicted to drive tne following velocity field: uj * G( 2r 2 -l )sin0 , u 1 •= 
G(l-f 2 )cos0, ug = (G/2 )? - 3 ( 1 + r 2 )sin9 , and u° * Gr -1 -( f -2 -l )cos0 where G « B^a/SIuy + u Q ). 
Interior streamlines are shown in Fig. 5(b); they are the same as those for small Reynolds 
number flow past a drop calculated by Hadamard and observed by Spells. 26 Far outside the 
drop, the streamlines are those for a stokeslet, which is the creeping motion generated by a 
force concentrated at a point (see Fig. 5 of Ref. 27). This type of tangential stress will 
alter the net z directed force on a sphere from that given by Eq. (1). 




For a large drop with Bj << 6 0 in an incident wave with X > > 1 . Eq. (6) and the consider- 
ations illustrated in Fig. 4 may be used to obtain the signs of and B 2 . If a traveling 
wave is incident from above, it is clear that Bj > 0 due to the Xonstantinov effect. In a 
standing wave it is to be expected that Bi > 0 due to stress concentrations between 9 = 45* 
to 85* in opposition with those between 95* to 135*; however B 2 should also depend on h. 

In either case, Bj « p 2 and B 2 a p* unless the incident pressure amplitude p g is large. [As 
with acoustic torques, * 2 IIa r may contain a term » p s when the first order displacement ampli- 
tude (p s /pcu>) 2 4 V . | The total u will be the superposition of those driven by the individ- 
ual (V*T) lm . 


Deformations Induced by Steady Radiation Stresses 


Radiation stresses induce a mean displacement of the interface of a drop or bubble which 
is opposed by surface tension. The mean displacement (averaged over a period of the acous- 
tic wave) of the interface from that of a sphere of radius a will be denoted as x(0,4>,i.) 
and may be described using the following spherical harmonic series: 

® 9 


x(9,*,t) . x 0 (t) ♦ 1 1 lx 4B ♦ * lo (t)lY lB (0.») 

l * 1 m* — x 


where xj m is a time-independent projection and xt m is an oscillating one. The latter van- 
ishes if the wave is not modulated and initial transients are allowed to decay. It will be 
assumed in this section that jx(«.$,t)| << a so that for drops the term 14 |x 0 (t)| is much 
smaller than the largest I * £ m I * The 1*1 terms represent translations of the sphere's 
center which lead to the balance between <F"» and buoyancy. The terms representing static 
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deformations, the ft^-, with 1 > 1, are proportional to the radiation stresses on a spiv. re 
given by Eq. (2) (which neglect the deformation) provided the A resulting |xtm| << a. [Cor- 
rections to the first-order scattering when X << 1 will be 0(xg-/a) or smaller and will 
induce only small changes in the stresses.) A balance of normal and tangential radiation 
stresses at an ideal interface with those due to the surface tension o and the second-order 
flow gives 


1m 


[aVo(t-l)(t+2)][R f , m -3a(V*T) lm r/tU+l)(2t+l)(y 0 +u i )]. 1 > 1, 


( 9 ) 


where T - lu 0 +(i+l)i4 
sion for n 


The magnitude of T can be estimated using 
Unless f is so high that 


(6) and the expres- 


xy • ^umeaa 1 is au man tmu oy <J< X, one expects to have | R | > > | a( V *T) jn, | for 
l > 1 so that x, m should be largely determined by the radial stresses. The deformations 
x,_ mayeasily exceed 1 * the first-order particle displacements (p s /pcw); they are « p| pro- 
vided |x i( _| << a and (Po/pcw) << 5 V . The most noticeable effect of the (V*T)jj m may be the 
second-oraer flow described in the previous section. 


Shape Oscillation Resonances Forced by Modulated Radiation Stresses 

Second-order flows and deformations may be greatly enhanced by modulating the incident 
acoustic wave at a frequency so as to force shape oscillation resonance. The purpose of 
this section is to summarize the theory. 1 ** 1 ' There is a slight change of notation from the 
previous sections: f c will denote the frequency of the incident sound in the absence of 

modulation (typically f c i 100 kHz), and f (which is << f c ) denotes the frequency of the 
shape oscillations. To drive the shape oscillations, the incident wave is a standing wave 
of the following form p(z,t) » - 2 p c sin(w c t )cos( Jut )cos( kz+kh) where u,, ■ 2 nf c , k » u) c /c_, 

U » 2 irf, and z * -h is again the location of the adjacent velocity node with z • 0 it the 
drop's center of mass. The factor (-2) is included only as a matter of convention. 1 ** 1 ' 

That nonlinearities are essential to the generation of the low frequency shape oscillations 
is illustrated in Fig. 6 . The upper part shows the modulation envelope and the spectrum of 
the incident sound which consists of two sidebands, each with an amplitude p„, located at 
f c -(f/2) and f„+(f/2). The wave at the carrier frequency f c is suppressed, due to the modu- 
lation. From Eq. (2) it can be shown 15 that the radiation stresses vary in time such that 
R^t) = l + cos(ut ) ) and this has a time dependence and spectrum illustrated in the lower 
part of Fig. 6 . The radiation stress contains a static term and one which oscillates at the 
difference frequency of the sidebands. The constant is given by the Ro m associated with 
a steady incident wave of frequency f c and pressure amplitude p„ « p c </2. Consequently 
Eq. (4) and the result for R 3 q may be used here but with a simple substitution. For small 
p c , the tangential stress T will also be proportional to p 1 [ l+cos(wt ) ] . 

The theory for the response 14,15 is complicated by the nature of the boundary layer dam- 
ping. In the present treatment we simplify the results by omitting the small deformation 
and flow induced by the oscillating part of (V*T)^ m . For incident waves with r.o dependence 
on , all projections with m / 0 vanish. Consequently the subscript m will be omitted. The 
oscillating parts of Eq. ( 8 ) are given by 

x^( t ) = x t cos(iDt-£) , x^ = x ? fa>j 2 /(U 2 +V~ )* , tan£ » V/U, 1 > 1. (J0a,b,c) 

ui* = [ai(i+l)(t-l)(l+2)/a 3 r] i , U( w) - fa)* 2 - au 3 / 2 -fa)? V(w) - aio 3 / 2 +Yfa> (11a, b,c) 

and the static parts, ft,, are given from Eq. (9) by omitting the (V*T). 'erm. In Eq. (11a) 
uj is the natural frequency (neglecting viscosity) of the Ith mode and*T • tp 0 +( 1+1 )p^ . 

Here a and y are damping parameters [given by Eqs. (22) and (23) of Ref. /4] which are 
functions of 1 , a, m, w 0 , P}, and p Q ; a is due to the damping of the boundary layer since 
it vanishes if either p^u^ * 0 or p 0 u 0 “* 0. For drops surrounded by a liquid, y is typi- 
cally < aw*® but it is similar in magnitude to a 2 . It was assumed in the theory for a and 

Y that the interface was ideal and thus free of surfactants. 

From Eq. (10b), x t depends both on the frequency and ith projection of the stress. As 
quantified below, when u is slightly less than uj, | xg, | is maximized; depending on the 

stress distribution, other modes may be driven but at lower (nonresonant) amplitudes. An 

example of a pure i m 2 profile is shown in Fig. 7. It is convenient to omit the 1 sub- 
script when possible in the following discussion. The phase delay of oscillations £ is 90* 
when fai is chosen to be the quadrature frequency a. The prediction is that U(0) » 0 which 
gives S = u* - (a/2)fa>*J + a^/4. Due to the inertia of the boundary layer, 1 ’* O f id*, unlike 
the case of ordinary damping. The mechanical Q of the 1th mode is = w* 2 /V(«*) provided 14 
and p 0 are small enough to make this ratio somewhat larger than unity. [Evidently 
a » (d*( 1-JQ _1 ) for liquid-liquid systems.) The response amplitude |x| is maximized when 
u > a. At this maximum, x a Qx, so the oscillations should be enhanced by a factor of Q. 

As u/j)* -» 0, x * x; however, as w/w* ■* ®, x/x * 0. 

A matrix, Eq. (17) of Ref. 14, makes it passible to compute the oscillating part u. (The 
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total u also contains a static part driven by the static part of T.) In this matrix and In 
Eqs. (7), (9), (10), and (11), convection of momentum by the second order flow was neglec- 
ted. This omission should have a negligible effect on the oscillations provided a Reynolds 
number R - w|x|a/v 0 and the static part of u are small. 

Observations of Forced Shape Oscillations and Rainbow Scattering from Drops 

Three groups of experiments on forced resonance will now be summarized. The reader 1 
encouraged to refer to the original papers 3 * 8 * 9 * 28 for details. The first and second ,■ ■ • . e. 
made use of properties of scattered light, 28 to detect quadrupole (t - 2) oscillation in 
which x was a few urn and smaller. A profile of a drop and the relevant light rays a shown 
in Fig. 7. Most of the observations were done for drops of benzene and p-xylene in uis- 
tilled water. The drops were levitated by a continuous acoustic standing wave with a typi- 
cal frequency of 51 kHz which was << f c . Their radii were in the range 150 pm to 1.2 nun and 
the corresponding natural frequencies w*/2tt were predicted to be 1.1 kHz to 50 Hz. 

In the first experiments, 3 f c was typically 679 kHz. When x * 0, the interference of 
rays labeled 0 and 2 in Fig. 7 produces a fine structure in the scattering visible to the 
eye via a telescope. This structure gives the closely spaced vertical fringes in Fig. 8(a). 
Conditions on the modulation leading to shape oscillations were mapped by making use of a 
blurring of the fringes induced by small x. The conditions on w were consistent with the 
forcing of quadrupole resonance. Large x leading to drop breakup were also observed. 

8 28 

The second group of experiments ‘ gave quantitative resonance properties. These made 
use of photometric aspects of the coarse structure in the monochromatic rainbow scattering 
shown in Fig. 8(a). The "rainbow photometry" technique gave absolute measurements of £ and 
relative measurements of x with | x | < 25 ym and 0.5 nun < a < 1.2 mm. Here f c * 217.5 kHz 
and p c £ 70 kPa. The results are summarized as follows. (i) The dependence of ( on ti is 
consistent with Eq. (10c) except that a is larger than calculated and the inferred o is 4% 
lower than expected, (ii) With the empirical o and a, the data give a dependence of 0 on 
radius consistent with predictions. (iii) x is maximized when ui - D. (iv) Provided h is 
held constant, x <* p 2 as expected. (v) The empirical a gave Q values which were 70% of the 
modeled values; however they are consistent with the presence of a film of impurities at the 
interface. (It is unfortunate that the drops were xylene 8 and benzene. 3 We have recently 
learned that these liquids almost always form nonideal interfaces with water.) (vi) Uncer- 
tainty in a conversion factor precluded the absolute measurement of x; however, the estima- 
ted | x | are consistent with the R 2Q from Eq . (4). (vii) Empirical Q were typically = 7. 

Q 

In the third group of experiments, Goosby and Marston made hi-speed motion-picture 
photographs of drops undergoing forced shape oscillations. The drops consisted of a dyed 
silicone oil with v, * 2 cS and pj = 0.88 gm/cm 3 . They were levitated by a 55 kHz wave in a 
water-filled resonator consisting of 50 mm x 75 mm glass microscope slides cemented along 
their long sides. A PZT disc (38 mm dia. , 13 mm thick) drove both the 55 kHz wave and a 
modulated wave with f u * 170 kHz. Drops were levitated and f was adjusted to maximize |x| 
for quadrupole oscillations apparent to the unaided eye. Figure 9 is taken from a sequence 
in which every third frame was printed giving a time interval between printed frames of 
5.7 ms. Timing marks on the film revealed that £ = 90* ± 9* v"hich agree- with predictions. 
This is noteworthy because here |x|/a = 0.4 and the Reynolds number R = 180. For this mea- 
surement kh << 1 and Eqs. (4) and (9) predict that x < 0. The photographs and timing marks 
when combined with Eq. (10b) also give x < O.with i - 2 and m » 0. 

As in Ref. 3, it was observed that oscillation amplitudes could be made large enougli to 
fission the drop. Figure 10 shows the details of the fission process. The time interval 
between frames was 1.2 ms. This is a new acoustic technique for splitting drops since it 
relies on the modulation of the radiation pressure. Previous acoustic methods typically 
depended on transient cavitation to generate shock waves which could split drops. 29 

The Physical Optics of Light Scattering from Bubbles 

Unlike the cas.' of scattering from drop-like objects, the physical optics of scattering 
from bubbles (where the refractive index of the scatterer nj is less than that of the sur- 
roundings n 0 ) has been explored only recently. This study has emphasized those angular 
regions of the scattering where diffraction corrects for divergences predicted by geometric 
optics. 3 These include glory or backscattering , 30 forward scattering, 3 and critical angle 
scattering. 31,32 The following is only a brief summary, the interested reader should consult 
Ref. 30-32 and papers cited therein. In this section, 4 denotes the scattering angle 
(Fig. 11), X denotes the wavelength of light within the outer fluid, 9p denotes the local 
angle of incidence at the bubble's surface for a ray with p internal chords, and m £ n^/n 0 . 
Far-field scattering will be described which is that observed by a camera focused on *> . 

The critical scattering angle, 4,, - 2 arccos(m), is where the surface reflected ray has 
an angle of incidence 9 q ■ arcsin(m). ’’’or 4 < 4 C , geometric optics predicts that reflection 
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will be total, however models 3 * and Mle theory 32 show 
that is not the case at $ c due to diffraction. For 
$ < $ c (=83* for bubbles in water) there is a coarse 
structure to the scattering due to this diffraction 
and to the interference with the p * 1 ray. This 
structure (visible in Fig. (8b)) has an angular 
spacing which is typically $ (\/a)i rad. Physical 
optics models of this structure 32 agree with Mle 
theory when a 1 41, For a bubble and drop of the 
same size, each with a >> X. the bubble's coarse 
structure is broader than the rainbow's since the 
latter's quasi-period can be shown from Eq. 5 of Ref. 
28 to be i (A/a) 2 / 3 rad. Other photographs of scat- 
tering by bubbles** 31 reveal a fine structure due 
primarily to the interference of p • 0 and 2* rays. 
Its spacing is typically 5 0.8 A/a radians. Back- 
scattering from bubbles in our model can easily 
exceed that i rom a perfectly reflecting sphere of the 
same size. It has a quasi-periodic structure which 
is especially regular for the cross-polarized scat- 
tering. Observations of this structure agree well 
with theory. 3 ® This structure is evident in Fig. 12 
as the concentric rings centered in the * ■ 180* 
direction and spaced at 0.05* intervals. 
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Abstract 

In this paper a boundary integral numerical method for the dynamics of non-spherical cav- 
itation bubbles in inviscid incompressible liquids is described. A very efficient feature of 
this approach is that it involves only surface values of the velocity potential and its first 
derivatives, thus avoiding the problem of solving the Laplace equation in the entire domain 
occupied by the liquid. To iJ lustrate the performance of the method the collapse of a bubble 
in the vicinity of a solid wall and the collapse of three bubbles with cc'linear centers are 
considered. 


Introduction 

The development of the study of the dynamics of non-spherical bubbles has been seriously 
hindered in the past by the lack of computational tools applicable to severe deformations of 
the spherica’ shape. Existing methods 1-4 are cumbersome to implement and require long exe- 
cution times. These problems have prevented their widespread usage and common acceptance. In 
this study we shall present a much more efficient method based on the boundary intec-al ap- 
proach s which can be implemented in a relatively small number of program instructions (500- 
600) . It is flexible, precise, and requires short execution times (typically 3-5 minutes on 
a Univac 1100). The method is applicable to irrotational , incompressible, inviscid flow and 
we present an axisymmetric version of it. To illustrate the results obtainable in this way 
we consider the Rayleigh problem, one of the cases studied by Plesset and Chapman 1 , and the 
collapse of three bubbles with collinear centers. 

Mathematical formulation 

We consider the flow induced by one or more bubbles in a liquid occupying a domain 
bounded by the surface of the bubbles, S , rigid boundaries, S , and a "surface at infinity" 
S^. In the hypotheses of inviscid irrotational flow the velocity field u can be derived from 
a potential, u = and the mathematical problem can be put in the form 1 


V 2 $ 

= 

0 in !1 , 


(1) 

3$ 

3n 

= 

0 on S , 

r 


(2) 

d<j> 

dt 

= 


— on s b ' 

(3) 

dx 





dt 

= 

7$ on S. , 
— b 


(4) 

$ ■* 

0 

* P * Poo ° n 


(5) 


where p is the pressure, p is the density, 3/3n is the normal derivative, and d/dt=3/3t+V$* 
is the convective der ivative.The pressure in the bubble , p^ , and at infinity, p , are taken 
constant in this study, although this is by no means required by the method. Surface tension 
effects have been disregarded, but they can be included with relative ease. 

The strategy of solution is in principle quite straightforward. Suppose that the position 
of the bubble surfaces Sj, and the value of ♦ on S^ are known at time t. Then. Eq.(1) can be 
solved using the boundary conditions (2), (5), and the known $ on Sjj. From a knowledge of the 
potential it is then possible to evaluate the right-hand sides of (3) and (4), which allows 
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the computation of the new configuration of Sjj and of the potential on it at time t+At. The 
cycle is then repeated. 


The crucial step in this procedure is the solution of the potential problem. In the past 
this has been done by finite differences 1 » 2 »'' or by singularity methods *' 7 . The first ap- 
proach is wasteful because it requires that the potential be known over the entire domain ft, 
although only free surface values are needed . In addition, the position of Sj, does not co- 
incide with grid nodes in general, which leads to well-known problems of accuracy, coding, 
and others. The second method avoids the explicit solution of (1) because the assumed form 
for <)> already is a solution of the Laplace equation. However a certain amount of guessing is 
necessary, and it is not clear whether very extreme bubble deformations can be described 
satisfactorily with this approach. Our technique, based on the boundary integral, or bound- 
ary element, method 5 , retains the advantages of the singularity method while avoiding its dis- 
advantages since it is based on an exact relation. Green's identity. This identity for a 
point x belonging to or has the form 5 


<Mx) 


-r, J'ls-s 1 


3n’ 


*<*■) | x-x * | ~ 1 } dS’ 


s b +s r 


(6) 


In conditions of axial symmetry, which we assume, this relation can be simplified by carrying 
out the integration over the azimuthal angle explicitly with the result 


4(x) 


{G(X;X* ) 


r.+r 

b r 


3i(x') 

3n' 


H(x ; x') <(> (x* ) ) ds' 


(7) 


In this equation x and x' belong to a meridian (half) plane passing through the axis of sym- 
metry and Fjj and T r are the traces on this plane of and S r respectively; s' is the arc 
length on these curves r. In the meridian plane we choose a Cartesian system of coordinates 
(r,z), of which the z-axis coincides with the axis of symmetry. Then G,H have the form 

G(r,z;r',z') = ^ 7 - K(m) , H(r,z;r’z') = |~,{ K(m) /A} , ( 8 ) 

ir/A tt 3n 

where A = (r+r') 2 + (z-z') 2 , m=4rr'/A, and K denotes the complete elliptic integral of the 
first kind. 


In the applications to be described in this paper the existence of the rigid boundary is 
accounted for by introducing a system of "image" bubbles. Therefore condition (2) will be 
implicitly satisfied and it is no longer necessary to indicate explicitly the rigid boundary 
S r or F r . Accordingly, we shall not carry these symbols along in the following equations and 
we shall denote simply by f . 


Numerical method 


Since 41 is known on f from the previous time step, Eq.(7) can be regarded as an integral 
equation for 34/3n'. To solve it, we approximate the line T by a polygonal line consisting 
of n segments Tj on each of which 4 and34/3n' are taken constants. (We have also made some 
numerical experiments assuming a linear variation of 4 obtaining virtually identical results) . 
In this way we obtain from (7) a linear system 
n 


I a 

j = 1 


ij 


, i = 1,2, 


,n 


(9) 


where w = 34 (^.)/ 3n' can be 
point of Tj ■’and 

a^ = | G(r i ,z i ;r ’ ,z ' ) ds’ 

r. 

3 


interpreted as the value of the normal velocity at the mid- 
n , 

H(r i ,z i ;r',z’) 4<r’,z’) ds' . (10) 

j 
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Here r ,s^ are to be interpreted as the coordinates of the midpoint ^ of r^. The integrals 
in (10) are performed numerically by a six-point Gaussian formula except for those over rj-Tj 
for which the integrand has an (i-«-egrable) logarithmic singularity. A series expansion in 
the neighborhood of this singularity coupled with Simpson's formula over the rest of the 
interval is used in this case. The elliptic integrals are computed using the simple approxim- 
ate formulae of Ref. 8. The tangential velocity along the bubble surface is computed to the 
same accuracy as the normal velocity as follows 


v( Xi ) 


* ( W - ♦‘ii 1 



( 11 ) 


where x i+1 and are the extrema of the segment r^. The normal and tangential velocities 
computed in this way are then referred to the (r,z) system of coordinates and transported 
by linear interpolation from the midpoints to the extrema of the segments r^. 

At this point Eqs.(3) and (4) can be used to compute the advanced-time values of the 
positions of the vertices of the polygonal line and of the associated velocity potentials. 
For this purpose the following second-order formula is used 
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where t» At / At . and At =t -t . A similar relation is used to compute the new values 
r^, z. of the pos5tlons of x^. TRe possibility of using higher order time integration formu- 
lae of this type is a distinctive advantage of the present method over finite-differences 
ones. This advantage stems from the fact that here it is possible to follow the individual 
trajectories o. r '-he vertices of the polygonal line during the entire calculation. The time 
step used in (12) is adjusted during the calculation so as to prevent excessive variations 
of r^, during a single step. 


Results 


We shall present the results in terms of lengths and times made dimensionless with re- 
spect to Rq, the initial bubble radius, and t^r^, { p/ (P^-Pb) ) 1 . The pressure inside the 

bubble and at infinity have been kept constant in all the examples discussed. 

To test the reliability of the method and of the code we have first of all computed the 
collapse of a single spherical bubble in an unbounded liquid, the well-known Rayleigh prob- 
lem . The calculation started to develop instabilities in the velocity for a bubble radius 
R= 1 .411 x 1 0 -i , radial velocity R=483.7, at time t=0.9162. It is well known that this spher- 
ical collapse is unstable . Therefore, the ability of the code to compute a decrease in rad- 
ius by nearly two orders of magnitude with no smoothing techniques applied and within a max- 
imum 1.8% deviation from sphericity is an indication of an excellent performance. The ana- 
lytical result for the radial velocity for the value of the radius indicated above is 
R®487.4, again in excellent agreement with the numerical result. Finally, the analytical 
value of the total collapse time is t c =0. 91468, in very good agreement with the computed 
value, which practically corresponds to total collapse. 

As a second test we have considered one of the cases studied by Plesset and Chapman 1 .Here 
the bubble collapses in the presence of a plane rigid wall, from which it is separated by a 
distance equal to half the initial radius at t»0. In the calculation the plane was simulated 
by Introducing an image bubble equal and symmetrically located with respect to the real bub- 
ble. By taking advantage of the symmetry of the problem it is possible to maintain the num- 
ber of unknowns in the system (9) equal to the number of segments of tha real bubble. We 
show in Fig.1 the bubble shapes at selected instants (heavy lines) and the trajectories of 
some of the points on the bubble surface (light lines). It is interesting to observe the very 
strong convergence of streamlines in the jet which evolves in the Inter stages of the collapse. 
The shapes of Fig.1 agree with those of Ref.1, but a more stringent comparison is afforded by 
the values of the velocity of the "north pole" of the bubble as computed by us (Fig. 2, upper 
line) and as given in Ref.1 (Fig. 2, open circles) . Although the comparison is good, some minor 
discrepancies exist the origin of which is not clear at the present time. It may be noted how- 
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ever from the shapes published by Plesset and Chapman 1 that some imprecision affects their 
method near the "north pole" of the bubble, where the tangent fails to be zero as it should. 
The lower line of Fig. 2 shows the time development of the velocity of the "south pole" of 
the bubble. 

As a final example we consider the collapse of a system of three equal and equally spaced 
bubbles, with centers on the axis of symmetry. The evolution of the process is shown in Fig. 

3 for initial bubble spacings of 0.5 (left), 0.2 (center), and 0.1 (right). Because of the 
symmetry of this situation only the upper bubble and the upper half of the middle bubble are 
shown in the figure. The collapse of the central bubble is strongly inhibited by that of the 
other two and its "poles" move very little. This effect of course increases with the proxim- 
ity of the bubbles. 

Finally, to give an idea of the computational requirements we present in Table 1 some in- 
formation on the number of segments used (for all the examples this is the number of segments 
in the first quadrant of the (r,z) plane) . the number of time steps, and the CPU needed for 
the calculation on a UNIVAC 1100/8. Note that we have not tried yet to optimize the method 
with respect to time step size and number of segments used. For instance, it is believed that 
the latter quantity, in the cases of Fig. 3, could be reduced substantially without appreci- 
able loss of accuracy. 


Table 1 . Some details on the computation 


Case 

Number of segments 

Number of time steps 

CPU time(mins and secs) 

Rayleigh problem 

16 

105 

T 

7 

Figure 1 

32 

79 

3 

15 

Figure 3, left 

48 

92 

8 

30 

Figure 3, center 

48 

99 

9 

1 2 

Figure 3, right 

48 

100 

9 

7 


Conclusions 


The boundary integral method described in the present study has proven to be a very effi- 
cient and accurate tool for the study of non-spherical bubble dynamics. It makes possible 
extensive investigations of non-spherical bubble behavior at a fraction of the effort and 
cost required by other methods. In addition to its value for specific problems, we think that 
this feature is particularly important in the present state of research in this field because 
in our opinion only numerical experiments can help develop the intuition necessary for fur- 
ther progress. 
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Figure ; . Collapse of an initially spherical bubble in ti e neighborhood of a solid plane 
fro- which it is separated by 0,5 times the initial radius. The shapes shown (heavy lines) 
at t<*0, t*0.950, t=1.010, and t=1.C33. The collapse was completed during the time step 
after the last one shown. Light lines are particle trajectories. 
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Figure 2. Comparison between the velocity of the "north pole" 
of the bubble of Fig. 1 (upper line) and the values given by 
Plesset and Chapman ’ (open circles). The lower line shows the 
velocity of the "south pole". 
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Figure 3. Collapse of three equal and equally spaced bubbles with collinear centers. The process 
is symmetric about the z=0 plane. The initial bubble spacings are 0.5 (left), 0.2 (center), and 0.1 
(right) times the initial radius. The shapes shown are for: A, t=0; B, t=0.950; C, t=1.063; D, 
t-1.105 (left and right), t=1.103 (center); E, t-1.130; F, t-1.135. 
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Abstract 


The determination of the size of oceanic air bubbles produced by whitecaps and wave-brea- 
king is of great importance for predicting the production of liquid aerosols at the sea 
surface. These liquid aerosols are at the origin of most of the particulate materials exchan- 
ged between the ocean and the atmosphere. As no standard measurement techniques are presently 
available, a prototype has been especially designed and built using an optical technique- 
This technique is based on the principle of light scattering at an angle of ninety degrees 
from the incident light beam. The output voltage is a direct function of the bubble diameter. 
Calibration of the probe has been carried out within a range of 300 <,m to 1.2 mm. Bubbles are 
produced by wave-breaking in a large air-sea interaction simulating facility. Experimental 
results are given in the form of size spectrum. 


Introduction 


1 o 

The production of marine aerosols, responsible for the transfer of large quantities (10 
tons fo salt per year) of materials from the ocean to the atmosphere, is governed by the bursting 
ting if air bubbles at the air-sea interface. These air bubbles are produced in bulk sea water 
by wave-breaking. After a variable life-span in water, the bubbles move up to the surface, 

burst and produce either jet drops or f i 1 :a drops or, most commonly, both simultaneously. The 
production of water droplets depends on the size of the generating air bubble. Consequently 
we have to determine the s i ze -d i s t r ibut ion , the concentration and the injection depths of 
this air bubble population in order to be able to predict the production of marine aerosols 
under varying wind conditions. This is of fundamental importance for our physico-chemical 
environment . 


The physical mechanisms of bubble and drop production 

When the wind speed is high enough, the waves become unstable and break. This leads to the 
presence of whitecaps at the sea surface and the penetration of air bubbles into bulk sea wa- 
ter. Although the mechanism by which these bubbles are introduced in water is not yet clear, 
it is thought that their presence might result principally from the three following proces- 
ses : i) the formation of a roller at the wave crest engulfs a certain amount of air which 
is broken up in the water. This leads to the presence of larger bubbles close to the sea 
surface . 

ii) the wave crest produces a p 1 ungi ng -1 ike liquid jet which penetrates the sea water 
and leads to the production of bubbles of various sizes at various depths. 

iii) the two-phase flow roller of the breaking wave slides uown by gravity along the 
wave slope. This gravitational action combined with the horizontal shear stresses produced 

at the base of the roller introduces a large number of air bubbles near the throw of the wave, 
just as in the case of an hydraulic jump . 

The injected bubbles are carried downwards by means of a water flow in one or a combina- 
tion of the above patterns. 

During their life-span in water (see figure I), these air bubbles will be exposed to 
dynamic forces (drift currents, orbital movements), mass exchanges (growth or dissolution) 
and chemical reactions (collection of surfactants at their interface)^. 

Owing to buoyancy forces, these bubbles return to the sea surface and break. This brea- 
king leads to the formation of two families of droplets, the so-called "film drops" and 
"jet drops" 3 * . 


^Research done at the "Institut de Mlcanique Statistique de la Turbulence". Laboratoire asso- 
ci€ au CNRS, University d ' Ai x-Marse i 1 le , 13003 Marseille, France. 
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Film drop* are micronic in size. Their number ia an increasing function of the generating 
bubble diameter. Jet drop* are of a aiae approximate to l/lO of tne diameter of the genera- 
ting bubble and their number i* decreasing function of the aize of the generating bubble. To 
date little ia yet known about theae two function* due to the large number of parameter* 
involved. 

It i* to be noted that the burating phenomenon i* atrongly dependent on the chemical 
compoaition of the interfacial microlayer. 

To aummarize, the production of marine liquid aeroaol* appear* to reault from a "caacade" 
or "chain" process^ a* schematically ahown on Figure 2. 

From the above description it appear* evident that the determination of bubble characte- 
riatics auch as aize, injection depth and concentration, is of a particular importance. 

The measurement o f bubble aize 


To date few investigators have tried to use various techniques to measure oceanic air 
bubble size. An acoustic technique wa* used by Medwin®, a trapping technique by Blanchard and 
Woodcock? and by Kolovayev? and a photographic method was used by Johnson and Cooke^. The 
results of these measurements have been carefully reviewed and compared by Wu'O. The net re- 
sult, however, is that more systematic measurements must be obtained by means of a reliable 
and proven technique. 


After reviewing the various techniques available for detecting bubble size within the 
range SO pm to 5 mm, a local optical probe was selected.^ 


1 - The principle of operation 

The principle of operation of the optical probe i* baaed on the measurement of the light 
flux scattered at an angle of nihety degrees from the incident light beam when a bubble is 
passing through the "sensing" volume. In the diameter range considered, the output signal, 
a direct function of the scattered flux, is proportional to the square of the bubble diameter. 
A simple calibration of the probe permits on* to know the coefficient of proportionality. 

2 - Characteristics of the probe 

The optical probe is schematically represented on Figure 3. The light source is made of 
a 2 mW He - Ne laser tube. The sensing volume, determined by the slit D1 and the diaphragm D2 
approximately cylindrical in shape with a 500 vra diameter and a 300 Urn height (see Figure 4) . 
The light intensity should be uniformly distributed in this sensing volume. This is achieved 
by the presence of the two above-mentioned diaphragms D1 and D2 . 

It is important to mention that it is not the real bubble diameter d which is detected, 
but only the image of these diaphragms through the lenses in the bubble. This leads to an 
apparent diameter kd of the bubble, where k is independent of d and (here) of the order of 
1/20. This enables one to measure bubbles with a diameter larger than the "sensing" volume. 


The laser source, the optical system, the photoamplifier and its associated electronics 
are gathered in a parallelepi pedic waterproof stainless steel case of 5 cm x 10 cm x 30 cm 
(see Figure 4). A more detailed description of the probe is given by Avellan'l. 


3 - Calibration of the probe 

As mentioned above, calibration of the probe is necessary in order to convert the output 
signal voltage into bubble diameter. For this calibration, bubbles of a given and uniform 
diameter are produced by means of capillary glass-tubes in a unit especially built for this 
purpose (see Figure 5). 

Special care was given so that the bubble completely crofted the "sensing" volume. A few 
thousand bubbles were so produced, their number carefully re rded and the total volume of 
air measured with a calibrated glass tube. It was then possible to relate the output voltage 
to bubble diameter. This was done for four different bubble sizes and, as expected, the out- 
put voltage is directly proportional to the square of the bubble diameter (see Figure 6). 

Experimental results 


I - Data recording conditions and anticipated errors 
Measurements were digitally recorded on magnetic discs and tapes through an analog to 
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digital converter combined with a mini-computer. In order to record only tne preaence of bub- 
blea paaaing through the aenaing volume of the probe, an hardware voltage amplitude thresh- 
old system was designed. 

Side effect errors are possible when a bubble is only partially detected by the sensing 
volume. This error is an increasing function of the ratio of the bubble volume (based on 
the diameter kd) to the "sensing'"volume . lu a first approximation this error was neglected 
(the maximum value of kd being * ^ x 500 » 25 it m is to be compared with the 300 pm/500 pm 
dimensions of t 
ped by Avellan 

The error due the simultaneous passage of more than one bubble in the detecting volume 
V has .tlso been disregarded. The concentration is so small that the probability of finding 
more than one bubble at tie same time in the volume V is very low. 

2 - Experimental conditions 

Experiments were carried out in the large air-sea interaction facility of the "Institut 
de Mecanique Statistique de la Turbulence" (I. M. S. T. , Marseille, France) 1 ?. Breaking 
waves were produced by both wind blowing (at lAm/s) and a wave generator. The probe was com- 
pletely immersed in the water to a depth of few centimeters below the throw of the wave. 

Data were recorded during a three hour period. Approximately 500 bubbles were detected. 

3 - Bubble size distribution 


Ip ^ sensing volume)t u A more complete stetistical derivation has been develo- 


Voltage histogram and bubble size distribution are shown in Figure 7 and 8 respectively. 
They are normalized by the exact total number of bubbles detected, 517, and by the voltage 
window widtn, 156 mv. On the bubble size spectrum, cinfidence intervals have been reported. 
On the voltage histogram, larger bubbles, corresponding to values of voltage larger than 
8 volts, were not taken into account as the photomultiplier gain was purposely limited. 

Discuss ion and Conclusions 


These preliminary results show that such an optical probe can be used with success to 
determine the size spectra of oceanic air bubbles entrained in sea-water by wave-breaking. 

The first obvious observation is that very large confidence intervals exist in the data 
plot. This is due to the overly small detecting volume for a two-phase flow configuration 
with a very small concentration of bubbles. If it looks advisable to limit, even to reduce, 
the recording time, it is then necessary to increase the detecting volume widely. With such 
a configuration, a factor of 1000 times larger for this volume, i. e. of 10 on the linear 
sizes would be suitable. This would allow ones not only to decrease the duration of the ex- 
periment and to limit the statistical uncertainties but would also drastically decrease the 
side effect error. In return, the coincidence effect could be increased, but could be easily 
token into account during data processing. 

It would also seem necessary to improve the resolution of the probe towards the smaller 
diameters, e. g. less than 200 ym. This is presently being done by replacing the hardware 
voltage threshold system by a software one and by increasing the sensitivity of the photo- 
amplifier. The software data acquisition control also allows one to record the time intervals 
between bubble appearance in the "sensing volume" which subsequently gives more information 
one the two-phase flow configuration. 

Thanks to this first set of experimental results presented above, new additional experi- 
ments have been performed with the benefit of tuch improvements as on the probe characteris- 
tics and the data treatment. They were performed in the same simulating facility applying 
various wind conditions at various depths. They are presently under processing. 
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Figure 1. Schematic repreaentatlon of the 
air-aea particulate exchanges. 
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Figure 2. Physical mechanisms for the 
production of marine liquid 
aerosols . 
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Abstract 


The refilling of propellant tanks while in a low-gravity environnent requires that en- 
trapped vapor bubbles be collapsed by increasing the systen pressure. Tests were per- 
formed to verify the mechanism of collapse for these large vapor bubbles with the thermo- 
dynamic conditions, geometry, and boundary conditions being those applicable to propellant 
storage systems. For these conditions it was found that conduction heat transfer deter- 
mined the co’ apse rate, with the specific bubble geometry having a significant influence. 


Introduction 


The capability of refilling the storage tanks for liquid propulsion systems while a 
spacecraft is in earth orbit will yield a number of benefits. With refillino, the life of 
a spacecraft can be extended or a space-based vehicle could be reused for rumerous mis- 
sions. Methods of refilling a propellant tank while in low-qravity are currently being 
developed. This paper considers one aspect of tank refilling: the collapse of vapor bub- 

bles that may become entrapped within the tank during filling. 


Expulsion of liquid propellants from a tank under low-gravity conditions requires some 
means of ensuring that only liquid will be supplied to the engine. Capillary propellant 
management devices, using fine-mesh screen to orient liquid and exclude gas are the likely 
choice for the expulsion system, especially for cryogenic propellant applications. These 
devices are now being sed for propellant expulsion on the Space Shuttle 1 and various 
communications satellites. In one configuration, the fine-mesh screen is used on channels 
mout jd near the tank wall and encircling the tank. These channels form a flow passage 
from the bulk liquid, regardless of its orientation, to the tank outlet. Liquid flows 
through the screen in preference to gas, due to the capillary pressure differential devel- 
oped at the pores of the screen. 


During the filling of the tank, vapor bubbles can be entrapped within the channels of 
the capillary device if the screen becomes wetted before the vapor can escape. Vapor can- 
not be permitted to remain within the channels of the device since it could cause dryout 
of the screen and failure of the ability of the device to expel qas-free liquid. Such va- 
por bubbles can be eliminated by pressurising the tank, making the liquid subcooled with 
respect to the vapor pressure and causinq the vapor to condense. Collapse of the vapor 
bubble must occur within a reasonable length of time (preferably minutes) so that the re- 
filling process can be completed and the subsequent mission for the spacecraft begun. 


A survey of the analytical and experimental investigations of bubble collapse can be 
found in reference 2. Of the work surveyed, that of Florschuetz and Chao3 seems the 
most comprehensive. It defines the regimes in which inertia, heat transfer, or both mech- 
anisms determine the bubble collapse rate. For the case of heat transfer controlled col- 
lapse (of interest here) Florschuetz and Chao consider a solution based on the Plesset- 
Zwick temperature integral 4 to be an uDper bound for the bubble size versus time curve 
and their "plane interface" solution to be an "approximate lower limit". However, 
Prisnyakov 5 obtained a solution that "gives better agreement with experiments" and pre- 
dicts a faster rate of collapse. Likewise, the analysis of Theofanous 2 predicts a fas- 
ter collapse rate than Florschuetz and '"-so and "improvements in the agreement are noted" 
when non-equilibrium effects were consi :• .ed. 
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In applying any of the above theories to predict collapse tines durinq tank refilling 
there are two concerns. One is that the collapse tine for bubbles with volunes on the 
order of 100 cm 3 is desired, while the above theories have only been verified with tests 
of bubbles on the order of 1 c* 3 . The second concern is that bubbles in contact with 
the inside walls of the channels will be elongated in shape, while the existing theorv is 
applicable only to spherical bubbles. An analytical and experinental investiaation was 
therefore perforned to deternine the influence of bubble size and shape on the collapse 
tine. 


Analysis 


Florschuetz and Chao 3 define a dinensionless paraneter, B e ff, to classify the node 
of bubble collapse. For values of B t ff less than 0.0S heat transfer controls the col- 
lapse while values greater than 10 indicate inertia controls. An intermediate case exists 
between these values. The parameter is defined as 


B 


eff 



( 1 ) 


(A list of symbols can be found at the end of this paper.) 

Values of B e ff were calculated for typical conditions in a propellant tank and the range 


of conditions planned for the experinents, an 
is nuch less than 0.05 (on the order of 10“ 5 ) 
trol the rate of bubble collapse. 


The configuraton of the bubble within the 
channel is as shown in Figure 1. Both 
screen and sheet metal surround the bubble 
on four sides with a vapor -liquid interface 
at each end. Under low-g conditions the 
liquid interface will have curvature, but a 
flat interface has been assumed here to sim- 
plify the analysis. It was assumed that the 
vapor bubble and liquid are initially in 
equilibrium and then the system pressure is 
instantaneously increased by some amount. 

The increase in pressure increases the sat- 
uration temperature of the vapor above the 
liquid temperature. This change in the 
thermodynamic condition results in condensa- 
tion of the vapor and collapse of the 
bubble. 


The change in the volume of the vapor 
bubble is dependent on the rate at which 
vapor condenses. 


dV - i- dm (2) 

p v 


it was established that in all cases B e ff 
indicating that heat transfer will con- 



figure 1. Bubble Geometry 


The rate of condensation is dependent upon the rate at which heat is transferred t;om the 
vapor to the surrounding liquid. 


dm 



(3) 
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o 


Therefore 


dv 




(«> 


The greater saturation temperature causes the vapor to condense on the liquid, creating 
a liquid tilm that is at the saturation tenperature. Condensation continues based on the 
rate at which this heat can be conducted into the liquid. Convection heat transfer is 
negligible since the vapor tenperature remains essentially unchanged during collapse. The 
unsteady heat conauction into a sesi- infinite solid is given by 6 

Q - ^ (5) 


The conductivity is that of the liquid only since the contribution of the thin sheet netal 
and screen has a neglibible effect on the heat transfer rate (this assumption will be dis- 
cussed in more detail later). Then 


dV _ kATdt (6) 

A p L <Waf 
v ' 


which can be reduced to 


4V 

A 


<? 



(7) 


where Ja, the Jacob number, is defined as 


Ja - 


ATCpO' 


Lp„ 


(8) 


Based on the bubble geometry in Figure 1, 


dV - ab dc 


(9) 


and 


A ■ 2ab + 2bc + 2ac 


(10) 


After integration, the following equation is obtained for the collapse of the bubble from 
its initial length (c^) to any final length (Cf) . 


t 


n 

4Ja z a 


ab 

2(a+b) 


In 


(a+b)c f + abj 2 
(»fb)Cj + abj 


(ID 


For complete collapse ot the bubble Cf equals sero. It was assumed that only the length 
of the bubble changes as it collapses, but there would be a transition to a spherical bub- 
ble when the length c approached the channel thickness, a. Based on the assumptions it 
would be expected that this equation would be most applicable to the collapse of larger 
bubbles and be least accurate for the collapse of smaller bubbles and the final stages of 
collapse of any bubble. 
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It is interesting to note that if a spherical bubble geometry is used in solving equation 
(7) , then dV * dr and the time for a bubble to completely collapse from an initial radius 
(rjj is: 


t 


"‘l 

4Ja z a 


(ID 


This is the same result Florschultz and Chao3 obtained for their plane interface so)u- 
tion. Prisnyakov 5 obtained a similar result except that the coefficient was 16 instead 
of 4. 


For a given bubble volume* equations (11) and (12) were used to calculate bubble col- 
lapse times. For larger bubbles the difference in geometry causes the rectangular shaped 
bubble to collapse about four times as fast as a spherical bubble of the same volume. 


Experiments 


In order to verify the analytical model presented in the previous section and to inves- 
tigate the influence of bubble geometry and the channel on bubble collapse, an experimen- 
tal investigation was performed. The approach was to form a bubble within a channel, 
pressurize the container in which the channel was installed and monitor the collapse of 
the bubble. Since a stationary bubble can be formed and confined within the liquid by the 
channel, a one-g test closely represents the low-g conditions. The mechanism of the bub- 
ble collapse, conduction heat transfer, is independent of the g-level and only minor chan- 
ges in the shape of the vapor bubble would be expected in low-g. 


A transparent channel, to permit viewing of the vapor bubble, was fabricated from plas- 
tic. It had an inside cross-section of 2.5 cm by 7.6 cm and was 30.5 cm long. One side 
of the channel (see Figure 2) was a fine mesh screen having a 325 x 2300 (wires per inch 
in warp and shute directions) mesh, Dutch twill weave and an effective pore diameter of 7 
microns. This screen was capable of retaining any size vapor bubble within the channel. 
The channel was installed vertically within a transparent plastic box (Figure 3) . 


Freon 11 (CCI3F) was selected as the test liquid. This Freon has a boiling point of 
23.8°C at 1 atm so vapor bubbles could be easily created under ambient conditions. Liq- 
uid Freon 11 has the following proper ies at 20°C: p « 1.49 gm/cm3, L - 43.1 cal/gm, 

Cp « 0.205 cal/gm°C ana » ■ 2.5 x 10“*m 2 /hr. The saturation curve is linear, 
having a slope of 0.32°K per kPa. 


The test procedure was to fill the channel and container with liquid so the channel was 
completely filled and submerged, excluding all air from the channel. While maintaining 
the container at a higher pressure to inhibit boiling, the channel was vented to form the 
vapor bubble. If necessary, a vapor generator could be used to aid in forming a bubble of 
the desired initial size. The size of the bubble was monitored to ensure that the vapor 
was initially .n equilibrium with the liquid. The initial temperature of the liquid, sys- 
tem pressure and bubble length were recorded. 


A gaseous nitrogen pressurization system connected to the containei was set to give a 
desired increase in system pressure. The valve that applied the pressure increase to the 
container had an opening time that was negligible in comparison to the typical collapse 
times of 1 to 11 seconds. A motion picture camera photographed the bubble collapse. The 
oubble length versus time was measured using a scale on the channel and the frame rate of 
the camera. A total of 99 tests were performed, primarily varying the initial bubble 
length and the amount of pressure increase. 


For data correlation, the analytical model wac adapted to the specific test condi- 
tions. The plasti' walls of the channels influenced the modeling of the heat transfer, 
while the effect .ne screen could be neglected. The plastic was 1.3 cm 
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Figure Channel Model 


Figure 3. Test Apparatus 


tniCK <anu haa a diffusivity ot 4.5 x 10"* m^/hr (twice the value lor the liquid), 
while the screen was 0.064 mm thick and haa a oiftusivity ot 1.5 x 10'2m2/hr (stain- 
less steel). The thermal penetration thickness given by' 


A 

t 


•(fat" 


(13) 


was used to evaluate the relative intiuence of the materials of the test article. For the 
vettical plastic walls the heat conduction occurreo solely within the plastic so the liq- 
uid adjacent to the outside of the channel did not contribute to the heat transfer. The 
screen quicxly reacheu the temperature ot the surrounding liquid due to its thinness and 
high dittu-ivity, so its contribution to conduction perpendicular to its surface was neg- 
ligible. Similarly, heat conduction parallel to the screen was shown to be negligible. 
Therefore, the heat transfer at the surfaces of the bubble were modeled as follows: 


upper surface and 3 vertical sides - unsteady conduction into plastic, and screen sur- 
face and liquid surface - unsteady conduction into liquid 


Equation (5) witn the appropr te values for k and A was used for both cases. 


From tne film data it was established that the collapse of the bubble occurred as a 
rise in the liquid surface, changing only the length of the bubble, until small values of 
bubble length were reached. At bubble lengths less than one centimeter the bubble began 
tc dec. ease in width and during the last stages of collapse the bubble reached a 
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spherical shape and then disappeared. The data correlation concentrated on the initial 
stages of collapse when only the length of the bubble was changing and the major change in 
volume occurred. 


As previously discussed it was established that the screen had a negligible effect on 
the heat transfer into the liquid. However, another potential influence of the screen is 
the effect of its flow resistance on the collapse rate. Liquid must flow through the 
... screen, filling the channel as the vapor condenses. An analysis determined that the pres- 

\ sure drop due to flow at the rate established by the bubble collapse had a negligible ef- 

fect on the pressure of the liquid within the channel. 


Preliminary correlations indicated that the bubble collapsed faster than predicted by 
equation (11) (including the above discussed modifications). Therefore a correlation co- 
efficient, F, was applied to equation (S) for the heat transfer rate, giving a term F* 
in the denominator of equation (11) . It was found that the value of F that best correl- 
ated the collapse time of the bubbles typically ranged from 1.3 to 2.0. Neither the ini- 
tial length of the bubble nor the change in system pressure appeared to have any effect on 
the variation in the value of F. Based on the excellent and more consistent correlation 
obtained for the bubbles having long collapoe times, a value of 1.4 for F was selected as 
giving the best fit. This means that the coefficient in equation (11) is increased to 8, 
placing the value midway between that of Florschuetz and Chao3 with a coefficient of 4 
and PrisnyakovS with a coefficient of 16. 


Figure 4 is an example of the correlation of a test in which the bubble had a long col- 
lapse time. A very close match between the calculated and measured collapse rate was ob- 
tained over the latter 10 seconds of the test. During the first 1.5 seconds of the test 
the bubble collapsed at a slower rate than predicted. This initial difference in the cal- 
culated and measured collapse rate becomes more evident in the shorter duration tests 
shown in Figures S and 6. Changing the heat transfer rate (through F) only changed the 
point at which the curves for the calculated and measured collapse rate intersected and 
did not improve the match of their slopes. 




Figure 4. Correlation of Bubble Collapse, 
Long Collapse Time 


Figure 5. Correlation of Bubble Collapse 
Intermediate Collapse Time 
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Figure o. Correlation of Bubble Collapse, 
Short Collapse Time 



Figure 7. Collapse of Hydrogen Vapor Bubbles, 


Conclusions 


An analytical and experimental investigation of the collapse of a large vapor bubble 
inside of a channel has established that conduction heat transfer is the primary mechanism 
of collapse for the conditions of interest. It was found that the elonoated shape of the 
bubble decreased the collapse time in comparison to a spherical bubble of the same vol- 
ume. An analytical model, based on conduction heat transfer to the surrounding liguid, 
gave excellent correlation of those tests having a longer collapse time (o»io seconds). 


It appears that there are two stages to the bubble collapse, based on the tests per- 
formed here. In the initial stage, lasting about 1.5 seconds, the rate of collapse was 
less than predicted by the heat transfer model. Apparently the inertia of the liquid, 
flowing into the channel through the screen to replace the condensed vapor, reduced the 
initial collapse rate. This effect made the correlation of the shorter duration tests 
less accurate. 


During the later stage of collapse the rate was greater than predicted by the heat 
transfer model. This deficiency was corrected by the correlation coefficient which resul- 
ted in matching of the rates and times of collapse during that stage. This difference is 
typical of the variation noted in other bubble collapse analyses, as discussed in the in- 
troduction. When the collapse time is long, the influence of the initial phase became in- 
significant and the heat transfer model accurately predicted the collapse time. 

A correlation coefficient of 1.4 was selected as giving the best fit to all the data. 
Based on the data, the following equation will accurately predict the lonqer collapse 
times and it will predict too long a time for short collaps? periods. 


. ab 

8Ja 2 a j^(a+b> (a+b)c i + 


* 


(14) 


193 


When this equation is used to predict the collapse time of hydrogen vapor bubbles the 
result shown in Figure 7 is obtained. The saturation curve for hvdroaen is non-linear and 
the change in saturation temperature with pressure becomes small at pressures above 100 
kPa. For example, at 100 kPa a 50 kPa change in pressure causes the saturation tempera- 
ture to change by only 1.5°K. Collapse times of many minutes, or even hours, are possi- 
ble with hydrogen. Hydrogen presents a "worst-case" in comparison to other propellants 
for the problem of collapsing entrapped vapor bubbles during tank refill. 


In comparison to the collapse time for a spherical bubble (based on Ref. 3), equation 
(14) yields a collapse time for an equal volume bubble in a channel that is about 10 times 
less. At these low collapse rates inertia effects should be negligible, so the assump- 
tions applicable to equation (14) are justified for this application and reasonably accur- 
ate predictions of the collapse time should be expected. 

List of Symbols 


A area 


a,b,c 

bubble dimensions 


B eff 

dimensionless group 


C P 

specific heat of liquid 


F 

correlation coefficient 


Ja 

Jacob number 


k 

thermal conductivity of liquid 


L 

heat of vaporization 


m 

mass 


AP 

difference between system pressure 

and vapor pressure 

Q 

rate of heat transfer 


r 

bubble radius 


t 

time 


AT 

difference between vapor saturation 

temperature and 1 


temperature 
V volume 

a thermal diffusivity of liquid 

P liquid density 

p w vapor density 

P v average vapor density 

4 > temperature difference correction factor (see Ref. 3) 

j thermal penetration thickness 
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A New Droplet Generator 
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A new droplet generator developed for laboratory use at NAE is described. A loud speaker 
driven extractor needle is immersed in a pendant drop. Pulsing the speaker extracts the 
needle forming a fluid ligament which will decay into a droplet. The droplets are sized by 
stroboscopic photographs. The droplet's size can be changed by varying the amplitude of the 
speaker pulses and the extractor needle diameter. The mechanism of droplet formation is 
discussed and photographs of ligament decay are presented. The droplet generator works well 
on both oil and water based pesticide formulations. Current applications and results are 
discussed . 


Introduction 

The NAE Droplet Generator is a device designed to produce and photographically record for 
subsequent sizing discrete droplets in a laboratory environment. It is also a useful 
instrument for observing the breakup or collapse of fluid ligaments. 

Desc r iption of t he Droplet Generator 

The droplet generator consists of a pendant drop generator, a droplet extractor, a photo- 
graphic recording system and an electronic control system (Fig. 1) . 

Pendant Drop Generator 

The source of fluid for the droplets is a pendant drop. A syringe pump drives a hypo- 
dermic syringe to supply fluid to a central port in a 6.35 millimeter (mm) diameter horizon- 
tal disc. It collects on this disc to form a pendant drop. The pendant drop is in the 
order of 10 6 times the size of the droplets produced and therefore the syringe pump does not 
need to be operated while generating droplets. 

Droplet Extractor 

The droplet extractor consists of a horizontal extractor needle which is connected by a 
drive shaft to the cone of an audio speaker. The needle drive shaft is supported in a bear- 
ing to maintain consistent needle tracking. By controlling the polarity and amplitude of 
electrical pulses to the speaker, the tip of the extractor needle can be driven into or 
pulled out of the pendant drop. Any audio speaker capable of taking continuous direct 
current loads and producing large cone deflections could be used. The speaker currently 
being used is a 25 watt 8 inch diameter speaker. With positive and negative pulses of 8 
volts (6.5 watts), it produces an extractor needle movement of ±4.23 mm (Fig. 2). 

Power for the speaker is supplied by a dual variable voltage power supply. One half of 
the power supply provides the positive pulses to immerse the needle in the pendant drop 
while the other half provides the negative pulses to extract the needle. A conventional 
multimeter is used to set the amplitude of the pulses accurately. 

The extractor needles are removable from the needle drive shaft and needles of various 
diameters, ranging in size from 98 microns (pm) to 700pm, have been used. 

Photographic Recording System 

The droplet generator includes a photographic recording system to record photographic 
images of the droplets for subsequent sizing. The camera being used with the droplet gener- 
ator is a conventional 35 mm Pentax Spotmatic with a motor drive film advance and a remotely 
operated shutter attachment. Since the droplets being photographed are small, considerable 
photographic magnification is required before they can be accurately sized. This require- 
ment is met by using a 38 mm microscope objective lens in lieu of the conventional photo- 
optics and it is mounted on an appropriate extender tube to achieve a magnification of 10. 

The formation of a droplet is a dynamic event and short photo exposures are required to 
obtain sharp droplet images. In addition there is a requirement for a high light level due 
to the extender tube. A strobotac and a stroboslave, operating in a single flash mode have 
been adequate. The strobes are aligned to bounce light off a white backdrop and provide a 
3 microsecond (nsec) exposure. 

Droplet Generator Con t roller 

The controller was developed specifically for the NAE Droplet Generator and its function 
is to control and sequence all the events associated with generating and photo-recording a 
droplet (Fig. 3). It can be operated in a "single droplet" mode or in a "continuous" mode 



generating droplets at various preset rates of up to 3 droplets per second. The portion of 
the controller which operates the strobe lights contains an adjustable digital delay timer 
(1000 50 usee steps) to operate the lights at the appropriate instant. 


Operation of the NAE Droplet Generator 
Adjusting the Extractor Needle Position 

The criterion used to set the extractor needle position relative to the pendant drop is 
an arbitrary one but one which has provided consistent results. The needle is positioned 
vertically 1.0 mm below the pendant drop base so that it will enter the relatively flat 
side of the drop. It is positioned laterally so that the tip of the needle will be centered 
in the pendant drop when a full amplitude (8 volt) "IN" pulse is applied to the speaker. 

Generating Droplets 

For any given extractor needle a range of droplet sizes may be generated by varying the 
amplitude of the "IN" and "OUT" pulses to the speaker. The range of droplet sizes (Fig. 4) 
which can be expected is 


where D d - diameter of the droplet 

D - diameter of the extractor needle 
n 

The time required to form a droplet varies considerably with changes in the "IN" and 
"OUT" pulse amplitudes and the delay timer must be set to photo record at the appropriate 
time. 


Applications of the Droplet Generator 

The NAE Droplet Generator was developed specifically for biological applications. It is 
being used as a calibration tool in assessing aerial spray deposits and to treat insect 
larvae with specific dosages of pesticide. The droplet generator also appears to be suitable 
for studies on liquid ligament breakup or collapse. 

Spread Factor Calibrations 

For aerial spraying, it is customary to place sampling cards in the area to collect a 
sample of the pesticide. The cards retain the stains produced by the droplets and for sub- 
sequent pesticide accounting it is necessary to know the relationship between the size of 
the stain and the droplet that produced it. The droplet generator is used to produce and 
size droplets of the appropriate pesticide. The droplets are collected on sampling cards 
and the stains are sized by the NAE Flying Spot Scanner Analyzer. The computer outputs for 
the droplet and stain sizes are combined to produce a mathematical relationship between the 
size of a droplet ar.d the size of the stain it will produce on a particular type of sampling 
surface. The mathematical relationships developed are typically 


where D d - droplet diameter (pm) 

D - stain diameter (pm) 
s 

C - a constant 
b - the slope of the curve 

The slope confidence at the 90% interval is typically ±0.3% 

Dispensing Minute Quantities of Fluid 

The droplet generator can be used as a tool to dispense minute quantities of fluid (i.e. 
in the order of 10 - * microlitres) . It has been used to treat Bpruce budworm larvae with 
specific dosages of pesticide to determine required spray parameters for adequate insect 
control. 

Studying Ligament Collapse 

Figures 5, 6 and 7 are a series of photographs showing the formation of droplets. The 
process of forming a ligmament and its collapse to form a droplet is extremely consistent. 
These photographic series are not high speed movies; they are, in each case, 20 photographs 
of 20 different droplets. In each case the photo exposure has been delayed by the time 
shown on each photograph. 

Figures 5 and 7 show that with different combinations of "IN" and "OUT" pulse amplitudes 
the ligament may break free at one end first. In Figure 5 it breaks free from the needle 
first and the needle end of the ligament starts collapsing to form the droplet. This 
portion of the ligament starts moving towards the pendant drop. When the pendant drop end 
of the ligament finally breaks free, it too starts collapsing to form a droplet and this 
portion of the ligament moves away from the pendant drop. Since the needle end of the 
lxgament started forming a droplet first, its mass is greater than the other portion of the 
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ligament and the resulting dro let has a horizontal velocity towards the pendant drop. 

Figure 7 shows the ligament breaking free from the pendant drop first and the resulting 
droplet is given a horizontal velocity away from the pendant droplet. 

Figure 5 also shows that if the droplet contacts the pendant drop, both the droplet and 
the pendant drop distort but the droplet will bounce free from the elastic pendant drop 
surface. Figure 7 is an example of the droplet having sufficient horizontal velocity to 
overtake the extractor needle. Although the extractor needle is covered with fluid it can- 
not distort as the pendant drop did and the droplet is "captured" by the needle. 

Figure 6 shows another phenomenon which is evident, to lesser degrees, in Figures 5 and 7 
namely, the instability of a cylindrical liquid jet or ligament. In Figures 5 and 7 there i 
evidence that the ligament was trying to break up; however, each ligament did collapse into 
a discrete droplet before the break up could occur. In Figure 6 the separation of the liga- 
ment was delayed and the ligament did break up before it could collapse to form a single 
droplet . 

These 3 figures show that varying the amplitude of the "IN" and "OUT" pulses varies the 
droplet formation process as well as the droplet size. 

Results with the Droplet Generator 

Droplet Sizes Produced 

The parameters which hav~ a significant effect on the size of the droplets are: 

- The diameter of the extractor needle 

- The amplitude of the "IN" pulse to the speaker (i.e. the immersion 
depth of the needle in the pendant drop) 

- The amplitude of the "OUT" ^ulse to the speaker (i.e. the velocity 
at which the needle is extracted from the pendant drop) . 

The viscosity of the fluid has very little eff 't on the size of the droplets produced. 

Using extractor needles ranging from 98 pm to 700 pm has produced droplets ranging in 
size from 30 pm to 800 pm. 

Droplet Size Consistency 

Current applications of the NAE Droplet Generator have required the sizing of discrete 
droplets and the consistency of the droplet sizes has been of minor interest. Some tests 
have been carried out to determine the size consistency of the droplets and typical results 
are listed in Table 1. 


TABLE 1 


Droglet^Jize^Cons^stenc^ 


Number of droplets sized 

24 

Mean drop diameter 

179.34 pm 

Range 

5.3 pm 

Standard deviation 

1.20 pm 


Accuracy of Droplet Sizing 

The source of errors in sizing droplets and their estimated magnitude are listed in 
Table 2 . 


TABLE 2 

Errors in D r oplet 3 i zing 


Source o' Error 

Magnitude of Error 

Photographic magnification 

i 0.38% 

Lens resolution 

t 0.9 pm 

Film resolution 

i 1. pm 

Measuring ccuracy 

t 0.1 pm 


Tests to determine the error due to the sum of the last three items in Table 2 indicate an 
error of slightly over ± 1. m. 

Figure 8 shows the optical layout for the droplet generator. An error in the distance 
from the lens to the droplet would induce a magnification error; however the optical depth 
of field is very limited and droplets which are off the focal plane sufficiently to produce 
a 0.38% error create a very badly out of focus image. If out of focus droplet images are 
deleted then the magnification error will be less than 0.38 percent. 
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SUMMARY 

The NAE Droplet Generator is a device which will produce discrete droplets with fluids 
of various viscosities (i.e. heavy fuel oils or water). It has been used to generate drop- 
lets ranging in size from 30 um to 800 um. Images of the droplets produced are photograph- 
ically recorded and can subsequently be sized to * 1.5 um. Once the generator has been set 
to generate a specific size of droplet it will continue to produce droplets with a standard 
deviation of less than 1%. 

The consistency of the droplet formation process also r ’ the generator a suitable 
instrument for observing fluid ligament break up or collapse. 


Figure 1: N A E droplet generctor 
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Figure 2: Pendant drop and droplet extractor 
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Figure 3: Droplet generator timing sequence 


199 














i 1 

1 

• » 

M-J m 

' * 
fr*0 “ 

■ - * 


|^jk_ 

P* 


m 

r * 


V ~ * 


4 
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Non-axisymmetric shapes of a rotating drop in an immisci.ble system 

T. G. Hang, R. Tagg, L. Camroack, and A. Croonguist 
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4 fa 00 Oak Grove Drive 
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Abstract 

The non-axisymmetric shapes of a rotating drop in an immiscible system have been studied. 
Five basic families of shapes (axisymmetric, two-lobed, three-lobed, four-lobed, and 
toroidal) have been observed. The sequence (axisymmetric -*• two-lobed -*• three-lobed ■* 
four-lobed -*■ toroidal) seems to be linked to increasing spin-up velocity. For the axisym- 
metric case, direct comparisons of experiments with the theory of a free rotating drop were 
surprisingly good — the equatorial area differs from theory by only 30%. Furthermore, the 
non-axisymmetric shapes are in good qualitative agreement with the theory, although the 
theory does not address the presence of an outer fluid. 

Introduction 


This paper describes the investigations of the dynamics of a rotating liquid mass under 
the influence of surface tension. 

A large (•vlS-cc) viscous liquid drop is formed around a disc and shaft in a tank contain- 
ing a much less viscous mixture having the same density as the drop. This supporting 
liquid and the drop are immiscible. If the shaft and disc were not present, the drop would 
float freely in the surrounding medium and assume the shape of a sphere. Hith the drop 
attached and initially centered about the disc, the shaft and disc are set into rotation 
almost impulsively, reaching a final steady angular velocity within one-half to two revolu- 
tions. The drop deforms under rotation and develops into a variety of shapes depending on 
the shaft velocity. The process of spin-up, development, and decay (or fracture) to some 
final shape was common to all runs. 

In this system, gravity is diminished at the expense of introducing a supporting liquid 
which is viscous and which may be entrained by the motion of the drop, thereby allowing 
angular momentum to be transferred from the drop. Nevertheless, comparison of this experi- 
ment's results to the theory of free rotating liquid drops is prompted by the fact that 
several novel families of drop shapes have been observed. 

It is important to recognize that existing theory deals mainly with equilibrium shapes 
and their stability, while the drop in this experiment is undergoing a far more complicated 
process. The shape of a liquid drop spun on a shaft and supported by another liquid is 
very much a dynamical problem. A proper understanding of the results will only come with a 
dynamical analysis which succeeds in explaining the growth and decay with time of the 
various drop shapes. 


Theory 

The theory of the equilibrium shapes of rotating fluids began with investigations by 
Newton on the shape of the rotating earth, and the extensive theory that ensued was that of 
a free fluid held together by self-gravitation. An equilibrium figure for rotating liquid 
drops held together by surface tension was not demonstrated until more than seventy years 
later when Rayleigh' 1 ’ investigated droplets symmetric about the rotation axis (see also (3 
Appell' 21 ). The stability of the simple axisymmetric shapes awaited study by Chandrasekhar . 

Swiatecki^ 4 ) fits the problem of a liquid drop held together by surface tension into a 
broader scheme in which fluid masses may, in addition to having surface tension, be self- 
gravitating and/or posses a uniform density of electric charge. The astrophysical problem 
of the stability of rotating, self-gravitating stellar masses, and the problem of the 
fi ssionability of rotating, uniformly-charged "liquid drop" nuclei in nuclear physics, are 
thus unified with the problem of equilibrium shapes and stability of ordinary liquid drops. 

Confining discussion to the case of surface tension forces only, it it necessary to de- 
fine some of the parameters used to describe a free liquid drop in solid body rotation. 

The "free" drop is actually assumed to be contained within another fluid (for example, an 
atmosphere of gas) which rotates at th_* same angular velocity. The drop has density p D and 
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rotates with angular velocity Q. The outer fluid has density The equilibrium shape 

of the drop must satisfy the equation ' E ) 

1 2 2 

ap Q + j ap Si rj =o v*n, (1) 

subject to the constraint that the drop have a fixed volume. Ap o iP D - P Fq is the dif- 
ference in pressures on the axis of rotation inside and outside “the “drop, Ap = p d - p p 
is the density difference, r, is the radius perpendicular to the axis of rotation and 
extending to the drop's surface, o is the interfacial tension, and n is normal tothe surface 
(-1/2 v*n is the local mean curvature). 

If the density difference Ap is zero, the effect of rotation (i.e., the centrifugal term 
(1/2) apfi 2 r j 2 ) is completely removed and the shape satisfying Equation (1) would be a per- 
fect sphere. In this experiment, however, the drop was rotated differentially with respect 
to the outer fluid, giving rise to the analogous centrifugal term (1/2) p (an) 2 r l 2 ; this 
approach must suffer the effects of viscous drag and entrainment of the outer fluid. Some 
basis for comparison with the "free'' drop system is preserved by making the outer fluid two 
orders of magnitude less viscous than the drop, and the exoerimental time short. Thus, a 
minimum amount of angular momentum transfers across the interface during the critical part 
of the experiment. 

Returning to the free drop theory: Brown ^ rewrites Equation (1) in a dimensionless 
form 

Ha = K + 2 Z 

o 

wnere H = 1/27-n is the local mean curvature, a 0 is the .radius of a sphere having the same 
volume as the drop, and the parameters I and K are the rotational bond number and dimen- 
sionless reference- pressure defined by: 


z 


K 


Tne axisymmetric and non-axisymmetnc 
represented by a plot of the normalized equatorial area against Z . (Figure 1) . 
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sequences excluding toroidal shapes may also be 




Figure 1. Calculated Equilibrium Shapes (from data reported bv 

Brown(^, supplemented by Chandrasekhar ( 3; and Rossi?)). 
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Experiment 

The immiscible tank (see Figure 2) in which the drop is buoyantly supported and rotated 
consists of a Lucite cylinder which in turn is contained in a cubical outer tank. Cylin- 
drical symmetry about the axis of rotation is thus obtained while lens-like distortion of 
the drop inside the cylindrical tank is minimized by the parallel-sided geometry of the 
outer tank and the water circulating between it and the inner tank. 

The circulating water is pumped into the system from a constant-temperature bath with a 
15-liter capacity. By this means we are able to control the temperature of the system to 
within .01°C or better, such control is one of the most critical factors in the performance 
of the experiment. 

The fluids we used in this experiment are silicone oil (Dow Corning 200,100 
centistoke) for the drop, and a 3 to 1 water/methanol mixture for the host. The physical 
properties of the mixture are highly dependent on the temperature. Therefore, the equili- 
brium positions of the drop are extremely sensitive to the temperature gradient as shown in 
Figure 3. 
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Figure 2. Immiscible System Apparatus 



Figure 3. Temperature Profile of the Neutral Buoyancy 
Tank (Measurements made by Tom Chuh) . 





The shapes of rotating spheroids and the fluid flows are recorded on a camera (Milliken 
DBM-55) and digitized on a Vanguard Motion Analyzer. The flow visualization for inside the 
drop is accomplished by forming tracer particles out of the water/methanol mixture of dif- 
ferent densities and vice versa for flow outside the drop. 

Results and Discussion 
(7 8) 

Five basic families of shapes are observed. ' They are axisymmetric, two-lobed, 
three-lobed, four-lobed, and toroidal. Additionally , the off-axis single lobe is the final 
shape for all experimental runs except those in which the drop undergoes fracture. These 
shapes are shown in Figures 4-10. 

Apart from the axisymmetric shapes at slow rotation rates, the three-lobed family was 
the easiest to obtain. This fact was due in part to the particular drop volumes and shaft 
dimensions used in this experiment. The ease with which three-lobed shapes are generated 
is nevertheless remarkable; even in an early, very crude 1/4-scale version of the experi- 
ment, three-lobed shapes were readily obtained. 

Two-lobed shapes, which develop for slower shaft velocities. (<2 rps) , may be harder to 
obtain because tile decay processes which cause the drop to form into an asymmetric single 
lobe may set in before the drop can develop symmetric lobes. Four-lobed shapes, on the 
other hand, are obtained at generally higher shaft velocities (■'•4 rps) than the three-lobed 
shapes; when asymmetries develop in the drop at these angular velocities, fracture usually 
results . 

During the decay of higher non-axisymmetric modes, one-lobe generally rotates faster 
than tne others, eventually catching up and joining with the lobe preceding it. Thus, 
three converge into two and two into one. This is not surprising; the mass of the drop is 

never equally distributed among the lobes; so one lobe is smaller and suffers less drag 

by the surrounding fluid. The presence of drag is immediately apparent from the pinwheel 
appearance of all of the lobed shapes, with the lobes curving backwards against the dir- 
ection of rotation. 

A further effect, attributed to the motion of the outer fluid, appears in many runs in 
which two- and three-lobed shapes are produced; in the course of the drop's development, 
the drop rises and becomes sessile on top of the disc (i.e., it only contacts the upper 
surface of the disc and shaft) . Three-lobes decay to two-lobes which are sessile (Figure 
13) and often persist for many seconds before decaying to a single lobe (also sessile) . 

This rising of the drop occurs even when the level of exact density matching is below the 

disc by, for example, two centimeters. Furthermore, above a rather well-defined shaft vel- 
ocity midway in the range of velocities producing three-lobed shapes, a different effect 
occurs. The three-lobed drop still decays to a two-lobed one but with one lobe above the 
disc and the other below, i.e., the drop is tilted (Figure 14). This appears to be a very 
stable geometry which can persist for minutes. 

Only a few instances of the toroidal shape have been observed with this system. Never- 
theless, striking examples have been photographed of the formation of a torus and its sub- 
sequent highly symmetric fracture into three or four large drops and a corresponding number 
of small satellite drops (Figures 10 through 12) . The sequence (axisymmetric - two lobed - 
three lobed - four lobed - toroidal) seems to be linked to increasing spin-up velocity. 
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Figure 4. Drop At Rest. Note 
internal trace drops and external 
satellite drops. 


Figure 5. Axisynmetric Oblate 
Drop. (Shaft angular velo- 
city =0.8 rps) . 


Figure 6. Axis/mmetrix Biconcave 
Drop (Shaft angular velocity = 1.3 rps) 
drop is still spinning up) 


Figure 7. Two-lobed shape (Shaft 
angular velocity = 1.8 rps). 
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Figure 8. Three- iobed Shape 
(Shaft angular velocity = 2.0 rps) 


Figure 9. Four-lobed Snape 
(Shaft angular velocity = 3.6 rps) 


Figure 10. Torus (Shaft angular 
velocity » 4.8 rps) 


Figure 11. Sreak Up of Torus 
(Shaft is not rotating) 
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The comparisons between the shapes that we observed and the calculations by Brown 
Chandrasekhar' 3 ', and Rossi?) are given in the following section. 

A. Axisynunetric shape 

The quantities which are determined for the axisynunetric shapes are a, the equatorial 
radius of the rotating drop, and Q , the drop's angular velocity. From a the normalized 
cross-sectional area A' - *a J /a 2 is calculated, while fl yields the dimensionless parameter 
t, p is the density of the oil &nd a is the interfacial tension between the oil and mixture. 
a 0 is computed from the calculated drop volume. The experimental axisynunetric values are 
determined from the maximum drop deformation for a given rotation velocity. The experi- 
mental values are presented in Figure 16. As l increases, the axisynunetric shapes become 
less stable with respect to the n«*l perturbation. Thus, no reliable data are available be- 
yond the region where l « 0.4. 



Figure 16. Experimental Results for Slowly Rotating Axisynunetric 3 c 6 
Drops. Theoretical Curve From Free Drop Calculations. ' 
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Figure 17. Angular Velocity Distribution for Three-Lobed Shape; 
•Drop 0.33 rps and ,. shaft « 2.74 rps 
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3. Non-axisymmetric shapes 


Figure 17 shows velocity-profile data fot a three-lobed shape. The existence of shear 
close to the disc is clearly demonstrated. It is also seen, that at a position away from 
the disc where 90 percent of the mass is located, a reasonably constant angular velocity 
exists. It is the measurement of this velocity which serves as value for determining £ 
for a given drop shape. However, the justification of this proc-^ure is likely to break 
down during the initial spin up of the irop. 

» 

Figures 18-20 show graphs of the results of A/a 0 : versus f the drops which developed 
to two-lobed, three-lobed, and four-lobed shapes. 

The direction in which the A’ versus I graphs was trave « . time is indicated on each 

graph. In each run, the drop remains axisymmetric for a tij ior to developing into Its 
lobed shape. 

By looking at the A' -versus-! graphs of the three- and four-lobed runs, it can be seen 
that the curves occupy the same domain. This fact suggests the possibility that bifurcation 
points for the four-lobed and three-lobed shapes are close, and the three-lobed shape is 
more stable. As a result, the three-lobed shape occurred more frequently than the four- 
lobed shape. 

The four-lobed curve of A* versus I has a rebound that is either nonexistent or not as 
profound in the three- and two-lcbcd runs. 

In all runs, the angular momentum increases initially, reaches a peak, and then decreases. 
The shaft angular velocity is r ..istant in the critical region, before and aftar the lobes 
have fully developed. (See F-'.gure 21) . 


CONCLUSIONS 

Shapes of a rotating spheroid, have been observed and recorded in this experiment. These 
include the flattening of slowly rotating drops and the generation of toroidal and lobed 
shapes at higher rotation rates. Using data recorded on movie film, the development and 
decay of the rotating shapes were studied for the first time. The neutrally buoyant tracer 
droplets allowed us to study the dynamics of the behavior, the secondary flow generated by 
the rotation, the interaction between the drop and the host liquid, and the coupling between 
the shaft and disc and the drop. 

For slowly rotating axisymmetric drops, direct comparisons of experiment with the theory 
of a free rotating drop were possible. The agreement was surprisingly good; the qualitative 
shape of the cquatonal-area-versus-Z curves were similar, only differing from theory by 30%. 
This is remarkable because the theory does not address the presence of an outer fluid. The 
generation and study of axisymmetric equilibrium shapes for higher rotation rates is diffi- 
cult, because of the presence of the more stable of f-axis single lobed shape. This mech- 
anism, axisymmetric shapes decay into single looed shape, prohibited us from extracting 
from the data the exact location of the bifurcation points between families of equilibrium 
shapes. 

When generating n > - lobed drops in a controlled manner, prima ily two- and three-lobed 
shapes were obtained. The latter had not been observed before. The study of equilibrium 
configurations of these lobed shapes is made difficult by the presence of the outer fluid; 
as soon as the lobes occur, the interaction between the drop and the hose liquid increases 
significantly and generates large secondary flows. The accelerated transfer of angular 
momentum from the drop in the lobed configurations gives rise to decay routes in which one 
lobe slows ar.d is absorbed by the one trailing it; this process continues until there is 
only an arm left. There were two exceptional types of decay in which either the whole drop 
would lift up (independently of the neutral buoyancy level) and become sessile on the disc, 
or would form a slanted drop; : n both of these two cases, the shapes were very stable and 
lonq-lived. The behavior of lobed shapes was not easily compared to the free drop theory. 

The study of the angular velocities and momenta demonstrated that the development of the 
various lobed shapes takes similar paths, but no evidence was found for the location of 
branch points between axisymmetric and triaxial behavior. 

At present, no framework exists for describing the dynamics of a drop rotating in an- 
other liquid. It is the authors' hope that ti\e various phenomena observed and described 
in the course of this work will stimulate one. 
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Abstract 


Ttoo principal Issues are addressed: the fragmentation of molecular clouds Into units of stellar mass and 

the Impact of star formation on molecular clouds* The observational evidence for fragmentation Is sum- 
marised, and the gravitational Instability described of a uniform spherical cloud collapsing from rest. The 
implications are considered of a finite pressure for the minimum fragment mass that Is attainable In opacity- 
limited fragmentation. The role of magnetic fields Is discussed In resolving the angular momentum problem 
and In making the collapse anisotropic, with notable consequences for fragmentation theory. Interactions 
between fragments are described, with emphasis on the effect of protostellar winds on the ambient cloud 
matter and on inhibiting further star formation. Such Interactions are likely to have profound consequences 
for regulating the rate of star formation and on the energetics and dynamics of molecular clouds. 

I. Introduction 


We are far from understanding star formation. Observations are only beginning to probe the interiors of 
molecular clouds where star birth Is occurring. Thus any attempt to present an overview of molecular clouds 
and star formation Inevitably runs Into Immense gaps In our knowledge. Eventually, far Infrared and milli- 
metre wavelength maps will improve sufficiently to provide a much more coherent physical picture. For now, 
one can only speculate on the most probable processes that will occur and affect cloud evolution. 

Gravitational Instability Is the process that we understand best, and much of the emphasis nere will be on 
describing some of Its ramifications In molecular clouds. There are Important aspects of molecular clouds 
that will not be discussed here. These Include formation and destruction, as well as the trigger mechanism 
by which collapse and star formation Is Initiated. Hy starting point will be a molecular cloud that Is 
undergoing gravitational collapse. One might Imagine that this Is relevant to the cores of cold molecular 
clouds, as well as to clouds that have undergone sudden compression associated with passage of a shock front 
Induced either by a nearby supernova or a collision with another cloud. However my intention is not to des- 
cribe the grand design underlying molecular clouds and star formation, about which one can speculate at great 
length, but to focus on the physics of fragmentation. How do molecular clouds fragment into units of stellar 
mass? What are the observational Indications and implications of fragmentation? These are the Issues to be 
addressed here. 

I commence by discussing the observational evidence for fragmentation In molecular clouds ($11). I then 
review the original argument by Jeans for gravitational Instability, and Indicate how this is modified for a 
uniform spherical cloud collapsing from rest (§111). Effects of finite pressure are considered, and the sig- 
nificance of the minimum Jeans mess for fragmentation is discussed. Next I discuss the role of magnetic 
fields In resolving the angular momentum problem and in making the collapse anisotropic ($IV). The con- 
sequences of anisotropic collapse for fragmentation theory are explored. Interactions between fragments are 
described, with emphasis on the Interaction between newly formed protostars and the ambient cloud matter 
(§V). It Is concluded that this Interaction may have profound consequences for regulating the rate of star 
formation and the energetics .and dynamics of molecular clouds. 

II. Evidence for fragmentation 

Molecular clouds are observed to contain smaller fragments. Cold clouds, such as the Taurus dark cloud, 
contain fragments with masses as small as ~ 1 . The line widths of these fragments are often narrow. In 

some cases consistent with thermal support at T ~ 10K. Asymmetries in the overall profile of the Taurus 
cloud have been Interpreted as evidence for systematic collapse or contraction (Myers 1981). Complexes near 
HII regions, while exhibiting broader line profiles, also contain fragments. At low resolution, such com- 
plexes as that near NGC 2264 contain fragments of ~ 100 within a molecular cloud complex that has upwards 

of ~ 10 s H 3 . One mi®ht Imagine that at higher resolution, finer structure would be seen: some tentative 
evidence for this comes from VLA observations of embedded HII regions (van Gorkom 1981). Evidently, fragmen- 
tation must have occurred Into stellar masses at densities in the range lO^lO 5 cm -3 . 

Indirect evidence that strongly supports this conjecture comes from observations by Blaauw (1978), who 

studied the proper motions of 0 stars In a young expanding association. He found that the 0 star position 
vectors In a given subgroup could be traced back to encompass a minimum volume, which he Identifies with that 
of the cloud out of which they formed. The star density at birth Is about 10 3 pc -3 . An equal mass of gas In 
the same volume would be of mean density 3 x cm" 3 . If there were a factor 10 more gas than stars at the 
formation epoch, as suggested by observations of the younger star formation regions near the Orion molecular 

cloud (Zuckerman and Palmer 1974), one Infers an Initial cloud density of 3 x 10 s cm" 3 , similar to the 
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densities Inferred In cold molecular cloud coree. Rapid dlepereel of thla gee could eccount for Che poeltlve 
energy of che 0 association. 

A eecond piece of lndirecc evidence chac aupporce che occurrence of fragmentation ec deneldea coaperable 
Co Choee obeerved In molecular clouds cones f roe a resolution of Che anguler moment™ problee encouncered In 
Cheorlee of scar foreatlon In Ceres of Che orblcsl angular momentum of wide binary pairs of stars. Magnetic 
braking enforces corotstlon at low densities, but aust become Ineffective at high densities In part because 
the field undergoes eeblpolar diffusion relative to the neutral component. The specific orbltel angular 
■oeentue of wide binaries (with periods < 10^ yr.) can be accounted for If angular momentum conservation 
first becomes effective at densities In the range 10 3 - 10 6 cm -3 (Mouschovlas 1977). Prior to this, corots- 
tlon should apply, with a specific angular momentum appropriate to that of a cloud undergoing differential 
rotation In the galactic gravitational field. 

Additional evidence for this Interpretation comes from two different observations. At least one Isolated 
molecular cloud has recently been found to reveal evidence for undergoing magnetic braking (Goldsmith et al. 
1981). Secondly, the mass function of binary secondaries with periods in the range 10? - 10 6 yr is Indistin- 
guishable from that of field stars, whereas that for shorter period binaries Is much f letter (Abt end Levy 
1976). This supports the viewpoint that such wide binaries formed by capture of field stars, whereas the 
close binaries formed by a different physical process, presinably by fission, that conserved the orbital 
angular momentum appropriate to an early phase of the collapse, presumably when magnetic braking first became 
Ineffective. 

One concludes that fragmentation into stellar mass units almost certainly has occurred at densities 
characteristic of molecular clouds. 

III. Gravitational instability and fragmentation 

It was first demonstrated explicitly by Jeans that an infinite stationary uniform self-gravltatlng medltm 
is susceptible to gravitational Instability. Although Jeans' argument has since been shown to be technically 
Incorrect, it la useful to review the result here. More sophisticated analyses in fact recover an identical 
criterion for instability. One finds that infinitesimal perturbations of the form exp(lut) exp(lkr) grow at 
a rate given by the dispersion relation 


u 2 ■* k 2 ^ 2 - AirCjp . 


Hence perturbations of wavelength exceeding 


X, 5 *L - iv (Gpf 1/2 
J kj • 

are unstable, those with X » Xj growing at a rate ~ [exp(4iGp ) 3 / 2 t]. 

While a similar result holds for any stationary self-gravitating system, the growth rate is drastically 
modified for perturbations of a cloud undergoing systematic collapse or expansion. In this case, the density 
p changes over an initial collapse (or expansion) time, which is also the time scale for the perturbation to 
grow. Consequently, the exponential growth rate changes to a secular growth rate. It is the convection by 
the principal flow of the background collapse that causes this effect. For a spherically symmetric uniform 
system undergoing collapse from rest, the free-fall time is 

tf - (3i/32Gp 0 )‘/ 2 , 

where p 0 is the initial density. The perturbation growth rate is 

S idp/p - 6„ (tf-t)' 1 

in the linear regime, for density perturbations of initial amplitude 4 0 (Hunter 1962). Once d > 1, self- 
gravity becomes important for the fluctuations, and rapid growth ensues as may be demonstrated from an exact 
non-linear solution. However only if the lnital amplitude is sufficiently large can we reasonably expect 
fluctuations to become large and the collapsing cloud to fragment. 

What value Is required for £ 0 In order for fragmentation to occur? Since the density increases in uniform 
spherical collapse as p ■ Po(tf-t) -2 , we infer that fluctuations are large when S ~ 1, or at a time given by 
tf-t ~ 6 0 , just before collapse of the entire cloud at tf. At this instant, the mean density has Increased 
by a factor p/p 0 ■ (tf-t) -2 ■ 4 0 -2 . Hence collapse by a factor lO^ in density Is necessary for perturbations 
of Initial amplitude 6 0 ~ 0.01. 


This estimate assumes that the perturbations are always well above the instantaneous Jeans length. I* 
they are not, growth can be suppressed (Figure 1). It is convenient to Introduce the instantaneous Jes . 
defined by 

M - I. p X 3 - f* 1 *} ** G -3 / 2 o -1 ^ 2 . 
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During the diffuse collapaa phase, tha cloud will remain approximately laotharaal. Ho nee aa tha density lnr 
craaaaa, Hj Mill daeraaaa. A fluctuation that la Initially below tha Jaana aaaa at tha onaat of collapaa 
Mill eventually begin to groM when It flrat overtaken the Jeana aaaa. There la actually a nlnlaua value for 
tha Jeana aaaa, Mhlch effectively occura when the collapaa beeoaaa adiabatic. Thla Inevitably happena at a 
efficiently high coluan denalty, whan radiation trapping occura and cooling la Inhibited. 



Figure 1. The fate of denalty fluctuations In a collapsing cloud. The Jeana aaaa (left ordinate) la shown 
as a function of density for spherical collapse using a silicate grain aodel. It attains a mlnl- 
aua value of ~ 0.007 Kg at a particle denalty of ~ 2 x 10 12 cm -3 . The evolution of the denalty 
contrast (right ordinate) Is Illustrated for a fluctuation containing a aaaa and for one of 

aaaa < M" in but > 

J 

Consider then a fluctuation of wavelength X which only commences to grow at a tine tx well into the col- 
lapse. In other words, at tx , the fluctuation nass Mx first exceeds the Jeans aass. If the density contrast 
at *hla tine Is $x, f ragaentatlon will occur at an epoch ti, say, when the background density has Increased 
by a factor (5/6x) , according to a recent analysis of unlforn spherical collapse (Tohllne 1980). However a 
crucial asaiaptlon is that the collapse reswlna lsotheraal. In other words, p(n) aust not exceed p(t ad ), 
where the epoch at which the collapse first becomes adiabatic la denoted by t ad . Fragmentation will only be 
effective on aaaa scales larger than Mx , since smaller scales will not have separated out by t ad . If their 
density contrast Is small at this stage, the fluctuations will not survive Into the adiabatic collapse phase 
at distinct fragments. The minimum mass fragments to form will have Just become non-linear at t ad . If Hj Bln 
* p (*ad) -1 1 denotes the minimum Jeans mss at t ad , we Infer that 

P(t ad )/p(tx) > p(ti)/p(tx) - ( 5/6 x )* 

and the minimum mass fragment Is 

M* 1 " > ( 5/« a ) M^ 1 ". 

This simple result leads to a considerable difficulty In understanding star formation. In addition to the 
fact that collapae by a density enhancement factor of about 10 s la required for fluctuations of amplitude 1 
percent from the Instant that they are first Jeana unstable, the minimum fragment mass becomss uncomfortably 
large. To see how thla arises, let us briefly review the opacity-limited fragmentation argument that defines 
Mj«". 

The time evolution of a volume element In the uniform spherically collapsing cloud la defined by a locus 
In the temperature-density plane. Tha condition that the volume element be able to freely radiate away Its 
thermal energy aa It la compressed and Its Internal energy Increases defines a relation between T and p that 
Initially la almost Isothermal: T« p 1 ' 8 la actually found to apply (Silk 1977a). Since tha Jeana mass can 

be written 

Mj * constant (p/p v ^ ) 3 , 
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•nd the equation of atate Inferred for optically thin uniform spherical collapse Is p * p 378 , one sees that 

the Jeans mass decreases as Nj « p- 5 ' lb . For exactly Isothermal collapse, one would have Mj « p _l / 2 . 

At sufficiently high density, Inhibition of cooling by radiation trapping qualitatively alters this re- 
sult, since the effective equation of atate now resembles n « p 5 / 3 . This Is Inevitable, because the column 
density across a Jeans mass fragment la proportional to p ' ^ and the optical depth eventually becomes large. 
The new equation of state In this adiabatic regime la derived by requiring that an Isolated fragment be ibli 
to radiate away the gravitational energy acquired as It contrscts. Since the cooling rate now depends on the 
frag<**nt sice, the evolution track In the (T,n) plane la mass-dependent. The Jeans mass now rises as Hj * 

P 1 ' . and Its minimum value occurs where the optical depth across a fragment Is of order unity. Use ot opa- 
cities corresponding to conventional grain models (graphite or silicates) and a solar abundance of heavy ele- 
ments In grains yields a value Mj“ ln » 0.005 ffc (Silk 1977a). There Is a correction factor that should be 
Incorporated due to the presence of neighbouring fragments which effectively decrease the solid angle over 
which an Individual fragment can radiate freely (Smith 1977). This effect raises the minimum fragment mass 
by a factor ~ N 1 ' 6 , where N la the number of fragments In the cloud (Silk 1980). 

Even In the absence of any heavy elements, opacity due to H _ formation la Important. In this case, the 

minimum Jeans mass Is ~ 0.3My (Silk 1977b). A simple expression for Mj B * n that explicitly demonstrates the 
role of heavy elements Is (Rees 1977, Silk 1977b) 

H“ ln - 20 M^kT/wc 2 ) 1 / 1 * . 

Here M,, • (hc/Gp) 372 * 1 ft) Is the Chandrasekhar mass and p is the mean molecular weight. Provided the heavy 
element abundance remains above ~ 10 -3 that of the solar value, cooling occurs to below 10 K. However, at 
lister values, heavy element cooling is unimportant, and T ~ 10 4 K Is maintained by Lyu cooling. 

The dilemma confronting fragmentation theory Is now very apparent. With N^n > 10 3 Mj“ in for 6 ~ 0.01, as 
expected In spherical collapse, It is not at all obvious how fragments of stellar mass can form. Fragments 
of primordial composition are entirely outside the conventional stellar mass range. Even for solar composi- 
tion, stars of solar mass are excluded. Indeed, the fragments are likely to provide lower limits to the 
actual masses of the protostars that form. The various non-linear processes that one can imagine, including 
accretion of uncondensed matter and coagulation of fragments, will tend to Increase the masses of fragments. 
This result led Tohline (1980) to conclude that Population III of primordial composition consisted not of 
stars hut of very massive objects. Unfortunately, the little evidence one has Is consistent with the notion 
that Population 111 consisted of stars, although practically all were considerably more massive than the sun. 
At least one halo star has been discovered with essentially tero metalllclty (10~ 4, 5 z 0 according to Norris 
[1981)), and presumably is a relic of population III. 

Another consequence of the helrarchical opacity-limited fragmentation theory Is that clouds fragment on a 
free-fall time-scale. There Is considerable evidence that star formation Is a much slower process. First, 
molecular clouds are relatively long-lived. Minimum estimates of lifetimes are - 10 7 yr, and 3 x 10 7 yr Is 
probably more plausible given star formation efficiencies of order 10 percent, comparable to those observed 
In Taurus and Orion (Cohen and Kuhl 1979). Second, studies of the Kerttsprung-Russell diagram in open 
clusters Indicate that low mass star formation proceeded on a longer time-scale than did massive star forma- 
tion. In the case of the Pleiades, the nuclear turn-off age Is 7 x 10 7 yr, whereas there are many stars 
above the lower main sequence that must have been formed some 2 x 10 8 yr ago (Stauffer 1980). A recent study 
of NGC 2264 (Strom 1981) concludes that the star formation rate increased with time as progressively more 
massive stars formed. 


In order to attempt to reconcile fragmentation theory with star formation, two physical effects will be 
explored here. In $IV, the role of anisotropic collapse will be dlicussud. In $V, the lnteractlo. f newly 
formed protostars with uncondeneed cloud matter will be considered. 


IV. Anisotropic collapse and fragmentation 

The envelope of a collapsing cloud will be more easily supported by the magnetic field, especially If It 
Is somewhat tangled, than the cloud core. This Is because the critical mass below which magnetic support Is 
possible for a uniform spherical cloud (the "magnetic Jeans mass") Is 

Mcr - 6 x 10 4 (B/lO-hg) 3 n -2 CM), 


where C " 0.3 and B « n 4 , with 1/3 < it < 1/2 (Mouschovlas and Spltrer 1976; Mouschovlas 1976). Consequently, 
M cr * n“ 3 ( 2 73 "* ) , and Is reduced In the cloud core. In SlI, evidence was cited that supports the occurrence 
of magnetic braking up to densities characteristic of molecular cloud cores. If angular moswntum is con- 
served during collapse at densities greater than n^ and corotation with the galaxy Is enforced at lower den- 
sities, the resulting specific angular momentum of a one solar mass fragment Is ) ~ 3 j 10 18 (n^/lO 6 cm” 
3)- 2 /3 cb 2 ,-l . p or t he density range 10^ > nj, > 10 3 cm -3 , one Infers that 10 18 * 5 < J < lO 20 * 5 eti 2 a -1 , and 
the corresponding range In periods of binary stars If formed with this amount of orbital angular momentum Is 
10~1 .S _ IQ 1 * .S 

yr. This Indicates that the angular momentum of molecular clouds resides In orbital angular 
momantim of wide binaries, provided that both fragmentation and magnetic braking have occurred at. densities 
near nh. 
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The collapse of cloud cores Is accordingly likely to be anisotropic, contracting preferentially along 
field lines, since field decoupling will only occur gradually* Now the cloud. If cold, la highly Jeans un- 
stable. The characteristic mass for gravitational Instability Is given by the Bonner-Ebert criterion, which 
takes account of the ambient pressure: 

M BE - l.l(T/10K) 3 / 2 (n/10 1 ‘ cm- 3 )" 1 / 2 m 

Thus to decide whether fragmentation occurs, we see that spherical collapse may be an unrealistic assumption. 
A more plausible assessment of fragmentation may be given as follows. 


Consider the collapse from rest ot a cloud that Is Initially uniform, pressure-free and oblate spheroidal. 
For simplicity, only a small Initial deviation from sphericity Is assumed. The analysis of the growth of 
small density perturbations is similar to that for a uniformly collapsing sphere. The collapse of the spher- 
oid Is described by two scale factors: R(t) In the directions of two equal axes and Z(t) In the direction of 
the smallest axis. The position of any point In the spheroid Is then given by r ■ r 0 k(t), * - z 0 Z(t), where 
r and z are cylindrical coordinates and r 0 and z 0 refer to the Initial position of the point. The density 
satisfies 

p - Po^Z)" 1 , 

where p 0 Is the critical density. Now the spheroidal cloud, even If very nearly spherical at the onset of 
the collapse, becomes progressively more flattened as the collapse continues (Lin, Mestel and Shu 1965). In 
fact. It collapses first along the z-axls Into a thin pancake. What this Implies Is that In the final stages 
of the collapse, R(t) changes relatively slowly, while Zft) * 0 (in practice, the thickness will be finite 
because the matter will possess a certain amount of thermal energy and pressure). 


Recall that in uniform spherical collapse, a small density perturbation amplifies If Its scale exceeds the 
Jeans length and results In fragmentation (that Is to say, 6p/p becomes large) shortly before the cloud It- 
self has collapsed. In fact within a fraction l-6 0 °f an Initial free-fall time. An Interesting difference 
arises when we study the growth of perturbations in a spheroidal collapse. Density fluctuations that are 
predominantly aligned with the collapse (z) axis do not become large, whereas fluctuations that are perpendi- 
cular to the collapse axis do amplify and separate out prior to the Instant of pancaking. Self-gravity 
dominates the final evolution of oblate perturbations but Is unimportant for prolate perturbations. The rate 
at which the oblate perturbations grow Is found to be 

6 ~ 6 0 Z" 1 . 


An Interesting difference Is now seen to arise from the one-dlmenslonal nature of oblate spheroidal col- 
lapse. Because the density increases as p “ Z” 1 when Z ♦ 0, we see that the density enhancement achieved by 
the cloud at fragmentation (6 ~ 1 in the linear theory) is 

P <tf)/p 0 " Z(tf)" 1 - 6 0 -1 , 

In marked contrast to the result for spherical collapse. Inclusion of a finite Initial pressure which acts 
to delay f' actuation growth modifies this result, but less severely than In the case of spherical collapse. 
This Is because the retardation means that the entire growth occurs when the collapse Is nearly one- 
dlmenslonal, and the geometrical effects dominate the growth rate. If a fluctuation Is first Jeans unstable 
with amplitude at an epoch tx , one finds that at fragmentation 

P (tf)/p (tx ) < 26x _1 * 

Adopting the opacity-limited fragmentation result that fragments should have achieved density contrast of 
order unity prior to t a( j, one now Infers that the minimum fragment mass 


„mi n 


> [ 2/6 


) 1/2 M^ 1 " 


for oblate spheroidal collapse. Since this result Is valid even for Initial flattenings z 0 /r 0 ~ 0.8, one 
Infers It Is likely to apply In any realistic situation. The spherical collapse model is too highly Ideal- 
ized to be relevant, given any reasonable range of Initial deviations from spherical symmetry as would be 
expected for plausible Initial conditions at the onset of ttv' collapse. 

The Implications for star formation are profound. For one expects the density fluctuation level to be at 
least 4 ~ 0.01 over a wide range of scales. In primordial clouds, thermal instability associated with H2 
cooling guaranteea sizable fluctuations down to mass scales of a few M3 . In conventional molecular clouds, 
the complex history of a cloud. Involving accumulation of debris from smaller clouds and evolving stars, sug- 
gests that fluctuations should be present down to scales of ~ 1 M> . Moreover, the violent events inferred to 
be stirring up the Interstellar medium (Including supernova explosions and stellar winds) should also gene- 
rate pressure fluctuations over a wide range of scales. These are able to penetrate ~ wavelengths Into 

a cloud before dissipating. Conaequently , for a cloud of mass Me, one expects the fluctuation level to be 6x 
- (Mx/Mr) 1 ' 3 > 0.01 over stellar mass scales Mx . 
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With Hj mln ~ 0.005 H) In molecular clouda and 0.3 K) In primordial cloud*, the preceding dlacuaalon im- 
plies that fragmentation la likely to be effective on scales as small as 0.05 M3 (molecular clouds) to 3 tG 
(primordial clouds). The Implications of this result for star formation are discussed below. 

V . Interaction of protostellar winds with molecular clouds 

Once protostars form of mass > 1 MD , It seems likely that their energy Input to the cloud will signifi- 
cantly Inhibit continued fragmentation. It Is this effect that provides promise of understanding the appa- 
rent longevity of molecular clouds In terms of their ability to survive many free-fall times. There Is con- 
siderable evidence that protostellar winds provide an Important energy Input, at least Into localised regions 
of molecular clouds. In what follows, I will summarize the evidence for this, and then attempt to make some 
global Inferences about cloud evolution and star formation. 

The most dramatic example of the Interaction of a protostellar wind with a molecular cloud Is 11551, which 
reveals a bipolar structure with a velocity spread of > 12 km s _1 (Snell et al. 1980). There are associated 
Herblg-Haro objects whose measured proper motions project back to an Infrared source at the center of the CO 
lobes. The total mass of high velocity gas Is ~ 0.3 M3 over an extent of ~ 0.5 pc. The luminosity of tiie 
central source Is ~ 25 U), and Is insufficient to drive the outflow by radiation pressure. Another source 
with similar parameters la NGC 1333 (Snell and Edwards 1981). Strong winds are also found around several 
much mere luminous Infrared sources, the best-studied example being IRc2 with a luminosity of > lOf 1 IB and 10 
MO of gas moving at ± 50 km s -1 . Other examples are CepA (Rodriguez et al. 1980) and APGL490 (Lada and 
Harvey 1981). Another Interesting system Is that of HH1 and HH2 (Jones and Herblg 1981), where measured pro- 
per motions Indicate nearly colllnear motions of filaments away from a centrally located T-Taurl like star at 
~ 100 km s -1 . 

In general, bipolarity is not uncommon in pre-main-sequence objects (Calvet and Cohen 1978), and My be 
Indicative of wind interac»-lrns with a central disk. Direct evidence for strong winds from pre-main-sequence 
stars has been obtained by Cohen et al. (1981), who discovered regions of extended free-'ree emission around 
several T-Tauri stars. If the outflow Is spherically symmetric, a mass-loss rate ~ 10 -6 M3 yr -1 Is Inferred 
for T-Taurl, for example, although this may overestimate the actual mass loss rate If the wind is anlso- 
tropl 

One i. ►empted to try to relate wind Input of energy to one of the great mysteries about molecular clouds, 
namely the origin of their supersonic line widths. Overall collapse provides an untenable explanation for 
the line widths, and one is left with a cloud model which consists of a number of supersonically moving 
clumps of gas. The outstanding questions are: what drives the clump motions and hew are the clumps main- 

tained for periods > 10 7 yr? A similar difficulty is encountered both in warm molecular clouds and In dark 
clouds. 

The most natural explanation Is that protostellar winds are continuously driving mass motions (Normar and 
Silk 1980). Cloud longevity can be understood If the winds are not disruptive, a plausible assumption for T- 
Taurl stars embedded In cold clouds. Now In a dense molecular cloud, a wind at < 200 km s -1 will be radia- 
tive and approximately momentum conserving. One may crudely estimate the mean velocity dispersion acquired 
by an average volume element In a cloud of mass M<. containing M* In stara which have lost a fraction AM* of 
their mass at some characteristic wind velocity V w as 

<4v> ~ v • 

h c m* w 

Evidently a substantial fraction of the cloud matter can be stirred up with <Av> ~ 1 km s -1 If V u - 200 km 
s” 1 , M*/M c ~ 0.1 (as observed In dark clouds), and AM*/M* ~ 0.1. For this to persist over 2 x 10 7 yr, a con- 
siderable part of the cloud would have to be consimed In star formation: Indeed, exhaustion of cloud 

material may lead to the formation of a T association. On the other hand, Intervention of an external 

trigger, perhaps associated with a nearby supernova or expanding HII region, may change the cloud evolution 

In a manner that will now be outlined, and form an 0 association. 

Let us suppose that the first stars to form are T-Taurl stars. These low mass stars develop winds which 
will sweep up shells of material. The final radius of such a shell Is limited by the ambient cloud pressure 
p to 

r - - o.l (A/io - 7 *> yr ~) )‘ n (VwAQ 2 *- »- 1 )‘ /Z pc . 

3xp (n/10* err- 3 ) 1 ' 2 (y^/1 ^ ,-l ) 

where V* Is the stellar velocity dispersion and M the mean mss loss rate. The condition for such sheila to 
grossly affect the cloud evolution and Inhibit further fragmentation and star forMtlon Is that any pair of 

shalls should Intersect within the lifetime of the protostellar wind phase. This can be expressed a* 
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-1 <M or - > ,0 (Wj » -1 ) (n/10 3 cm- 3 ) pg " 3 . 

n T »R X T ~ (V^IO 2 km a" 1 ) 

For comparison, one of Che best studied dark cloud regions In Taurus-Aurlga contains aggregates of between 4 
(Jones and Herblg 1980) and 30 (Cohen and Kuhl 1979) T-Taurl stars pc“ 3 detectable at Ay < 4. 

This demonstrate* that wind-driven shells are likely to intersect. Shell Intersection will result In the 
formation of supersonically moving clumps, since In general Intersection occurs before the shells are In 
pressure balance. The characteristic clump masses are 0.1-1 IC , with sites of - 0.1 pc. They will only be 
weakly confined by ram pressure because of their low Mach numbers, and so will contlnously replenish the 
Interclump medium. However, new clumps will form, and clump collisions and accretion will result In their 
net growth. It seems likely that within a few collision times or crossing times, say 1C^ yr, a clump will 
have grown sufficiently to become Jeans unstable. 

Let us speculate that In the absence of any external trigger, this results In further formation of low 
mass stars. In this manner, the process become self-perpetuating: low mass stars form, develop winds that 

sweep up shells, the shells Intersect and form clumps, and the clumps coalesce and form more low mass stars. 
The process terminates either when the gas supply Is exhausted, after > 10 7 yr, or when an external trigger 
stimulates massive star formation that could catastrophically disrupt the cloud. An example of this would be 
a nearby supernova explosion that shocked the cloud, accelersting the rate of clump coalesence and providing 
enough energy Input to also raise the Jeans mass substantially. 

This scenario has a number of implications for cold molecular clouds. There should be embedded infrared 
sources with < 10 W , evidence for high velocity mass motions, an internal source of ultraviolet radiation 
that could affect dark cloud chemistry, and dumpiness on scales of 0.1-1 ® . Its principal virtue has been 
to make a direct connection between two distinct but more or less coincident time-scales: star formation Is 

non-coeval In open clusters, apparently extending over a period >10 7 yr, and molecular clouds are long-lived, 
with lifetimes > 10 7 yr and greatly In excess of free-fall time-scales. This provides the basis of our 
model, which asserts that such a fortuitous coincidence is really due to a direct physical coupling between 
molecular clouds and star formation. A major bonus is that the ongoing star formation provides a substantial 
momentum input Into molecular clouds, leading to a natural interpretation of suprathermal line widths. 

VI. Conclusions 

Molecular clouds undergo fragmentation at a density < 10 s cm -3 • Several lines of evidence lead to this 
Inference, Including the density of 0 associations at birth and molecular observations of nea-by dark clouds. 
It is likely that deviations from sphericity induced by collapse along magnetic field lines play an Important 
role In the fragmentation process. Anisotropic collapse enables smaller fragments to separate out before the 
Increasing opacity Inhibits any further fragmentation. Anisotropy has a dramatic effect on fragmentation 
because It limits the growth rate of the background density, whereas a fluctuation grows in dcnelty mostly 
becsuse of Its additional self-gravity, which Is more or less Independent of the background kinematics. 

The smallest fragments to form and survive an initial free-fall time are not at the minimum Jeans mass but 
must be considerably larger, since they must have been able to attain a density contrast of order unity 
before the col. .ipse becomes adiabatic. A highly simplified analysis suggests that the minimum mass fragments 
may be ~ 0.05 Mq in Interstellar clouds; In primordial clouds, the minimum mass Is likely to exceed ~ 3 Mg. 

Once such fragments form and become protostars of mass > 1 Mq, they are likely to have a significant 
Interaction with the rest of the cloud. After an Initial free-fall time, only the innermost core of the 
cloud could have fragmented. One expects that a substantial fraction of the cloud will still be relatively 
diffuse at this stage, especially if magnetic support 's Important In the outer cloud envelope. The most 
effective mode of Interaction Is likely to be via stellar winds from pre-maln-soquence stars. Observational 
evidence Indicates that such winds may play an Important role in stirring up molecular clouds. 

Hence a plausible speculation la that the first strong protoate’.lar winds can Inhibit cloud collapse and 
fragmentation. Such wlnda are likely to Interact and generate additional dumpiness In the cloud dumpi- 
ness enhances fragmentation, and It seems entirely possible that protostellar winds are self-sustaining. As 
some winds die away, new protostars form that are capable of providing a dynamically significant momentum In- 
put Into the cloud. Only when the gas reaervolr Is depleted as a number of massive stars form would the star 
formation process terminate. In thla way, one might be able to understand such Issues as why star formation 
Is non-coeval, why molecular cloud lifetimes are many free-fall times, and why clouds exhibit a clumpy struc- 
ture and suprathermal llnewldths. 

This research has been supported In part by the O.S. National Science Foundation. 
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Solidification of Carbon-Oxygen white dwarf* 
by E.SCHATZMAN 

Obiervatoire de Nice, B.P. 252 Nice Cedex 06007 
France 


Abstract . During cooling, a hail of oxygen can fall in the center of a Carbon-Oxygen white dwarf. Conaequencea 
for white dwarf* evolution are considered. Formation of pulaara or type I Supernovae production can be the 
reault of a difference in chemical compoaition . 

The following report is divided into four sections : (1) elementary information on the internal structure of 
white dwarfs, (2) basic information on highly correlated plasmas, (3) implications for phase separation in the 
core of cooling white dwarfs, and (A) consequences for evolution of white dwarfs. 

The present report can be considered as a continuation of a paper of Canal, Iaern and Labay (1981). 

(I) Internal structure of white dwarfs . We just recall a few properties of white dwarfs which are relevant 
to the present problem. 

We describe a white dwarf at a non-rotating, spherical star, in hydrostatic equilibrium. The main problem 
concerns the equation of state, 

P- P( p, T ) 

which, in the major part of the star cannot be distinguished from the equation of state of a Fermi gas at 
zero temperature. 


P ■ P( P. 0) 

The region where the departure from T ■ 0 influences the structure is extremely small, and represent a mass 

AM / M - 10‘ 4-58 T 20/3 
eft 

If we ignore the properties of the nuclei and introduce in the equations of hydrostatic equilibrium the 
general relativity corrections to the Newtonian theory of gravitation, we write 


dP Cl . ( 1 ♦ ( P/ P c 2 )) ( 1 + ( A s P r 3 / M c 2 )) 

P 

dr r 2 ( 1 - ( 2 G M / c 2 )) 

2 

where the term ( (1 + (P/ pc)) represents the increase of inertial mass , the next term the increase in 
gravitationally attractive mass and the denominator term represents the change of the metric for Euclidian 
to non Euclidian . 

The knowledge of the equation of stwte is necessary in order to solve the equation of hydrostatic equilibrium. 
At high densities we can write the relativistic equation of state , 

P ■ K 2 ( p/p/ /3 

with » (A/Z) and 

K 2 - 1.23 10 15 

At lower densities, the non relativistic equation of state (neglecting electrostatic interactions) is 

P - K, ( p / y e ) V3 

1 2 

with K. g 9.91 ^10 ■ The change from one equation of state to the other takes place for a density of 

about 10 g cm 

For the kind of white dwarfs we are considering , the transition from the non relativistic to the relativistic 
equation of state takes place at a mass 

4 M rel -(A * R 4 / C M 2 ) ( p/ p ) 5/3 K, * 8 . lo' 5 

N * 
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The mass radius rcladon for white dwarfs shows the existence of a maximum mesa. For ■ 2 , we have the 
following properties of a white dwarf with the maximum mass : 

M - 1.36557 M (Sun) 

R ■ 1066 ko 

p - 1.92 . 1G 10 g cm' 3 

A white dwarf of high density , close to the limiting mass ( we should call it the Chandrasekhar-Kaplan 
limiting mass), has no other energy source than its internal thermal energy . As long as the inside of the 
white dwarf is fluid, the internal thermal energy is the sum of the thermal energy of the ions and of the 
thermal energy of the electrons , 

U - ( p/ A Bn ) ( (3/2) k T + ( 3/4) ( Z T, 2 kV/ o^c 2 x) ) 

where x is related to the density by 

p - ( 8 it/ 3 ) ( m e 3 c 3 / h 3 ) ( A m^ / Z ) x 3 

The corresponding cooling time scale is given by the heat balance condition . 

Again , for the kind of stars which we are considering, close to the Chandrasekhar - Kaplan limit, we have 
for the characteristic -ooling time 

t . , 0 6.056 ( T / 10 8 ) 1/2 years. 

This Is valid however only as long as the white dwarf has not reached the so 1 id state. If we consider the ratio 
of the electrostatic energy to the thermal energy, 

T - ( Z 2 e 2 / a k T ) 

where 

a • ( 3 Z / 4 ir N ) 1/3 
e 

is the ionic radius, the solidification takes place when 

r • 160 . 

During cooling, the first point where solidification takes place is in the center of the star. Two quantities 
are imporcant to consider : (1) the melting temperature inside the star ; (2) the Debye temperature inside 
the star. It turns out that the heat content of the electrona is much larger tnan the heat content of the 
ions . 

When solidification takes place, the latent heat of solidification is liberated, and the consequence is a 
slowing down of the cooling . For the kind of stars which we are considering, this is completely negligible . 

2. Highly correlated plasmas . 

We have just seen that in a cold plasma , crystallization takes place when the ratio of the Coulomb energy 
to the thermal energy is about 160. We need not to consider in the following the quantum effects in the solid 

Let us consider now the case of a two component plasma, Carbon and Oxygen, which are the most abundant pro- 
ducts of the late stages of stellar evolution . 

There is a conjecture by Stevenson (1979) that an eutectic can exist , betveen Carbon an Oxygen, with the 
following characteristics : 

Xg (in number) ■ 0.332 

T £ ■ 0.628 T c ( melting of Carbo ) 

• 0.389 Tq ( melting of Oxygen ) 

with a density difference (Pollock and Hanse , 1974) ; 

p(eolid) - p(liquid) , 

. 3 . 10 ' 4 

P 

and with A (Oxygen) « 15. 99468 and A(Carbon) ■ 1 2. 00000 , we obtain : 
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Pq (bo 1 id) — p (liquid) 


X 


X < 0.668 


3 . 1 0 -A - 3.24 . 10' 


p 1 - ( X / 4 ) 

p (solid) - p(liquid) 6.52 . I0~ 4 - 4.07 . 10 _4 X 
_ X > 0.668 

P ( 1 - (X/ 4 ) ) 

As a consequence, we see that the density of the solid, eithe- of pure carbon or of pure oxytc.i , is 
always larger than the density of the liquid. 


During cooling, solid particles of Carbon , or solid particles of oxygen (according to the concentration) 
will appear and fall in the gravity field . When the chemical composition of the eutectic is reached, 
the solid particles of Carbon will be appreciably denser than the solid particles of Oxygen. In fact, 
we have : 


(Ap 

/P) 

( Carbon to Eutectic) 

- 3.91 . 

, 19- 4 

(Ap 

/P) 

(Oxygen to Eutectic) 

- 0.84 . 

. 1 9 -4 


The argument of Stevenson is that, if the cooling is fast enough, the eutectic solidifies; if it is very 
slow, it will experience separation of Oxygen and Carbon . However, due to the large difference in the 
buoya icy forces. Carbon will settle faster. 


3. Passe separation in white dwarfs . 

We shill first consider the temperature excess of the condensing solid. Following the argument of 
Jeffreys (1918) , and reproduced by Mason (1953) , we assume the microscopic diffusion is the way by 
which the atoms join the growing crystal. We then have: 


P (solid) 

Similarly , we write that the latent 
thermal conduc .ivity . We write, X 


K - b (1 - X) N (A/Z) in. 
dt e H 

heat of crystallization , released on the crystal is carried away by 
being the heat conductivity, 


L R ^ - X (T - T ) 

dt 


from which we derive the temperature excess : 

T t . D U-X) P L 

S X 

L is of the order of 3 k T per ion. The microscopic diffusion coefficient is of the order of 


D - a v th 

The thermal conduc ivitv is large, heat being carried away by the relativistic electrons ( Schat ’.man. 

White Dwarfs) . 

For p » 10*^ g cm ^ , T ■ 10^°K, this gives 

T - T - 1000 "K ’« T . 

Let us now consider the speed at whi th the crystals can fall inside the white dwarf. We consider that the 
force on the crystal is given by the Stokes formula. We then have: 


-(G M / r 2 ) (4* a 3 / 3 ) ( p #oUd - e, iquid > - 6 w p g v a ( dr/ dt ) 


where v is the kinematic viscosity coefficient . 

If we consider that the radius of the crystal , a , is .ime dependent, 

( a 2 / 2) - D (1-X) t 


we obta.n, 


( dr/ dt) - - (16 n / 27) G 


p solid P liquid 


( D/v ) (4-X) t 
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we can write 


r « r Q exr ( - ( t/ t) 2 ) 

and derive the time scale of the phase separation , 

t 2 - (27 / 8 w ) ( p/ (P 8oUd - P UquU » ( * / G p uqu . d ) ( v/ D) Cl-X)’ 1 

The viscosity is due to the transfer of momentum to the ions . Therefore, v is of the order of D . 

With p-2.10 gem , Ap / p - 3.9 .10 , we obtain , 

t 2 6 sec 

-4 

With Ap/p = 0.84 . 10 * 

r = 13 sec. 

We can consider that the cooling time is much longer than the crystallization time and the infalling time . 
Two cases have to .e considered: 

(1) X c < 0.668 : Oxygen is predominant • 

Oxygen crystallizes immediately, as soon as the eutectic curve is reached. Carbon being soluble in oxygen, 
the temperature and the oxygen concentration decrease until the chemical composition of the eutectic is 
reached. The liquid, with the eutectic composition, which is left behind moves up and mixes with the liquid 
above, making it more rich in carbon. Further separation takes place until the whole solid oxygen corer is 
surrounded by the eutectic. 

Due to the slow cooling, crystals of C and 0 will form, but we can expect Carbon to fall faster than Oxygen. 
The melting temperature will have a tendency to rise above the melting temperature of the eutectic, with 
a tendency of the mixture to solidify quickly. The most reasonable assumption is that the oxygen corer is 
surrounded by a solid eutectic. 

(2) X^, > 0.668 : Carbon is predominant . 

We have a similar picture, but, instead of an oxygen core, we have a carbon core, surrounded by the solid 
eutectic . 

4. White dwarf evoluti. -■ 

(a) thermal effects. 

The infall of solid Oxygen (or solid Carbon) makes available a gravitational nergy which is of the same 
order of magnitude as the internal heat content of the star, and larger than the latent heat which is made 
available during crystallization . 

(b) role of accretion . 

For a white dwarf, close to the Chandrasekhar - Kaplan li.ait, the capture of a small amount of matter can 
make the star unstable. Capture at an appreciable rate can take place when the white dwarf belongs to a 
binary system. The effect is a pressure increase in the core of the star. 

Two cases have to be considered. 

(i) the white dwarf has an oxygen core. In that case, electron capture on oxygen can take place. 

Yhe decrease in the number of free electrons per unit of mass generates instability . The, the star contracts 
about a a speed which is sort of average between the free fall time and the characteristic time of electron 
capture, until it reaches dynamical instability . 

What is expected is the formation of a neutron star. Hass ejection taking place at a later qtage of 
collapse can lead to the escape of the star from the binary system. This uld explain the large value of the 
space velocities of pulsars in the galsry . 

(ii) The white dwarf has a carbon core . Ir, rh. t case, dynamical instability would take place before 
electron capture . In fact the explosive reaction , 


would take place even before the star has begun to collapse. The present conjecture is that a thermal 
runaway would take place and the star would explode as a type I supernova. 


225 



Bib 1 iography 


The theory or the internal structure of White dwarfs can be found in 

S. Chandrasekhar : Stellar Structure, Chicago University Press, 1939 

There are several monographies and review articles : 

E.Schatzman , White Dwarfs, North Holland Publishing Comp. 1958 
E.Schatzman , in Handbuch d.Phys. , Vol LI , 1958 , p.723 

L.llestel , in Stars and Stellar Systems, Stellar Structure, L.H.Allec and D.B.Mc Laughlin Ed., Chicago 
University Press, 1965, p.297. 

A r-cent review paper is : 

H.Van Horn , Physics Today 19/9. 

Recent developments on the theory of highly correlated plasmas can be found in : 

Strongly coupled plasmas, Kalman G. and Cavini P. Ed. Plenum Press, N.Y. and London 1977 . See especially the 
papers by 
Ichimaru S. p.189 
Schatzman E. p.407 

A colloquium , devoted to the problems of dense matter, includes many aspects of the properties of white 
dwarfs matter : 

Physique de la matiere dense , Journal de Physique , Tome 41 , C2 , 1980 . See especially the papers by 
D.J. Stevenson , p.61 
H.Van Horn , p.97. 

The conductivity of degenerate matter has been studied by several authors . See especially : 

A.Kovetz and G.Shaviv, Astronomy and Astrophys. 28, 31'. , 1973. 

Flowers E. and Itoh N. , Astrophys. J. 206 , 218, 19"6. 

The viscosity due to ions has been estimated by 

H.Van Horn , in Low Luminosity stars, Kumar S. Ed. Gordon and Breach , N.Y. , London and Paris 1968, p,297. 

Concerning the idea of non-explosive collapse, see : 

R. Canal and E.Schatzman , Astronomy and Astrophys. 46, 229, 1976. 

The colloquium : 

White dwarfs and degenerate stars, I.A.U. Colloquium N” 53 , H.M.Van Horn and V.Weidemann Ed. See especially 
R. Canal and J.Isern , p 52. 

R.Mochkovitch , These de troisieme Cycle, 1980 (to be published ) 

The question of the effect of accretion on white dwarfs has been considered again during the I.A.U. 

Symposium N° 93 i 

Fundamental problems in the theory of stellar evolution , D.Sugimoto, D.Q.Lamb and D.N. Schramm Ed. Reidel 1981 


226 



ORIGINAL PAGE IS 
OF POOR QUALITY 


* K82 23448 

% 




Drofc processes in natural clouda 
J. Latham 

Phyaica Department, Univeraity of Manchester Inatitute of Science and Technology 
PO Box 06, Sackville Street, Mancheater M60 IQd, ENGLAND 


Water dropa are formed at cloud base by condensation upon nuclei and as they rise they 
grow by vapour diffusion in the slightly supersaturated environment of the clouda. Turbu- 
lent mixing between cloudy air and undersatured air entrained from outside produces fluctu- 
ations in super3aturation, not linked to changes in vertical velocity, which cause broaden- 
ing of the condensate spectrum and the rapid production of droplets large enough to engage 
in growth by coalescence. The probabilities of permanent union or the production of satel- 
lite droplets following the collision of a pair of raindrops is a sensitive function of 
several parameters. In some circumstances electrohydrodynamic bursting may influence the 
the properties of clouds. 


1 Introduction 

Liquid drops produced by natural processes in the Earth's atmosphere vary in size from 
around 0.1 um to 1cm — a range of about twelve orders of magnitude in volume. Thus it is 
not surprising that such drops are involved in a large number of physical processes c>nd 
ph enomera; some of which are of crucial importance to large-scale energy transport, the 
cleanliness of the atmosphere and the fertility of cultivated land. It would be beyond the 
scope of this short article to attempt a detailed review of each of these processes. Instead 
they are treated, in‘ Section 3, in a cursory manner which, it is Hoped, will permit their 
range and their interdependence to be outlined} and one process - the diffusive mixing of 
dry and cloudy air, which is considered to be fundamental to the development of natural 
clouds - is selected for more comprehensive discussion , in the following section. This 
particular topic has been chosen in view of recent concentration of attention upon it by 
several groups of scientists. 

2. The diffusive mixing of dry air with a population of cloud droplets 

The sub-adiabatic liquid-water-contents generally observed within clouds from which ice 
is absent - or present only in insignificant quantities - are a consequence of the dilution 
of the clouds, during their growth, with environmental, undersaturated air. Recent work 
(Baker and Latham, 1919 \ Baker, Corbin and Latham, 190C?} Telford and Chai., 1900^ Telford 
and Wagner, 1901tl has indicated that the non-uniform manner with which the environmental 
air mixes with the cloud gives rise to fluctuations in supersaturation - not linked to 
changes in updraught speed - which cause spectral broadening. A small fraction of the 
droplets move through the condensate spectrum to the coalescence ’ge of growth several 
times faster than predicted by classical descriptions of the ent •’ent process (for 
example, Warner (1973)i Mason and Jonas, (1974 ft Lee and Pruppach -977)'), in which the 
mixing between environmental and cloudy air at any level was assumti to be instantaneous 
and uniform. The droplet spectra predicted by Baker et al agreed well with those measured 
in cumulus by Warner (1969). 

Baker et al did not specify the nature of the entrainment process but assumed that a 
volume of environmental air mixing instantaneously with cloudy air at a given level reduced 
the droplet populs'-ion there by means of a combination of dilution and total evaporation 
of a fraction of droplets of all sizes. Telford and Chai assumed that outside air entrained 
into the cloud at its top became negatively buoyant as a result of droplet evaporation, 
and then descended, as a saturated stream, to mix with and thereby dilute cloud sir at a 
lower level. The common consequence of both these mixing processes is a droplet spectrum 
identical in shape to that prior to mixing, but with reduced number concentrations in all 
size categories. Subsequent ascent of the mixed volume produces an enhancement in super- 
saturation as a consequence of reduced competition for water vapour; as a result, the drop- 
lets grow more rapidly than those in adiabatic regions of the cloud. 

In neither of these studies was account taken of the finite rates at which cloudy and 
environmental air (or adjacent regions of cloud, with different properties) will mix. In 
this paper we present a model of the turbulent mixing of a spherical blob of droplet-free 
air, of original diameter Xg, temperature Tg and supersaturation S (< 0), and a cloud, 
represented by a spherical shell surrounding th' lob of outer diameter Xq, temperature Tq, 
supersaturation 5 (■£)) and liquid water content L. The blob contains a distribution n(m 8 ) 
of-cloud condensation nuclei, comprised of NaCl particles of mass m a in equilibrium st the 
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relative humidity H ■ S +1 . This distribution is identical to that assumed to be contained 
within the droplets in the surrounding cloud, so that when turbulent mixing occurs at any 
level the total concentration of particles (droplets plus CCN) remains constant. The entire 
system is assumed to be moving upwards with a speed W. 

The turbulent mixing of all properties transported is represented by diffusion with a 
single coefficient K determined on dimensional grounds from Xg and e, the rate of dissipa- 
tion of turbulent energy within the cloud: K ■(Vg«!p . If we assume that the turbulent 
motions transport energy, liquid-water, water-vapour and dry air simultaneously, we have 


|h(£.t) + wjhtfl.t) _ Kv 2 h (R.t) - q h (R,t), 

(i ) 

l!l(R.t) . Jlfl(R.t) - Kb 2 p.(R.t) - Q,(R,t), 

at "aP 1 1 

(2) 

+ _ k v 2 e v (R,t) - Q v (R,t) 

(3) 

+ y^ifR.t) _ kTT 2 D (R j . g (R t ) 

nt ox a a — 

(4) 

£n(r^ , R, t ! + ^(rj .R.t) _ k „2 n(r .,R,t) - q (r.,R,t) . 
ox pz i n i 

(5) 


P , Pj and o are the densities of dry air, liquid water and water vapour, respectively; 
nfri, R,t) i^ the number density of droplets with radii in the interval (r^.r^+dr^); end 
£ is the redial vector. The energy term 


TC P t C,(p, * P ))l + PL 
a a 11 v v v 


( 6 ) 


where C_ and C. are the specific heat of dry Bir and liquid water respectively and 
Ly(»2.26KJ g-'r is an average value of the latent heat of vapourization of water. Equation 
(6) defines the temperature T in terms of the parameters of the problem. 


The source terms Q are: 

Q h (£.t) - -fL v Q v (R,t) + P a (R,t)gW(t) 1 
Q (R,t) - -4*rp <Rn( r . ,R,t)r?r . (R,t) 

V *• ^ 1 11 

Q,(R,t) - -Q (R,t) 

1 U n(r i ,R,t) 

Q n (r i’*- t) ' P ( R.t) ’ 


( 7 ) 

( 8 ) 
(9) 

( 10 ) 


Q a (R,t) 


■ P (R , t ) . 


Q T ( - ,t ) oW( t ) 

t r r\ i \ t n -r/n 


T ( R , t ) R T(R,t) 


(ID 


where p B is the density of liquid water, g the acceleration due to gravity end R a the gas 
constant per kilogramme of air. 


Q h ( -’ t) 

Q T (fi,t) * [C a P 0 (R,t) + C 1 (P 1 (R,t) + P v (E, t ) ) 3 


( 12 ) 


The droplet growth equation is 
Dp (T)/P. 


i.(R.t) 


(r^a) 


Bm 


S(R.t) - - *• — 

1 r i 


where 


p (R.t) - 1.0 x 1 0*exp ( -5400/T ( R , t ) ) 


(13) 


(14) 


is the saturation vapour density (g m”3), D is the coefficient of molecular diffus.^n 
(cm^s-M, the supersaturation S is expressed as a percentage, r. is measured in micrometres, 
m. in grammes, and the constants A and B possess the values 0 . 1 T 5 and 1.4 x 10^3 respectively. 
almSum) is a characteristic length associated with the non-ideality in water condensation. 
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The rate of change of eupersaturetion 


*(R,t) - (100 + s ( R , t ) ) 






5.4 x 10 J Q T (R,t) 
T 2 (R,t) 


3.42 x 1Q~*W(t) 
T(fi.t) 


( 15 ) 


The precision of the foregoing equation* could be increased, but such refinements were 
deemed unnecessary, in view of the very approximate relationship between this diffusion 
formulation and the mixing process within clouds. We note that the diffuaivity representa- 
tion is best applied to situations in which ^g exceeds the characteristic spatial scale of 
the turbulent eddies. Although buoyancy gradients generated by evaporation will deform the 
volume under examination, we assume that spherical symmetry is preserved during the mixing 
process . 

Figure (1) illustrates the predicted time variation of the fields of liquid-water-content, 
L, supersaturation, S, and temperature, T, resulting from the mixing of a blob of air of size 

» 100m and relative humidity 80% with a cloud of size X • 200m and liquid water content 
L * 0.5g m~3, W ■ 0 m s“' . In the first case illustrated (S,B,C) the cloud consists of 
droplets of radius 3um and in the second (D,E,F), r ■ 20um. Since the turbulent energy disat' 
patioi rate c ■ 10“^m2s~3 the characteristic mixing times 


• TC . (X c 2 /e)* - 160s 

(16) 

TB - (X B 2 /e)* - 100s 

(17) 


We see, when r ■ 3um, that evaporation of droplets carried by turbulence into the interior 
of the blob is a very rapid process - presumably because of the high surface/volume ratio 
of the droplets - so that the supersaturation rises from -20% to close on 0% in about 10s. 

The temperature difference (originally 2K ) follows a similar pattern - since its changes are 
governed by evaporation when the latter is rapid - lagging just slightly behind t u e changes 
in S. Evaporation is confined more-or-less entirely to the region originally occupied by 
the blob. The liquid-water-content distribution takes considerably longer to level out, 
because evaporation inhibits its increase in the early stages of mixing, but nevertheless 
the gradient has been substantially reduced after 20 seconds, a period much less than the 
turbulent mixing times and . 

'igure 1 shows that when the cloud consists of larger drops (r ■ 20um) the rate of 
ircrease of minimum supersaturation 5 towards zero is reduced - because evaporation j.s less 
effective - but is still essentially completed within 20 seconds. The temperature equaliza- 
tion curves again follow those of S, and there is a corresponding increase in the rapidity 
with which the gradient in L levels out. In this case turbulence distributed the under- 
saturation significantly into the cloud. Mixing is largely completed after 20*. 

Figure (2) shows the time-development of the initially monodisperse spectrum (r»20umj the 
droplet concentration N - 15 cm”3 | L - 0.5g m -3 ) at R • Xg/2, the location of the original 
interface between the cloudy and undersaturated air (H ■ 80%), W - 0.0m s - ^ . It is seen 
that the combination of evaporation and turbulent mixing introduces many new categories into 
the droplet size distribution. 

Figure (3) presents the celculated spatial fields of L and S, at various times, for two 
different values of e, the turbulent energy dissipation rate, W ■ 0 m s“" . In this case^ 
the original spectrum, illustrated (A) in Figure 5, has a liquid water content L • 1.0g m~ . 
It contains ten size classes (radii between 3 and 12.5am) and is based on ones encountered- 
in field studies on thu summit of Great Dun Fell (Blyth et el (1980r). In this case Xyg ~ 
130s when € ■ 1 Cl^m^s* ’ ( A , B ) and XjC ~ 270s when c ■ 1 D” 3 m‘s” 3 ( C , D ) j the corresponding values 
of Xfg ere 74s and 160s. When the mixing is rapid (A,B) the supersaturation becomes uni- 
formly distributed within 20s, and gradients in l are eliminated well before 50s. With 
slower mixing the equalization of both l and 5 are slower, but are completed in times less 
than rye- In both cases undersaturations are created within the region occupied by the ori- 
ginal cloudj a characteristic feature of the situations in which the cloud spectrum contains 
large drops - with correspondingly high values of evaporation time T r (Baker et el, (1980?). 

In figure 4 we present, for the cases covered by Figures 1 and 3, information on the rates 
at which the total amount of evaporation and the distribution of liquid water approach their 
final values. f(in curves A,B,C,D) is the ratio of the total evaporation that has occurred 
at time t ( expressed, in Figure 4 as the dimensionless time t/T c ) to that which has occurred 
when the cloud end blob are f ully mixed. In curves E,F,G,H 
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(L - L_ ) , 


<L c " L o ) t-0 


- 1 - AL/L 


where AL * (L c - L 0 )^ is the difference, at time t, between the liquid water contents in 
the centre of the original blob (R*0) and at the edge of the cloud (R*X c /2); L is the ori- 
ginal liquid-water-content in the cloud. 

The curves displayed in Figure 4 show clearly that: evaporation is completed long before 
the gradients in L are eliminated; uniformity in L is achieved - generally - in times much 
less than evaporation proceeds most effectively when droplets are small and mixing is 

fast. Further calculations (not illustrated) show that uniformity in S is achieved more 
quickly for increased values of L. 

In Figure 5 we present various spectra resulting from the mixing with undersaturated air 
of a volume of cloud possessing an original liquid-water-content L * 0.5g m“’ and the sire 
distribution (A) mentioned earlier, W *0.0 m s - ^ . For the particular dimensions chosen 
(X c * 144m, Xfl * 60m) the final - well-mixed - value of L, if the humidity of the entrained 
air is 70$ and the temperatures are as indicated, is 0.32g m~3. Curve B presents the 
classical spectrum, with L ■ 0.32g m~ , which was obtained by the application of the drop- 
let growth equation to all droplets in the original spectrum. All droplets have evaporated, 
so the peak radius has shifted substantially (whereas the peak concentration is virtually 
unchanged) and the reduction in radius is greater for the smaller droplets. Curve C, L * 
0.32g m“3, is obtained from our diffusive model, with e ■ 10"3m2s - 3. This spectrum is seen 
to have a peak-radius only slightly below that of the original spectrum (A), but a substan- 
tially reduced peak-concentration. Thus the spectrum C, predicted from our model, lies 
between the classical spectrum B and the extreme inhomogeneous spectrum, but is very much 
closer to the latter - which is not shown since its similarity to B would cause confusion 
in presentation. 

In Figure 6 we present three spectra resulting from the turbulent mixing of spectrum A - 
the same as in Figure 5 - with a blob of undersatureted air, W ■ 0 m s“ . The dimensions 
end temperatures, given in the legend, are the same for all three calculations. In B and 
C the reletive humidity H * 70$ and the final water content L * 0.32 g m~3 . In B, 
e * 1 0"^m^s“^ and in C,e * 10"^m^s“3. Curves B and C are very similar, but B is more 
'inhomogeneous' - smaller reduction in peak radius. - consistent with the associated slower 
mixing in this case. Curve D (L * 0.18g m“3) was obtained with H * 40$ and € * 10"3m2s-3. 
This spectrum, although very different from one predicted by the classical description of 
mixing/evaporation (see, for example, Figure 4, Curve B), is substantially different from 
the equivalent 'extreme inhomogeneous' or 'dilution only' spectrum (again not shown), in 
which tha shape of curve A would be preserved, and the mean radius would be the same as in A. 
This large departure from the extreme inhomogeneous spectrum may be attributed to the greater 
role of evaporation (relative to dilution) in producing the final spectrum (D). 

In Figure 7 we show the effect of doubling the radius of all droplets in the spectrum A 
illustrated in Figure 5 and 6, whilst maintaining the liquid water content L * 0,5g m”3 f 
W * 0 g m“3. The final spectrum (C) after evaporation and mixing is closer to the classi- 
cal one B than in the earlier cases, presumably because for these large droplets the ratio 
of evaporation to mixing times, T r / tj , (Baker et al (1980)2) is no longer much less than unity. 

In Figure B we attempt to examine, for a wide range of original conditions, the extent 
to which spectral changes resulting from turbulent mixing of underseturated and cloudy air 
conform to the classical (homogeneous) picture or to the alternative extreme discussed by 
Telford and Chei, and by Baker et al. For ease of interpretation, these calculations were 
made with originally monodisperse spectra. 

On the classical picture, to a first approximation, the concentration of droplets, N, 
in an originally monodisperse spectrum, is unchanged from the original value N Q , as entrain- 
ment reduces the liquid water content from to L. Or. the extreme inhomogeneous picture, 

N is reduced in proportion to the reduction in L, (ie N * (L/L o )N 0 ). On the classical 
picture the water contert is reduced in proportion to the reduction in the radius r(ie 

* (L/L 0 )ro, where r 0 is the original radius). On the extreme inhomogeneous picture r 
is unchanged as L decreases. Thus we may define a parameter 

<*> - (N/N ) (L/L )/(R/R ) 3 (19) 

which possesses a value qp * 1 for all L/L Q on the classical description of mixing and is 
given by qp • (L/l. 0 )2 in the extreme inhomogeneous case. 

These two extreme curves are plotted in Figure 6, tngethex with individual values of qp 
emanating from a variety of calculations, using the diffusive mixing model. 
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The moat important result ia that, for all aituationa considered, the extreme inhomo- 
geneous deacription of turbulent entrainment providaa a much batter approximation 

to reality than doea the claaaical deacription . Tha daparturaa from cen 

be quite substantial, hcwever. We aee from Figure S that thia departure increases with: 
decreaaing X_, increaaing H (at conatant L/L 0 ) f dacreaaing L; dacreaaing et and (proportion- 
ately), decreasing l/Lg. All theae tendenciea are consistent with tha basic ideaa, advanced 
by Baker et al, that ( 1 ) the time conatant ratio which aquala rero in the extrema 

inhamogeneoua caae, increaaea with decreaaing values of L and X and with increaaing c 
and H; and (2) that 11 (L/L a ) ia reduced (by reducing H) the contribution of dilution 
to the overall reduction in water content ia reduced. 

3. flifaat. iiaauti 

It ia inappropriate, in an article of this limited length, to do other than to Hat further 
important processes, occuring in clouds, which involve drops. For a comprehensive and authori- 
tative treatment of these the reader is referred to the excellent bookof Pruppacher end Klett 
(W&TVThe processes include: condensation via heterogeneous nucleation; collision; coales- 
cence; satellite drop production; electrohydrodynamic bursting; mechanical disruption; 
scavenging of particulate and gaseous pollutants; supercooling; freezing; accretion; 
secondary ice particle production; splsshing;and lightning initiation by cc^one. 
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Figure 3: Calculated radial distributions of liquid-water-content, L, and superaaturation 

S at various times t during turbulent mixing of a water cloud with a, spherical 
blob of undersaturated air centrally embedded within it at t«0. Ten cotegory 
spectrum. * 0 - 60m; ^ -144m; m, * 10~^“g; L - I.Og m“^; H - 70%; To- 281k; 

T c - 279K. A, B, e » l6“2 m 2 9 -3 ; C, D, e ■ 10”^m‘s”^;. 

1, t - 0.0s; 2, t« 8s; 3, t - 20s; 4, t - 50s. 
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Figure 4: Calculated variation with dimensionless time t/ Tjg of the parameter f (defined 

in the text) which governs the rate at which the evaporative process and the 
redistribution of liuqid water occurs, during the turbulent mixing of a water 
cloud with a spherical blob of undersatursted air centrally embedded within it. 
at t/ T fn ■ Os m 8 »10~'°ms Tg*218l<; T c « 279K; 1+1. Og in*’. 

Curves A, D, E, F are for a single category apoctrum, r * 3um; (A,F), r«20um 

Curves B, C, G, H are for the 10-category spectrum (Figure 2). Curves A, B, 

C, D are for the evaporation; Curves E, F, G, H for liquid water (eqn 23). 
Curves A, D, E, F: - 60m; * c - 200mi e ■ 10- 2 m?s“3; H-70<. 

Curves B, G ^g«60m; 144m; £■ 10~^m 2 s“^; H » 70$. 
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Figure 5; Droplet ■ ire distribution (C) celculated by application of the diffusive mode} 
to the mixing of a spherical blob of undersaturated air with a water cloud pos- 
sessing the sire di stribution M) at time t • 0. Spectrum 0 is calculated 
on the classical model gf mixing. The liquid water content in A is 0.5g nr* 
and in B and C 0.32g m“ 3 . Xn * 60m| X c ■ 144m{ e» 10"*nrs“’j H - 70<i 
T 0 -2B1K| T c « 279K| m, . 10- 15 g. 
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: Droplet me distribution (C) celculeted by application of tha diffueive modal 

to the mixing of a spherical blob of undersaturatd air with a water cloud pos- 
sessing the sire distribution (A) at time t - 0. Spectrum (B) it calculated on 
the classical model of mixing. The liquid water content in A is 0.5g m"^ and 
and in B and C 0,32g m - ’, kpm 60 m: X c » 144m| t* 1D”2 m 2 t -3j H ■ 70< Tnw2B1K« 

T «279K ; m.-IO-lfig. B 0 
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Figure 0: Values of the parameter <P, drfined by equatio (24), calculated from the diffu- 

sive mixing model for various values of L/L c and permutations of other parameters 
Single citegory spectra. Except where indicated 100m; > c »400m; r » 'Oum; 

Tg* 281k; T,.-279K; m s -10- 1 Dg. H. 0O<;C- 1 0~^m 2 s“ 3 } L= 1 .Og m“ 3 . This permutation 
provides points (M). 

(a), LwQ.Sg n"3. lgM20m, > c «80m; 
x, lg»30m; *-=120mj t, Xg»200m, X,-*»800m; 

— . r»30um; • , r«20um; + , i'w 10~Jm 2 s“ 3 ; 
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Abstract 


Results are presented of a recent wind tunnel experiment in which electrically un- 
charged water drops of 500 to 3000 um equivalent radius are freely suspended in the ver- 
tical air stream of the UCLA Cloud Tunnel. During this suspension the drops were exposed 
to external, vertical electric fields of 500 to 8,000 Volts/cm. The change in drop shape 
with drop size and electric field strength was noted an. is discussed in the light of theo- 
retical work cited in the literature which unfortunately does not take into account the 
effects of air flow past the drop. The wind tunnel study is documented here by stills from 
a 16 MM film record that demonstrates the shape of water drops in response to both hydro- 
dynamic and electric forces. 


Introduction 


Cloud precipitation strongly affects the propagation of electromagnetic radiation. 

Much attention has been given to the dependence of the scattering of electromagnetic ra- 
diation of radar frequency on the size of the precipitation particle. Particle shape , 
however, also appears to be an important parameter. In particular, non-sphericity intro- 
duces asymmetry in the backscatter radiation field. This distortion forms the basis of 
new techniques for hail/rain discrimination, for the determination of raindrop size dis- 
tribution, and for the determination of rainfall rates from radar observations. 

To evaluate the radar data, the above mentioned techniques use the drop shapes experi- 
mentally derived from the wind tunnel measurements of Pruppacher and Beard 1 and from the 
theoretical model of Pruppacher and Pitter 2 . These drop shapes apply to equilibrium con- 
ditions only. It is further assumed that the drop is neither electrically charged nor 
embedded in an external electric field. In actuality, however, drops do not fall with a 
constant shape but rather undergo complex oscillations around their equilibrium shape. 

In addition, many clouds are electrically charged even in their early stages of develop- 
ment and, consequently, exhibit vertical and horizontal electric fields. Such electric 
fields cause the drops to be <s .ectrically polarized and therefore affect the equilibrium 
shape, as well as both the oscillation frequency and the oscillation amplitude of the drop. 
The electrically induced change in shape also affects the fall velocity of a drop. In 
addition, changes in the oscillatory motions may cause changes in the drop break-up 
behavior. All these effects, in turn, influence the drop size distribution and thus the 
rate of formation of precipitation inside a cloud. 

In this report we concern ourselves exclusively with the ef feces of external, vertical 
electric field on drop shape. Several recent reports are available on this tcpic. Dawson 
and Warrender 3 studied experimentally the effect of a vertical, external electric field E Q 
on the terminal velocity V* of electrically uncharged water drops in air which suffer a 
shape deformation due to the electric field. Generally, was found to increase with the 
electric field strength. However, the velocity increase found was quite small. For drops 
of between 3 and 4 mm equivalent radius a 0 (which is the radius of a sphere havirg the 
same volume as the distorted drop), V* changed from 8.9 m/sec at E 0 = 0 to 9.9 m sec -1 at 
E 0 = 9 kV/cm. These changes are smaller than those due to changes caused by the variation 
in air density and air v.scosity which a drop experiences as it falls in the atmosphere 1 * . 
Unfortunately, these velocity changes were not correlated to the corresponding shape 
changes of the drop, and only a few drop sizes were studied. 

Billings and Holland 5 and Brazier-Smith et al.® studied experimentally and theoretically 
the effect of an horizontal, external electric field on the oscillation frequency of r 
water drop falling in air. For a given drop size a 0 , the vibrational frequency was found 
to decrease with increasing E 0 in a manner closely predictable by theory. Once again, 
only a few drop sizes were studied, and the turbulence in the wind tunnel used for 
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characterizing the vibration of the drops was not controlled. No studies of the frequency 
of drop oscillations were made for vertical electric fields. 

Theoretical studies of the effects of an external electric field on the drop shape b/a 
(where a is the semi-axis perpendicular to the drop's fall axis, and b is the semi-axis 
along the drop's fall axis) were carried out by O'Konski and Thatcher 7 , Taylor', Brazier- 
Smith'' 10 , Abbas and Latham 11 , and Richards and Dawson 17 . These studies showed that a 
water drop originally spherical becomes strongly prolate- spheroid ally deformed in an ex- 
ternal, vertical electric field. The deformations predicted by these theories appear to 
agree quite well with each other, in particular regarding the maximum stable drop deforma- 
tion before break-up. The critical axis ratios predicted for break-up vary between b/a = 
1.86 (Taylor') and b/a = 1.83 (Brazier-Smith 10 ).. These estimates also agree with the value 
theoretically predicted by Abbas and Lathair. 11 . The various theories also indicate that the 
deformation parameter b/a can uniquely be expressed as an increasing function of the non- 
dimensional quantity X = E 0 (a 0 /a)a, where a is the surface tension of water in air (Fig. 1). 

Break-up of electrically uncharged drops was 
predicted for X = 1.625 (Taylor*) and for 

i 9 r X = 1.603 (Brazier-Smith 10 ), in agreement 

with the critical value of X computed by 

18 " 4- Abbas and Latham 11 . This correlation suggests 

it- /TIN I that, for a given drop size and air presaze, 

( If. the electric field required for a certain 

i6 - f Ni | drop deformation, for drop break-up, and for 

S ~ \£/ - the onset of corona discharge increases as 

o l5 ^ / the temperature decreases, i.e., as the sur- 

§ J face tension increases. This trend has been 

u, L 7 experimentally verified by Ausman and Brook 1 ’. 

3 i3r y • o'konski sthwocr A different trend has been found with regard 

f- / _ to air pressure. Griffiths and Latham 1 * 

y Sm*" showed that the electric field strength re- 

M u •S vt. ioooh* quired for onset of corona discharge on 

j- drops decreased with decreasing air pressure. 

IQ 0 0 2 O' 06‘oV I o'' iY TV 16 E.«vel* 

Electric charge appears to have a consi- 
derable effect on the electric field strength 
required for drop deformation. Abbas and 

Figure 1. Variation of the Theoretically t the corr «i a ^ on f b /^ 

predicted shape of a water ' with X = E 0 (a 0 /c) V varies with the electric 

drop in air with X = E 0 (u 0 /a)*, ch * r< J e 0 011 a dro P' lifting to smaller 

assuming that the drop's original shape is values as Q increases. 

spherical, and that no hydrodynamic flow is _ , ... . . . 

present around the drop. , F ° r electrically uncharged drops the co- 

relation b/a vs. X = E 0 {a 0 /aT , suggests that 
the electric field strength E 0 to. achieve a 
certain drop deformation b/a decreases with 
increasing drop size a Q . This behavior was ' Trified by Wilson and Taylor 15 , Nolan 1 *, Macky 17 , 
Ausman and Brook 17 , Dawson and Richards 10 , and by Griffiths and Latham 1 *. In none of these 
studies, however, was a quantitative investigation made on the variation of b/a with E<> 
for various a Q . Instead, emphasis was placed on determining the critical electric field 
strength beyond which the drop would break up or show evidence of corona discharge. It was 
found that X = E 0 (a 0 /c)* had a value of 1.61 (Wilson and Taylor 15 ), 1.51 (Macky 17 ), 1.56 
(Ausman and Brook 1 ^ , and 1.81 (Griffiths and Latham 1 *), for break-up or corona discharge. 

All experiments suffered from two serious deficiencies since, under the experimental con- 
ditions reported, (1) the drops did not reach terminal velocity and thus did not assume 
the hydrodynamically determined shape, and (2) tne drops were forced to abruptly enter an 
electric field region created between two electrode plates causing non-equilibrium condi- 
tions between the drop and the environment. 


Figure 1. Variation of the Theoretically 
predicted shape of a water . 
drop in air with X = E 0 (a 0 /o) 7 , 
assuming that the drop's original shape is 
spherical, and that no hydrodynamic flow is 
present around the drop. 


increasing drop size a Q » This behavior was 


A review and new wind tunnel results on the shape of water drops falling at terminal 
velocity in air in the absence of an external electric field have been given by Pruppacher 
and Beard 1 and Pruppacher and Pitter 7 . Their studies show that drops smaller than about 
500 pm radius can be considered as spheres. On the other hand, drops larger than 500 pm 
are oblate-spheroidally deformed with an increasingly flattened lower side as the drop 
becomes larger. This causes the axis ratio b/a to be less than unity, with b/a decreasing 
as a 0 increases. This behavior was found to be the result of an infraction between hydro- 
dynamic forces, surface tension forces and hydrostatic forces. Thu", the actual drop shape 
in the absence of an external electric field is quite different from the spherical shape 
assumed by all previous theories on the effect of a vertical, external electric field on 
the drop shape. 
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Present experimental set-up 

A series of experiments in the UCLA Cloud Tunnel were undertaken to improve on previous 
experimental studies and to extend our present knowledge of the effect of an external 
electric field on the shape of water drops in air. The UCLA facility is a vertical wind 
tunnel which allows the free suspension of drops of equivalent radius i 0 between 20 urn and 
3 mm in a vertical, low-turbulence air stream for long periods of time. In the present 
study, drops of equivalent radius between 500 urn and 3000 urn were suspended in the air 
stream between two metal screens acting as electrodes to create a vertical electric field. 
The screens, 6 cm x 6 cm, were separated by a distance of about 5 cm. The upper screen was 
charged to a positive electric potential; the lower to a negative electric potential . 
Electric fields between 500 Volts cm -5 and 8,000 Volt3 cm -1 were created. Computations 
based on the theoretical considerations of Smythe’’ indicate that, for the given electrode 
arrangement in our experimental set-up, the electric field is uniform and computable from 
Eo = AV/d, where d is the distance between the two electrodes and AV is the potential dif- 
ference between the two electrodes, with an error of less than 1% if the drop is kept in- 
side an area around the wind tunnel axis of 10 mm x 10 mm. In most cases the drop was con- 
fined to this area. The drops studied were made from doubly distilled water and their size 
and shape documented photographically (Fig. 2). In each experiment, it was insured that 



Figure 2. Water drops freely suspended in the vertical air stream of the wind tunnel; 

a 0 = 2.3 mm. (a) No external electric field. (b) Vertical, external 
electric field; E^ = 7.75 kV cm - '. 

the drops were electrically uncharged. For zero electric field, comparison was made with 
our previous studies on drop shape"'. All experiments were carried out in an atmosphere of 
about IC00 mb ai*- pressure and 15’C air temperature. 

Results and discussion 

The experimental results are summarized in Figs. 2 to 4. Figure 2 gives the variation of 
the drop shape ;/>: with equivalent drop radius ,; 0 for various electric field strengths E 0 . 
Compariso: of the valves tor h/a for E 0 = 0 with values previously obtained 5 *’ shows satis- 
factory repeatability of our earlier results. We note further from this figure that the 
deformation caused by the electric polarization forces due to the electric field is strongly 
opposed by the hydrodynamic forces. The latter act to influence the drop to become oblate- 
spheroidally deformed, while the former attempt to deform the drop into a more spherical 
shape. Also notice that the larger the drop, the stronger the effect of the electric field. 
Extrapolation of pur results to smaller drops suggests that electric field strengths smal- 
ler than 6 kV cm - '" have a negligible effect on the drop shape if ; Q S 1 mm. With increas- 
ing drop size, and with increasing field strength of the external electric field, the hy- 
drodyr.amically caused deformation is counteracted with increasing efficiency. Thus, an ex- 
ternal electric field of 3.2 kV cm - ' begins to significantly affect the drop shape if 
> 0.15 cm . 

In Fig. 4 the variation of the drop snape b/a is plotted as a function of the electric 
field strength for different drop sizes. We note that, for drops of .'o i 2 mm, electric 
fields of E 0 i 1 kV cm -: affect the drop shape • i. This electric shape deformation in- 
creases with drop size. Since hydrodynamic forces also affect the drop more strongly the 
larger its size, a "cross-over" oT the individual shape curve results. Thus, although 
large drops are most strongly oblate-spheroidally deformed for E c = 0, the deformation is 
efficiently counteracted with increasing field strength, resulting in a spherical and 
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Figure 3. Present experimental results 

for the variation of the shape 
of a water drop falling at 
terminal velocity in air with equivalent 
drop radius a 0 for various external elec- 
tric field strengths. 


Figure 4. Present experimental results 

for the variation of the shape 
of a water drop falling at 
terminal velocity in air with electric 
field strength for various drop sizes. 
Solid line applies co left coordinate; 
dashed lines to right coordinate. 


eventually a prolate-spheroidal drop shape. We further note that, at much lower values of 
E 0 than those required for smaller drops which are originally less oblate-spheroidal ly de- 
formed, a drop of a Q = 0.23 cm appears to require a limiting value of Eo,crit = 8 kV cm -1 
for break-up; while a d~op of a 0 = 0.19 cm requires E 0fCr it - 9 kV cm -1 . These latter 
findings are in good agreement with the observations of Ausman and Brook 13 and o: Dawson and 
Richards 1 * . 

Figure 5 gives the variation of drop deformation with the quantity X = E 0 (ao/o)^ for two 
drop sizes. We note from this figure that b/a is not a unique function of X for all a 0 r as 
had been found on the basis of electrostatic theory cited in the literature which disregard- 
ed the flow around a drop. Instead, b/a vs. X is a function of a Q due to the significantly 
stronger oblate-spheroidal deformation of larger drops. However, we note that the depen- 
dence on a Q diminishes rapidly as X approaches the critical value for drop break-up. In 
fact, our experimental data suggest that for all drops break-up appears to occur as X ap- 
proaches a value of about 1.6, as had been predicted by theory which does not take into 
account the flow around the drop. 

Break-up of single large drops in the 
absence of an electric field proceeds via 
hydrodynamic forces acting on the drop's 
lower side (i.e., on the drop's upstream 
side) . Our observations show that, in con- 
trast, drop break-up in the presence of an 
external electric field proceeds via insta- 
bilities on the drop's upper side (i.e., 
on th '•"ip's downstream side) . 

Our observations suggest that for low ex- 
ternal, vertical electric fields the hydro- 
dynamic forces dominate initially; and that 
the e." ;ct of the electric forces is small 
and confined to the downstream side of the 
faiiu- i drop where the flow field is weak. 

Howevc , a3 the electric field grows in in- 
tensity, the percentage contribution of the 
electric fi.ld to the drop deformation in- 
creases rapidly. Thus, for a drop of a Q = 

0.23 cm . i for an electric field of E 0 = 

4 kV cm” ‘ (7.75 kV cm* 1 ), b/a = 1.07 (1.45), 
if the drop is stagnant and there is assumed 
to be no flow past it (see Fig. 1) . For the 
case of drop deformation due only to hydro- 
dynamic fl.<w (E 0 *• 0), we find b/a = 0.73, in 
accordance with our previous results. For the case of both electric field and flow affect- 
ing the drop shape b/'- = 0.81 (1.14) for E 0 = 4 kV cm -1 (7.75 kV cm -1 ) (see Fig. 4). These 



Figure 5. Present experimental results 

for the variation of the shape 
of a water drop falling at ter- 
minal velocity in air with X = E 0 (ao/o)^, 
for different drop sizes. 
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numbers suggest that the percentage deviation of the shape (b/a) flow only from the shape 
(b/a) £i 0 y + field increases from 10% to 36% as the field grows from 4 kV cm -1 to 7.75 kVcnT 1 , 
thus indicating the rapidly reduced effect of the flow on the final drop shape as the elec- 
tric field grows. Eventually, as the field approaches breakdown value, the hydrodynamic 
forces completely lose theiv effect on the drop's downstream side. The critical value, 
then, of X = Eo(u 0 /u)^ for drop disintegration is the same as for no flow conditions, i.e., 
approximately 1.6. 

No quantitative studies h&ve yet been undertaken by us to verify results published in the 
literature on the effect of an external electric field on the oscillation frequency and am- 
plitude of large drops. Qualitatively, we found that the amplitude of oscillation was re- 
duced with increasing strength of an externally applied vertical electric field. Our 
studies on drop variations also indicate that, during a vibration cycle, the concave im- 
pression on the upstream (i.e., the bottom) side of the drop - induced by hydrodynamic 
forces (see Pruppacher and Pitter 2 ) - remains a present feature o n the drop's lower side, 
even when the drop is exposed to an external electric field. 

Also, no quantitative studies have yet been undertaken by us to verify the results pub- 
lished in the literature on the effect of temperature, pressure, and the presence of elec- 
tric charges on the drop deformation in an external electric field. Such studies are plan- 
ned for future experiments. 
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Abstract 


Raindrops measured by two orthogonal cameras were classified by shape and orientation 
to determine the nature of the oscillation. A physical model based on potential energy was 
then developed to study the amplitude variation of oscillating drops. The model results 
show that oscillations occur about the equilibrium axis ratio, but the time average axis 
ratio is significantly more spherical for large amplitudes because of asymmetry in the 
surface potential energy. A generalization of the model to oscillations produced by turbu- 
lence yields average axis ratios that are consistent with the camera measurements. The 
mode] results for average axis ratios have been applied to rainfall studies with a dual- 
polarized (vertical/horizontal) radar. 


Introduction 


The equilibrium shape of a falling drop is the result of a balance between surface 
tension, aerodynamic forces, and hydrostatic and internal pressures. Drops which have been 
observed In laminar flow wind tunnels 1 and in still air 2 assume shapes that are consistent 
with the equilibrium calculations of Pruppacher and Pitter 3 . Under turbulent conditions, 
however, drops are not quiescent since they undergo continuous oscillations 4 j 5 . In fact, 
photographs of raindrops in the atmosphere indicate that the average shape departs signifi- 
cantly from equilibrium 6 . Although these departures ha\e usually been neglected, they take 
on a renewed Importance with recent advances in radar m jteorology that exploit the shape 
and orientation of scatterers to obtain a quantitative or qualitative description of 
precipitation 7 . 

The following study consisted of two major efforts. The first was to determine raindrop 
shape from the photographic record, and the second was to construct a physical model of the 
changing shape to compute the time average axis ratio for the analysis of dual-polarization 
radar data. The application of the model is discussed in another paper 8 . 

Data analysis 

In the late 1950's Jones studied the shape of natural falling raindrops using two cameras 
with optical axes 90° apart 6 . From photographs he was able to determine the axial ratio and 
volume of 1783 drops. Jones' data has been replotted in Figure 1 to show the average axiai 
ratio (vertical/horizontal) with the 955! confidence interval as a function of equivalent 
volume diameter. The solid line in Figure 1 represents the equilibrium drop shape cal- 
culated by Pruppacher and Pitter 3 . As the 955! confidence intervals shows, the mean axial 
ratio for raindrops is significantly more spherical than equilibrium. Raindrops larger 
than 4 mm were also found, to be more spherical than equilibrium, but were not photographed 
in adequate numbers to yield a good estimate of the mean. Although the total sample of 17 83 
raindrops is relatively modest, a preliminary inspection of measurements using a single 
camera* with several hundred thousand raindrops between 2 and 6 mm diameter shows similar 
results . 

Data from Jones was re-analyzed to determine the nature of raindrop distortions. A 
simple ellipsoidal shape was assumed which is consistent with an oscillation of the funda- 
mental mode. Rotation was not considered as a cause of drop distortion since the energy 
required is much larger than for oscillations 10 . Each data point was analyzed for charac- 
teristic shape by comparing the measured vertical and horizontal dimensions. Smaller drops 
were found to be predominately spheres and larger drops predominant i v ellipsoids. It was 
apparent from the shape analysis that raindrops do not oscillate just in the vertical axlsym 
metric mode because of the significant percentage of horizontal ellipsoids. 

The type of oscillation was examined by combining shapes suggestive of the vertical 
axisymmetric oscillations and those shapes suggestive of horizontal oscillations. The 
result was consistent with the wind tunnel observations of Nelson and Gokale 11 that small 
drops (D 5 3 mm) prefer the axisymmetric oscillation (m « 0 degeneracy of the fundamental 
mode) and of Blanchard 5 that large drops (D * 5 mm) prefer the horizontal oscillation (m»2) 
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The latter Is apparently enhanced by aerodynamics since the external pressure should 
provide a positive feedback; to the horizontal deformation. Support for an aerodynamic 
effect Is found In the observation of stable horizontal "prolates" for very large drops 5 . 

The drop was assumed to have only surface, gravitational and kinetic energies. The 
minimum In the surface plus gravitational energy was calculated numerically. Agreement 
with wind tunnel data and the numerical result of Pruppacher and Pltter for the equilibrium 
axis ratio was within 1% for diameters less than 5 mm (Figure 1) demonstrating that the 
aerodynamic and hydrodynamic pressures are much less important than the hydrostatic pres- 
sure In determining the axis ratio. 



D # (mm) 


The surface plus gravitational energy 
function was used as a potential energy "well" 
for anharmonlc oscillations of an ellipsoidal 
drop. The equation of axisymmetric motion for 
the fundamental sr-de was obtained from the 


energy relation 

PE 0 - PE = KE = m(V a 2 + V b 2 + V c 2 )/5 (1) 

by solving for the temporal change in axis 
ratio 

AR = 6AR* 4 / 3 V a /D (2) 

where 

V a = (5KE/m) 1/2 (1 + 2AR 2 ) -1/2 (3) 

and 

AR = c/a = c/b (it) 

with a constant volume constraint 

D * 8abc . ( 5 ) 

An analytical solution for small amplitude 
yielded the Rayleigh oscillation time (tr) 


using the factor of 1/5 in the kinetic energy 
relation. Linear dissipation was added to the 
calculation by assuming KE = B KE where B was 
determined from the result of Lamb 12 for a 
complete cycle. 


Figure 1. Drop axial ratio as a function 
of equivalent spherical volume diameter. 
Circles are for raindrops (Jones), and 
the curve for equilibrium shaped water 
drops (Pruppacher and Pitter) . Con- 
fidence intervals for the mean have 
been auded to the original raindrop 
data at <rhe 95* significance level 
based upon the estimated standard de- 
viation and sample size. Triangles 
are present modei for equilibrium 
shape . 

with gravity (g = 980 cm sec -2 , p w = 0.998 g 
cm 2 sec-1 and u = 0, yielded values of TR on 
turning points. 


cm - 3 
for 


Numerical integrations were made for D » 
0.12 cm to compare with the Navier-Stokes 
simulation of Foote 13 for the axisymmetric 
oscillation without gravity with p„ ■ 1 g 
and a «= 73 dynes cm-J/T The present model 
the large amplitude oscillation of Foote 
(where AR 0 = 1/1.7) gives the same oscillation 
times (i.e., 1 . 0 h tr for u = 0.06 cm 2 sec - l 
and 1.06 tr for u = 0), and shows similar 
temporal variations in the surface and kinetic 
energies, and in axis ratio with 57* of the 
lme spent as a prolate spheroid. The axis 
ratio averaged over one cycle for the above 
two cases, and also for D = 0.3 and 0.6 cm 
cm - 2 and o = 7 3 dynes cm - l) for both u = 0.01 
ly slightly less than the mean of the undamped 


Asymmetric oscillations of the fundamental mode (m = 2 degeneracy) is currentlj under 
investigation. A set of equations similar to those given above is used to solve the 
temporal behavior of the axis ratio. 


Analytical and numerical solutions are more difficult to obtain than the axisymmetric 
case since oscillations occur in the shape of a general ellipsoid. Preliminary analysis 
irdicates that the time average axis ratio for the asymmetric oscillation of a raindrop 
can be approximated by the mean of the turning points defined by the potential energy well. 
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Three candidates for the cause of raindrop oscillations were examined: drop inter- 
actions, turbulence in the air and pumping by wake shedding. A drop interaction model was 
used to obtain the oscillation energy from a balance between the average collisional energy 
and viscous di sipation. The time average axis ratio was found to be considerably larger 
than equilibrium for drops with D i 3 mm in heavy rainfall. In contrast, preliminary 
results for wake forcing indicate that appreciable oscillations occure only for D i 2 mm. 

For turbulent forcing the oscillation energy was related to turbulence in the inertial 
subrange using the distance traveled by a raindrop during an oscillation. This gave a 
unique scaling for the oscillation energy with raindrop size and dissipation rate. Mean 
axis ratios for the average oscillation energy were calculated from a balance between input 
of turbulent energy and dissipation by viscosity. The results provided a reasonable fit to 
the mean axis ratios of the camera data and . suitable envelope for the observed amplitudes. 
It was concluded that atmospheric turbulence and also drop interactions can produce 
significant increases in average axis ratio of raindrops resulting in an appreciable change 
in rada backscattei cross sections. 
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Drop rebound in clouds and precipitation 

Harry T. Ochs, III and K. V. Beard 

Meteorology Section, Illinois State Water Survey 
P. 0. Box 5050 , Station A, Champaign, Illinois 61820 


Abstract 


The collection efficiency has been measured for 17 size pairs of relatively uncharged 
drops in over 500 experimental runs using two techniques. The results indicate that col- 
lection efficiencies fall in a narrow range of 0.60 to 0.70 even though the collector drop 
was varied between 63 and 326 ym and the size ratio from 0.C5 to 0.33. In addition the 
measured values of collection efficiencies (E) were below the computed values of collision 
efficiencies (E) for rigid spheres. Therefore it has been concluded that rebound was oc- 
curring for these size3 since inferred coalescence (e * F/E) efficiencies are about 0.6 to 
0.8. At a very small size ratio (r/R * p ■ 0.05, R ■ 326 pm) the coalescence efficiency 
inferred from our experiment is in good agreement with the experimental findings for a sup- 
ported collector drop. At somewhat larger size ratios (0.11 £ p £ 0.33) our inferred values 
of e are well above results of supported drop experiments, but show a slight correspondence 
in collected drop size dependency to two models of drop rebound. At a large size ratio (p ■ 
0.73, R • 275) our inferred coalescence efficiency is significantly diffe-ent than all 
previous results. 


Experimental study on cloud drops 

An experiment has been developed 1 to investigate the possibility of rebound for colliding 
cloud drops as postulated by Levin et al . 2 The collection efficiency is being determined 
from the amount of tracer captured Ey a stream of widely separated drops falling at terminal 
velocity through a monodisperse cloud of chemically tagged droplets. 

Design and procedure 


The current experimental setup is shown in ' igure 1. The cloud is produced by a 
vibrating orifice device (TSI Model 3050). With careful adjustment of the transuu cer fre- 
quency, the liquid Jet Is disrupted into a stream of uniform size drops which is free 
smaller satellites and also larger multlplets. Recombination of the drops is greatly re- 
duced by dispersion in an axial jet of turbulent air and by subsequent dilution. Both air 
streams are saturated slightly above room temperature to prevent evaporation. The tracer 
solution of lithium 3ulfate (0.1% Li + ) is fed to the cloud droplet generator from the solu- 
tion reservoir under pressure. The amount of tracer is apparently much less than has been 
used in previous collection studies 3 » l * and has a negligible effect in the physical proper- 
ties of the cloud water (e.g., surface tension). The reference pressure is adjustable and 
remains essentially constant by virtue of a large, nitrogen r servoir. An electrically 
neutral cloud is achieved with an ion discharge device (TSI 3u J ) . The cloud Is continu- 
ously generated during the experiment and flows at 11 tpm through a cloud chamber 1.3 m 
long and 10.6 cm in diam .er. 

Sampling oorts are located in the chamber to permit the insertion of slides coated with 
a dye and gelatin mixture for an evaluation of the droplet si?es. The stain produced by 
the droplets was calibrated by using the direct output of the droplet generator, and was 
found to be consistent wi.h the results of a similar method used by Liddell and Wootten*. 

For a * /oical experiment the droplets in the cloud chamber were found to be composed of over 
98* singlets. A typical standard deviation for the singlet distribution was 1.51. The drop- 
let concentration was measured from photographs taken with a strobe and 35 mm camera. The 
Illumination was arranged in a vertical plane of wel) defined thickness by two cylindrical 
lenses and two slits. Typical concentrations vary between 1 and 75 cm“3 depending on the 
size of droplet being used with the smaller droplets yielding a higher concentration. 

An orifice device was also used to produce the collector drops 1 . Drops with a wide 
vertical spacing (several centimeters) were separated from the main stream with an elec- 
tronically controlled charging ring and high voltage deflection plates. The drops vrere 
allowed to reach terminal velocity before entering the top of the cloud chamber. The 
vertical spacing was determined from the terminal velocity and the production rate. The 
charge on the collector drops was determined with a iaborator * built electrometer. The 
charge on individual drops was measured with an oscilloscope -o a sensitivity of about 
10"l° Coulombs, per drop. 
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DILUTION MIOHtl 




Figure 1. Diagram of experimental setup used 
to measure the collection efficiencies of 
cloud drops. 


Figure 2 . Collection efficiency as a 
function ox' R-drop separation for R * 
95 um and r ■ 19 pm. 


During an experimental run the drops were collected be. .rath the cloud chamber in a 
polypropylene Jar for a known perlci and covered for later analysis. After chemical anal- 
ysis the collection efficiency was determined from experimental parameters using the fol- 
lowing equation: 

E - M/[tir2(1+p)- AV n m X t N] (1) 


where M is the amount of lithiur measured for an experimental run a id the term in brackets 
is the amount of lithium expected from capture of all cloud droplets in the geometric path 
of the collector drops (i.e., unity collection efficiency). The term tR2(l+p)2 is the geo- 
metric cross section for the drop-droplet interaction. Multiplication of this cross sec- 
tion by the relative terminal velocity (AV) and the number concentration of droplets (n) 
results in the number of cloud droplets encountered geometrically per unit time by a single 
collector drop. Further multiplication by the mass of one cloud droplet (m) and mass 
fraction of lithium in one cloud droplet (X) results in the amount of lithium encountered 
geometrically per unit time by a sin<t'. . collector drop. Finally, the lithium encountered 
by all collector drops is found from multiplication oy the infraction time for one col- 
lector drop (t) and the total number of col lector drops for one experimental run (N). 

The number of collector drops (N) was calculated from the drop generation rate and the 
experimental time. The amount of lithium for ea,.h run (M) was determined by atomic absorp- 
tion analysis. The sloe of the collector drop .R) and cloud droplets (r) was used to ob- 
tain the size rr tlo (p), ard ‘■he relative termi. al velocity (AV) using the equations in 
Beard 7 . The cloud 'roplet concentration (n) was determined photograpnically by the method 
discussed above. Tne initial droplet size was used to determine droplet mass (m) , whereas 
the initial lithium was fixed by the concentration of the tracer in the cloud water solu- 
tion (X » 0.001). The Interaction clme (t) was determined i' r, om che fall speed of the col- 
lector drop, the downward air velocity in the cloud chamber ana the cloud chamber height. 
Accurate knowledge of the air velocity was unnecessary because its magnitude was of 
collector drop velocity. 


Error analysis 

The most obvious potential source of error in an experiment of this type is chemical 
contamination. Beyond checking for inconsistent or unrepettatf -.ata several pi-ecautiors 
and tests were made to assess and elimlnatt this oroblem. new polypropylene Jars with 
plastic lids were always used for sample acquisition. During che cource of ai experiment 
several unopened Jars were included for cher.ica 1 analysis. Also experimental runs were 
made without any collector drops falling through fc he system to test for cloud droplet con- 
tamination in the Jars. The Jars in these runs were handled identically to the Jarc with 
collector drops. Chemists, trained in microanalysis, performed tht atomic absorption 
measurements necessary to deteimine the amount of Li + in each sample. Our tests have shown 
that total errors from chemical contamination and analysis are less than 3<. 
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Since electric charge on both the collector and collected drops can alter both the 
collision and coalescence efficiencies, we have been careful to minimise charge effects. 

The cloud droplets were passed through a charge neutralizer (TSI) designed to achieve a 
Boltzmann charge distribution at much higher flows than used In our experiment. We have 
computed that the mean magnitude of charge on a cloud droplet Is < 2 x 10-18 c. Our 
method of charge minimization for the collector drop leads to a charge magnitude < 3 a 
10-16 c. Considering the extremely small charge on the cloud droplets only Induced charge 
e:fects are of possible significance In our experiment. The stronger Influence of opposite- 
ly charged drops of a magnitude of 2 10-1** c Is necessary to significantly affect 
coalescence* . 

The final and possibly most subtle source of experimental error is a depletion effect. 
Since one collector drop follows the next through the center of the cloud column, there Is 
the potential for depletion of the cloud droplet concentration by the stream of collector 
drops. In the cata analysis this effect would be reflected as an anomalously low col- 
lec- Ion effi'v o-oy. Figure 2 shows the depletion effect for 19 um cloud droplets and 95 um 
col.- ctor drc..± All data were taken at a sufficient collector drop separation to elimi- 
nate the depletion shown In Figure 2. 

Res., ts 


The measured collection - ’"ficiencies are shown In Figure 3 as a function of cloud drop- 
let size. Al3o shown for comparison are experimental and theoretical findings at comparable 
collector drop sizes. Our 1980 measurements (closed triangles) were extended to a wider 
range of droplet sizes In 1931 (closed circles) . Although charge control was improved In 
1981 there is no apparent systematic difference between ’80 and '8l data. Each data point 
has an uncertainty of about ±10? . In every instance our measured collection efficiency 
lies below the theoretical collision efficiencies, whereas other work at smaller droplet 
sizes is more comparable to the computed efficiencies. There is a tendency evident In our 
results of a convergence with theoretical efficiencies at smaller droplet sizes. No ap- 
parent trend in the experimental data with collector drop size can be deduced, perhaps 
because of experimental scatter. The theoretical efficiencies, however, also are rather 
insensitive to collector drop size in the investigated range. 

Coalescence efficiencies calculated from our experimental data on collection efficiencies 
and theoretical collision efficiencies are shown In Figure **. In addition to our experi- 
mental error of about ±10? there is an uncertainty in e from the use of computed collision- 
efficiencies. For instance, our values of e would increase by about 15? with the use of 
de Almeida's* collision efficiencies. 

Some correspondence is found between our results and coalescence theories. For example, 
our data lie somewhat above the geometric coalescence factor (e = (l+p)-2) of Whelpdale and 
List 18 . On the o±her hand, our data falls somewhat below one of the several models of Arbel 
and Levin 11 (their Table 4). Their other results do not correspond as well. Our results 
all lie above the empirical formula of Levin and Machnes 19 based on an extrapolation of 
their findings for larger collector drops. 

The experiments were conducted at two levels of charge. In 1980 the charge was maintain- 
ed to 10-15 £ jQR-Qr| - 10 - ! 1 * Coulombs whereas in 1961 the charge was lowered to about 3 * 
10-16 Coulombs for all data. No systematic differences were found in the data obtained at 
these two charge levels. Thus, charges of these magnitudes, which are found In weakly or 
moderately electrified clouds, apparently are too weak to significantly enhance coalescence. 
It therefore follows that the experiment should be extended to higher levels of charge to 
determine the magnitude needed to suppress the rehounding of falling drops. In addition, 
the amount of charge transferred by rebound in the range 10-1° < |Q R _Q r | £ 10-13 Coulombs 
should also be measured to help determine the viability of the induction mechanism for 
cloud electrification. 

Conclusions 


Collection efficiencies were measured for 15 pairs of drop sizes in the range of 
63 £ R £ 98 um and 11 < r < 26 um. The resulting efficiencies were all in the 60-70? range, 
mo3t lying significantly below the computed hydrodynamic collision efficiencies. The 
physical basis of a nearly constant collection efficiency in this range may be due to a 
critical contact angle for rebound 1 1 or geometric coalescence factor 19 with hydrodynamic 
effects, if any, masked by experimental scatter. 

The Inferred coalescence efficiencies of 63 - 83 ? were only somewhat consistent with the 
coalescence models of Whelpdale and List 19 and of Arbel and Levin 11 . Both our empirical 
results and the models show a decrease in e with increasing droplet size. In contrast to 
the models, however, no systematic change in efficiency was found as a function of collector 



C 


249 


ORIGINAL PAGE IS 
OF POOR QUALITY 


drop size. Even the qualitative agreement in r-drop dependency could Be fortuitous since 
our measurements at other size ratios (reported in the following sections) show no corre- 
pondence with the models. 




Figure 3- Collection efficiency as a function Figure *t. Coalescence efficiency as a 

of r-drop radius. function of r-drop radius. 

Experimental study on accretion 

A slight modification was made to the apparatus described in the previous section to 
permit the generation of collector drops of precipitation size for a study of the collection 
of much smaller cloud drops. The large capacity water feed system and the generator con- 
trols (described in the next section) were connected to the cloud drop experiment. Other 
aspects of the experimental arrangement remained unchanged. 

The water feed rate and the generation frequency were selected so that 326 pm collector 
drops reached within If of terminal velocity before entry Into the cloud chamber. A drop 
charge of < 2 x 10 - 15 Coulombs was maintained with the technique described in the previous 
section. A collection efficiency of 0.59 ± 10* was measured for accretion with 17 wm cloud 
droplets (p ** 0 . 05 ) from 12 experimental runs at 2 different vertical separations (32 and 
6k cm). A coalescence efficiency of * * O .63 has been inferred from a collision efficiency 
of E ■ 0.9^ based on computations for small size ratios 13 . Our result is nearly the same 
as Levin and Fachnes 11 (e = 0.6l) even though their empirical formula is a fit to a pure 
coalescence study (i.e., the "collector" drop was supported). We may have reached a small 
enough size ratio where the collision and coalescence mechanisms are relatively uncoupled. 
This important finding suggests that for accretion the collection efficiency may be cal- 
culated from computed collision efficiencies where E ■v 1 and empirical coalescence studies 
where e *v- C.6, that is E ^ 0,6. A few more measurements are desirable to verify this 
hypothesis for the accretion process at other sizes and size ratios. 

Experiments' ' study on precipitation drops 

A study of the collection efficiency of small precipitation drops has been initiated* * . 
The experiment is designed so that the drops interact initially at terminal velocity and the 
closure velocity and impact angle are determined by the natural system. This approach cir- 
cumvents the difficulty of trying to combine the results of coalescence studies 1 '» 1 5 » 1 * with 
collision theory. 
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Design and procedure 

An apparatus has been designed and constructed to measure the collection efficiency of 
small precipitation drops with size ratios 0.6 £ p 1 1. In the following paragraphs, this 
system will be described. The present system can readily be used to measure collection 
efficiencies for drops R < *»00 urn with p > 0.6. 

Drops are produced by perturbing a liquid Jet using a method first demonstrated by 
Rayleigh* T . Adam et al. * described a technique for producing unequal sized drop pairs from 
a single Jet. A sinusoidal voltage is applied to s piezeoelectric transducer which induces 
capillary waves on the Jet resulting in uniform drop production. The excitation frequency 
is periodically switched between two values to produce drops of one size followed by drops 
of another size. The drops can be charged and deflected between high voltage electrodes. 
When pulses of controlled width and voltage are superimposed on the charging voltage then 
selected drops from either group of drops can be generated with a negligible charge. As 
the main stream is deflected between the high voltage electrodes the uncharged drops fall 
as repetitive drop pairs. 

Several design changes, some of which are indicated in Figure 5, have been made to 
improve the system of Adam et al. * First TTL digital logic has been adopted for the 
majority of the electronic controls. By using a 10 MHz crystal controlled oscillator, good 
frequency control and long term stability is achieved. Digital counters are used to divide 
the clock frequency by integer numbers selected by thumbwheel switches indicated by A and B 
in Figure 5- Thus, square waves of varying frequencies can be generated, and then amplified 
to drive the transducer. 

The integers Na and Ng are also selected by thumbwheel switches. These integers control 
the number of cycles of frequency A* and B # (corresponding to the integers A and B) between 
changes In frequency. Thus, after Na cycles of frequency A*, % cycles of frequency B* are 
generated and the sequence Is repeated. A rotary switch (not shown) is used to select 
either frequency A* and B* or alternative packets of A* and B*. 

The flip-flop circuit used to switch the two data selectors also triggers the four 
indicated time delays. These delays control the timing of the pulses that are used to 
generate the uncharged drops and trigger the strobe and camera. Electronic controls not 
shown in Figure 5 allow the camera to be triggered before the strobe so that the strobe 
flash occurs at the instant when the shutter has fully opened. 



Figure 5 • Diagram of drop generator and control Figure 6. Experimental apparatus for 

circuits for experiment to measure collection the precipitation drop experiment, 

efficiencies of small precipitation drops. 
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This drop generating system has several advantages over the system described in Adam 
et al. 1 The use of a square wave to drive the transducer appears to have improved the 
system performance. Troublesome satellite drops are almost never formed in the stable fre- 
quency range. This may result from sharper edges on the perturbation imposed on the liquid 
Jet. The size ratio obtained can be extended using a lower harmonic during Jet breakup. 
However, the use of higher multiplets is restricted to < 100 urn radius because larger drops 
tend to break apart when pulsed out. Thus, the singlet range of 0.6 £ p i 1 might be ex- 
tendable down to p 'v* 0.5 when the small drops are < 60 pm radius. 

The drop generator is mounted on a platform that can be adjusted to about 15° from 
level so that the water Jet can readily be directed vertically downward (Figure 6). The 
platform is located on top of a small plexiglas enclosure that can be rotated to align drop 
pairs parallel to the film plane. The experiment occurs in a 100 cm tall plexiglas chamber 
with a square cross section of 100 cm2. The drops fall through this chamber and collide in 
a saturated environment at room temperature after they have each attained their terminal 
velocities. Data on drop trajectories is obtained photographically. 

At the onset of an experiment the repetition rate can be set high enough such that the 
drops appear stationary under stroboscopic light. Individual small and large drops can be 
pulsed out of the stream and adjusted to fall vertically between high voltage electrodes. 

At this point the drop stream may appear as shown in Figure 7, however, in practice a much 
larger initial separation is chosen so that both drops will achieve, terminal velocity before 
they approach each other. Since both the large and small drops are generated from the same 
stream it is impossible to produce both sizes at their terminal velocities. 

The drop pairs must be separated in time so that each event is unaffected by the 
preceding one. Greater time separation Is achieved by simply adding more trailing large 
drops to the drop cycle. Since the delay for the pulses is always measured from the point 
at which the first small drop is produced, these delays are unaffected by the addition of 
trailing large drops and the drop pairs can be made arbitrarily far apart. As more large 
drops are added the pulses must be slightly readjusted since aerodynamic factors have 
changed. This is done by viewing the position of streaks produced by the drops as they 
pass the incandescent light. As a practical matter drop events are usually separated by 
about 0.5 s. After the events have been adequately separated minor readjustments are made 
to enhance the probability of an interaction 

Two polyethylene lined 55 gallon drums partially rilled with distilled water are used as 
a water feed system for the drop generator. Pressure is supplied from bottled nitrogen. 
Because of the large water surface the flow remains essentially constant for several hours. 
The water reservoirs and experimental chamber are each on an isolation platform to reduce 
interference from building vibrations. These platforms consist of massive steel plates 
suspended pneumatically above an acoustic absorber. 

Streak and strobe photographs are obtained near the top of the 100 cm column. The streaks 
are created by an incandescent lamp located 30° above the camera axis and on the opposite 
side of the chamber. The collection efficiency is determined from the maximum horizontal 
separation measured for coalescence. An observed coalescence that results from drops fall- 
ing in a plane more than about 15 degrees out of parallel with the film plane will result in 
a measurement that is at least 3< too low. Therefore, the platform which supports the drop 
generator is turned to align the plane of the falling drops parallel to the camera film 
plane so that the streak photograph represents the best possible measure of the horizontal 
separation. A position for a second camera at right angles to the first camera has been 
constructed for an unambiguous measure of the horizontal separation. 

A free running strobe light placed about 45° to one side of the optical axis creates 
successive exposures on the film. Using the frequency of the strobe flashes, the fall 
speed of each drop can be computed. Triggered strobe observations are also used to verify 
the vertical drop separation at the point where the streaks are recorded. Another camera 
Is triggered at the point where the drops come together to record the results (miss , 
coalescence, rebound, or possibly breakup) in the form of streak photographs. 

Results 


The apparatus Just described has been used to measure the collection and coalescence 
efficiencies for a 275-200 pm drop pair. Two cameras are used to obtain the necessary data. 
The upper camera recorded streak data for a measure of the initial horizontal offset of the 
drops that is used to determine the maximum separation for collection (i.e., the collection 
efficiency). In addition multiple strobe exposures were used to verify fall speeds. Figure 
8a depicts a sample of the data taken with the upper camera. The lower camera was used to 
record streak Images of the interaction to determine whether a collection event had occurred. 
Figure 8b shows the characteristic signature of a coalescence event whereas Figure 8c shows 
a rebound event with an indication of the oscillation due to deformation at impact. No 


252 



OR’.Gft''- 

OF PGOti 


page is 


evidence of partial coalescence has been noticed. Data from trte lower camera was also used 
to estimate the rebound probability from the fractional number of rebound events out of the 
total of rebound and coalescence events. To obtain the coalescence efficiency (or proba- 
bility) the rebound probability Is subtracted from unity. 





a 


b| 


c 


Figure 7. Stream of charged drops Figure 8. Camera data showing: (a) horizontal 

and one uncharged pair falling separation, upper camera; (b) coalescence event, 

between high voltage plates. lower camera; and (c) rebound event, lower camera. 

The drop sizes were determined by weighing a timed sample of uniform droplets from the 
stream. By knowing the frequency at which the drops were produced, their mass could be 
determined. This method leads to less than a 1% error in determining the drop radius. How- 
ever, it was not possible to set up the experiment in precisely the same manner from day to 
day resulting in a 5< variation in the radius of each drop. Both drops were falling 
approximately 3% faster than their terminal velocities when approached within 100 radii of 
each other, and their relative velocity was ahout high. 

To date, we have obtained and analyzed data from several hundred photographed events. 

Out of 56 collision events (either coalescence or rebound) we have determined the coales- 
cence efficiency to be 0.72 ± 0.05 and the collection efficiency to be 0.71 ± 0.05. This 
result is consistent with an expected collision efficiency close to unity. 

Park 1 * has obtained the only data on unsupported drops in the size range used in this 
experiment. His data was obtained by firing streams of drops at each other and not by using 
drops at terminal velocity. Our data point lies outside the rebound region based on his 
data. The coalescence efficiency of Levin and Machnes 1 * for this size pair with one drop 
supported is only 0.36. They acknowledged that this experimental approach was only an 
approximation to the collection problem since it artificially divides a "continuous" process 
into collision and coalescence. The degree of approximation in such an experiment can only 
De determined by comparison with data on collection as obtained in our initial experiment. 
The comparison shows, at least for small precipitation drops of similar size, that such 
approximate coalescence studies may result in a large uncertainty. 
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Abstract 


Sea salt is by far the major constituent cycled through the earth's atmosphere each year. 
Bursting bubbles in the oceans appear to be primarily responsible. These salt particles 
play a role in the formation of maritime clouds, which in turn affect the earth's radiation 
budget. Along with the salt are carried various chemical pollutants and potentially patho- 
genic microorganisms, often in highly enriched form. Both jet and film drops are produced 
by bursting bubbles. This paper summarizes our present knowledge of the droplet production 
and enrichment mechanisms, with particular emphasis on the unsolved problems. 

Introduction 


Each year the oceans of the world inject 10 9 -i0 10 tons of salt into the atmosphere. 1 
This is 1 or 2 orders of magnitude greater than inputs from all other sources. Bursting 
bubbles from whitecaps appear to be primarily responsible. There is good evidence suggest- 
ing that most of the condensation nuclei involved in maritime cumulus and stratocumulua 
cloud formation consist of or are derived from sea salt. 2 ' 3 ' 4 ' 5 These cloud types are 
ubiquitous and affect the global radiation budget. Their microphysical structure is 
fundamentally different from continental clouds, allowing them to produce rain much more 
efficiently, 6 which in turn affects the residence time of smaller particles in the marine 
atmosphere.' The marine aerosol exhibits a geochemical fractionation or enrichment which 
generally increases with decreasing particle size. 8 ' 9 ' 10 ' 11 Various pollutants such as 
?CBs, DDT, heavy metals, and radionuclides are transferred from sea to air, often in highly 
concentrated form. 12 Microorganisms such as bacteria and viruses are found concentrated in 
aerosols from bursting bubbles, 13 ' 14 ' 15 ' 16 with consequent health implications if pathogens 
are involved. 17 


Droplet production mechanisms 


Film drops 

Two types of droplets are produced when bubbles burst. Film drops form from the 
disintegration of the protruding bubble film. The details of this process are unknown, 
largely because the film rupture has never actually been observed. Two difficulties present 
themselves. First, the rupture is quite rapid: for a 250 yra diameter bubble, the film 

collapses in about 3 x 10' sec. 18 But this is now well within the reach of current time- 
lapse capabilities. A more serious problem is the size of the film drops, for recent 
evidence suggests most are of submicron dimensions. Thus any photographic scheme which 
allows observation of the entire film collapse will lack sufficient resolution to reveal 
many of the individual droplets formed by the collapse. 

Most important of the variables controlling film drop production is bubble size: bubbles 

smaller than about 300 ym diameter produce few or none; 1 ear. bubbles produce up to 20 or 30, 
and this increases to a maximum of about 1000 for 6 ran bubbles; most of the film droplets 
are ejected in a cloud several centimeters above the water surface. 18 ' 19 However, for a 
given bubble diameter, the film drop production can be a fraction of the maximum numbers 
just quoted. Two variables influencing this (there are undoubtedly others) are the 
"cleanliness" of the bubble (i.e., the amount of surfactant adsorbed to the bubble as it 
rises) , and the bubble surface lifetime (delay between the arrival of the bubble at the 
water surface and the film collapse) . Film drop production generally decreases with 
increasing bubble dirtiness and surface lifetime (for reasons still hypothetical), although 
there are exceptions to this. Bubble surface lifetime is itself related to bubble cleanli- 
ness, for reasons also poorly understood. 

Data on film drop size distributions are scant. Blanchard and Syzdek 20 used glass 
slides coated with MgO to determine the film drop size distribution of drops resolvable with 
the light microscope for 740 ym diameter bubbles. The distribution peaked at about 4-6 um, 
as shown in Figure 1. 
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DROP DIA. (/tm) 

Figure 1, Film drop size distribution (2 pm bandwidth) obtained from 30 bubbles of 
740 pm diameter bursting in a 3,3 x 10 3 ppm nutrient broth solution, 

Film drops were collected electrostatically, at the indicated field 
strength, on glass slides coated with MgO. Data from Blanchard and 
Syzdek (1975). 

The maximum film drop production mentioned above was determined with a thermal gradient 
diffusion cloud chamber, which is capable of growing drops of <0.01 pm diameter to 5-10 pm. 
The cloud of droplets so produced tends toward monodispersity regardless of the initial 
size distribution. However, data obtained by the author suggests that for larger bubbles 
(>1 pm dia.), most film drops are submicroscopic. For example, when the aerosol produced 
by bursting of 1.8 mm dia. bubbles in seawater was examined simultaneously with a TSIR 3020 
condensation nuclei counter (capable of counting hygroscopic particles <0.01 pm dia.) and a 
Royco optical particle counter (dia. >0.3 pm), the Royco count was only 10-30% of the 3020 
count. 

Further evidence suggesting submicron film drop production was obtained from a laboratory 
model of a breaking wave, shown in Figure 2. Seawater, circulated by a centrifugal pump, 
falls from a height of 33 cm into a circular tank 0.5 m in diameter. The aerosol produced 
by the upwelling plume of bubbles was passed through a Sinclair diffusion battery, the 
penetration through which is determined by particle size. 21 Figure 3 shows the penetration 
curves of the model wave aerosol at 90% and 75% relative humidity, compared with the pene- 
tration curves of monodisperse aerosols of 0.05 pro, 0.02 pm, and 0.01 pm radii. Although 
drops other than film drops are produced by the experimental configuration shown in 
Figure 2, there are good reasons to believe the submicron drops revealed in Figure 3 are 
indeed film drops. 22 
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Figure 2. Scale drawing of a laboratory simulation of a breaking wave or whitecap. Tank 
diameter Is 0.5 m, waterfall height 33 cm. 



Figure 3. Diffusion loss of the model wave aerosol at 90?. relative humidity, together 
with calculated diffusion loss for monodlsperse aerosols of 0.05 win, 0.02 wm. 
and 0.01 um radii. 
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Jet Drops 

Jet drops are also produced by bursting bubbles. These are formed by the collapse of 
the cavity remaining after the film rupture. A jet of water is propelled upwards from the 
center of this cavity, becomes unstable, and breaks into discrete droplets. Surface tension 
is the major energy source. 1 ® Jet drops are about one-tenth the bubble diameter. 23 The 
number of jet drops per bubble decreases from as many as five or six for a 300 urn diameter 
bubble to only one for bubbles larger than about 3 mm. 

The breakup of the jet into individual droplets has been observed for a largf 
(1.7 mm dia.) by time-lapse photography with 3 x 10“ 4 sec resolution. 24 Detai' of jet 
breakup for smaller bubbles are as yet unobserved, although certainly well wit. . current 
capabilities. The calculated_top jet drop ejection speed increases with decreasing drop 
size, reaching 0 x 10 3 cm sec" 1 at 70 ym bubble diameter. 18 (Film drop ejection soeeds are 
unknown.) Top jet drop ejection height reaches a maximum of nearly 20 cm for 200 ym drops. 
The upper bound jet drop diameter relevant to atmospheric processes is, of course, determined 
by sedimentation, 20 ym being a reasonable value. The lower bound jet drop diameter is 
unknown; direct observations extend only to ^7 ym. The existence of submicron Jet drops is 
at this point hypothetical; it is, however, doubtful that such drops are produced in large 
numbers in nature, since bubbles smaller than 10 yn diameter are rapidly forced into solu- 
tion due to surface tension. 23 ’ 25 

Droplet enrichment mechanisms 

Material can adsorb to the surface of a bubble both as it rises (bubble scavenging) , and 
also as it penetrates the bulk water surface, if a monolayer of material is floating there. 

Film drops are formed from the bubble surface itself. Material which comprises the jet 

drops, particularly the top drop, is skimmed from the surface of the bubble cavity by a 
capillary wave which in effect acts as a microtome. 26 Thus it might be expected that the 
composition of both jet and film drops can be vastly different from that of the bulk water 
in which the bubbles burst. The enrichment of bacteria in jet drops has already been 
demonstrated, 15 and evidence strongly suggestive of film drop bacterial enrichment now 
exists. 22 In nature, both bubble scavenging and bulk surface microlayer transfer surely 
operate. Which of the two mechanisms predominates is unknown. Strong arguments favor 
scavenging, 2 7 particularly in cases where the flux of upwelling bubbles is great, for this 
causes divergence of the water surface adequate to push aside floating monolayers. 

Relevance to geophysics 

The relative contribution of jet and film drops to the marine aerosol and Its enrichment 
is a complex problem. In view of the relationships between Jet and film drop size distri- 
butions versus bubble size, the shape of the bubble spectrum in whitecaps is of critical 

importance. The size distribution of sea salt particles is such that most of the salt mass 
is contributed by drops larger than 1 ym, whereas these comprise a small fraction of the 
total number. Most cloud condensation nuclei (CCN) are smaller than 1 ym. 4 ’ 6 Comparison 
of the bubble and aerosol spectra produced by the model whitecap shown in Figure 1 suggests 
that the global salt mass flux is controlled by jet drops, from bubbles smaller than 1 mm, 
and that the CCN flux is controlled by film drops, from bubbles ledger than 1 mm. 3 ’ 22 It 
is important to determine the validity of this laboratory simulation: there is evidence 

that a feedback mechanism exists whereby the addition of surface active material to the 
oceans, by man or otherwise, can lead to a significant modification of film and jet drop 
production. 2 8 

The processes of drop formation and enrichment mentioned here must apply to some extent 
to bubbles in all types of liquids. It is anticipated that new parallels will be found in 
many other disciplines. 
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Abstract 

On the basis of both a conventional relativistic nuclear fluid dynaaical aodel and a 
two- fluid generalization that takes into account the interpenetration of the target and 
projectile upon contact, we calculate collisions between heavy nuclei aoving at relativis- 
tic speeds. This is done by solving the relevant equations of aotion nuaerically in three 
spatial diaensions by use of particle-in-cell finite-differe;.ce coaputing techniques. We 
study the effect of incorporating a density isomer, or quasistable state, in the nuclear 
equation of state at three tiaes normal nuclear density, as well as the effect of doubling 
the nuclear coapressibility coefficient. For the reaction *°Ne + 23, U at a laboratory boa 
barring energy per nucleon of 393 MeV, the calculated distributions in energy and angle of 
outgoing charged particles are compared with recent experiaental data both integrated over 
all impact parameters and for nearly central collisions. 

Introduc tion 

Our colloquium on drops and bubbles has brournt together people in such diverse disci- 
plines as astrophysics, fluid dynamics, and nuclear physics, working with physical systems 
ranging in size from stars through water drops to atomic nuclei. Having already heard 
from astrophysicists and fluid dynamicists, it is time now to turn our attention from some 
of the largest objects in the universe to some of the smallest. 

An atomic nucleus, with diameter about 10' 14 m and mass about 10' 25 kg, is .-bout 10 14 
times as dense as water. Discovered in 1911 by Sir Ernest Rutherford, it is to lowest or- 
der a collection of positively charged protons r.r.-i uncharged neutrons held tightly togeth- 
er by short-range nuclear forces. As first suggested by Niels Bohr in 1936, a nucleus be- 
haves in some respects like a uniformly charged drop of liquid with surface tension. 

The liquid-drop model has been widely used to explain the breakup of a heavy nucleus 
into two smaller fragments in the process of nuclear fission, as well as to explain many 
features associated with collisions between two nuclei. Until recently, the bombarding 
energy in such collisions has been fairly low, with the result that the nuclear density 
remains close to its equilibrium value and the excitation energy is relatively low. How- 
ever, a few years ago accelerators were developed that can accelerate heavy nuclei to rel- 
ativistic speeds, and we are now beginning to explore what happens when nuclei become high 
ly compressed and excited. 

The collision of heavy nuclei at high energy is extremely complicated, lying somewhere 
in between two limiting possibilities that have been used to describe it. At one extreme, 
the process could be dominated by a series of collisions between individual particles mak- 
ing up the nuclei or produced in the reaction. This first limit, which would be realized 
if the particle mean free path were much longer than the nuclear force range, has been 
studied in terms of microscopic approaches such as the relativistic intranuclear cascade, 
where the basic input is experimentally measured two-particle cross sections. 1 ' 3 

At the other extreme, the process could be dominated by coherent collective-field ef- 
fects, resembling instead the collision of two drops of nuclear fluid. This second limit 
would be realized if there are many degrees of freedom, sufficient time during the colli- 
sion to establish local equilibrium, and a short mean free path for stopping a particle. 

In relativistic nuclear collisions of the type considered here, the first two conditions 
are satisfied moderately well whereas the last condition is more uncertain. Estimates 
based on collisions between two particles in free space give relatively long mean free 
paths, but the mean free path could be reduced significantly inside a nuclear medium be- 
cause of many-body effects or a nuclear phase transition. 4 This second limit has been 
studied by several different groups around the world in terms of fluid dynamical models, 
where the basic input is the nuclear equation of state. Ve will be concentrating here on 
recent work performed at Los Alamos within this approach. 5 ' 7 



Nuclear equation of state 

One reason for studying relativistic nuclear collisions is to learn about the nuclear 
equation of state, the fundamental relationship specifying how pressure depends upon den- 
sity and thermal energy. At present we have experimental information about this important 
function only in the vicinity of the equilibrium ground state. However, theoretical spec- 
ulations suggest that it may be extremely complicated, with nuclear matter undergoing one 
or more phase transitions as its density is increased. 5 This is illustrated schematically 
in Figure 1, which shows how the ground-state energy per nucleon Eo(n), or zero- tempera- 
ture compressional energy per nucleon, might depend upon nucleon number density n. We 
know experimentally that the equilibrium energy per nucleon Eo(»o) = '16 HeV, that the 
equilibrium density n^ = 1.5 x 10 44 nucleons/m 5 , and that the nuclear compressibility co- 
efficient K = 210 MeV. What happens away from equilibrium is currently unknown, but dou- 
bling the nuclear density from its normal value could lead to a pion condensate, or a 
state containing a large number of bound pions. Compression to several times normal densi- 
ty could result in a density iosmer, or a quasistable state existing at other than normal 
density. Still further compression could produce quark matter, in which the quarks that 
comprise nucleons become free. To determine whether or not any of these phase transitions 
actually exist in nuclei is the exciting challenge that we face! 


In addition to the above compressional energy, nuclear matter at rest can contain ther- 
mal energy, so that the total internal energy per nucleon is 

E (n, I ) = F 0 (n) + I , (1) 


where I is the thermal energy per nucleon, which is itself a function of n and either the 
entropy per nucleon S or the temperature T. The pressure p is then given by 5 ' 7 


P = 


3 E(n, I ) _ 

3n S 


2 dE 0 (n) 
n — dn" 


+ n 


2 

3n 


( 2 ) 


containing separate contributions from the compressional energy and the thermal energy. 



Nucleon Number Density n (Units of n Q ) 


Figure 1. Compressional energy, illus- 
trating three conjectured nuclear phase 
transitions . 



Nucleon Number Density n/n 0 

Figure 2. Compressional energy in three 
of our nuclear equations of state. 
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Foi the grcund-state energy per nucleon Eo(n) we use both an old functional for***® 

E 0 (n) = a n 2/3 - b n + c n 5/3 , (3) 

with positive constants a, b, and c that yield a compressibility coefficient K = 294.8 
MeV, and a new functional form 7 producing the three curves shown in Figure 2. The solid 
line shows the result for compressibility coefficient K = 200 MeV, and the dashed line 
shows the effect of doubling the compressibility coefficient to 400 MeV. The dot-dashed 
curve shows the result for a density isomer at a density that is three times normal nu- 
clear density, with an energy 2 MeV higher than at normal density and with the same cur- 
vature. In each of these three cases we use the value Eo(n 0 ) - -8 MeV to simulate the 
loss in binding energy for finite nuclei arising from surface and Coulomb energies. The 
new func tior.al form has the property that the speed of sound approaches the speed of light 
in the imit of infinite compression. This is achieved by parametrizing E<>(n) for n great- 
er than a critical value in terms of three smoothly joined parabolas in the square root 
of the density, so that in the limit of infinite compression it increases linearly with 
density. 

For the thermal contribution to the pressure we use the result 5 ' 7 

“ther-l ‘ " 2 Sis = 3 » ' • <*> 

which is derived from the nonrelativistic Fenni-gas model. 

Relativistic nuclear fluid dynamics 

In a complete nuclear fluid dynamical calculation, we would need to take into account 
nuclear energy. Coulomb energy, nuclear viscosity, thermal conductivity, and single-par- 
ticle effects, as well a-= the production of additional particles and the associated radia- 
tive loss of energy from the system. However, in nuclear collisions of the type consider- 
ed here, these effects are small compared to those caused by the dominant kinetic, congres- 
sional, and thermal energies, and are consequently neglected. 

The covariant relativistic fluid dynamical equations that we solve express the conserva- 
tion of nucleon number, momentum, and energy, for a specified nuclear equation of state. 

In units in which the speed of light c = 1, these equations are 5 ' 7 


|| ♦ V-(vN) = 0 , (5) 

|| + V* (vfi) = -Vp , (6) 

and 

|| + V-(vE) = -V-(Op) . (7) 

where N, M , and E are respectively the nucleon number density, momentum density, and ener- 
gy density (including rest energy) in the laboratory reference frame and v is the velocity 
of matter relative to the laboratory frame. The three laboratory- frame quantities are re- 
lated to rest- frame quantities by 


N = yn, (8) 

fi = y 2 (e + p ) v , (9) 

and 

E = y 2 (e + p) - p , (10) 

where y = (1 - v 2 )'^ and e is the internal energy density in the rest frame, which is re- 
lated to the internal energy per nucleon of Eq. (1) by 


e = I m 0 + E( n , I ) ] n 


( 11 ) 


including the nucleon mass m 0 . 
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For a given nuclear equation of state and for given initial conditions, we solve these 
equations numerically in three spatial dimeusions by use of a particle-in-cell finite-dif- 
ference coaputing method. 5 " 8 In this technique, the fluid is represented by discrete La- 
grangian computational particles, which move through a aesh consisting of fixed cubical 
gulerian cells. From finite-difference representations of Eqs. (5)-(7), the values of N, 

H, and E for $ach cell are calculated at later tiaes in teras of preceding values. The 
values of n, v, e, and p throughout the aesh are obtained by means of a partial algebraic 
reduction followed by the iterative solution of a transcendental equation in one unknown. 

Some examples of the solutions are shown in Figure 3 for the reaction *°Ne ♦ 2S8 U at a 
laboratory bombarding energy per nucleon of 250 HeV, corresponding to an incident speed 
that is 62% the speed of light. The nuclear equation of state is given by Eqs. (2)-(4). 
Each column presents a side view of the matter distribution evolving in time for a differ- 
ent iapact parameter. The initial frame in each case shows a 238 U target bombarded from 
above by a Lorentz-contracted 20 Ne projectile. The projectile and target are represented 
by coaputational particles, which are initially aligned so that in the direction perpendic- 
ular to the page only a single point is visible. However, as the impulse resulting from 
the collison propagates throughout the system this alignment is destroyed and additional 
particles come into view. 

The characteristic features of the time evolution vary systematically with impact param- 
eter. In nearly central collisions the target and projectile are substantially deformed, 
compressed, and excited, with curved shock waves produced. These are followed by rarefac- 
tion waves and an overall expansion of the matter into a moderately wide distribution of 
angles. At the other extreme, in peripheral collisions the projectile is fragmented into 
a portion that proceeds roughly straight ahead at its original velocity and another por- 
tion that deposits its energy in the target. This disturbs the target much less violently 
than in nearly central collisions, and its deformation, compression, and excitation are 
therefore much less. 


We show in Figure 4 the effect of varying the nuclear equation of state on nearly cen- 
tral collisions at the higher laboratory bombarding energy per nucleon of 393 NeV, corre- 
sponding to an incident speed that is 71% the speed of light. The results for the differ- 
ent equations of state are very similar to one another, but for our equation of state with 
a density isomer the expansion starts somewhat later because the matter is compressed to a 
higher density than for our two conventional equations of state. 


r 

Time 

uo-*Hi 

E 

20 238 

Ne ♦ U 

_/20 -230 MeV 


0.0 


• 


5.1 


* 

* 

115 



4 

• 

25.3 


£m 

1 1 


0.1 05 Q9 

Impoci RaomtU r (R,»R,) 


Figure 3. Time evolution of the matter 
distribution for three impact parameters. 
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For our conventional equation of state with compressibility coefficient K = 200 MeV, 
the matter is compressed to a maximum rest-frame density of 3.9 n<> and remains above 2 no 
for 1.0 x 10' 22 s. For our stiffer equation of state with K = 400 MeV the matter is com- 
pressed to a maximum rest-frame density of 3.4 n 0 and remains above 2 no for 0.7 x 10' 12 s. 
For our softer equation of state with a density isomer the matter is compressed to a maxi- 
mum rest-frame density of 5.1 no and remains above 3 no for 1.4 x 10" 22 s and above 2 no 
for 1.9 x IQ 22 s. 


Comparison with experimental data 

For the reaction 20 Ne ♦ 23 *U at a laboratory bombarding energy per nucleon of 393 MeV, 
Sandoval et al. 9 have recently measured at the Berkeley Bevalac the distributions in ener- 
gy and angle of outgoing charged particles, including contributions from protons, deuter- 
ons, tritons, 3 He particles, and 4 He particles. Also, by selecting only those events con- 
taining large numbers of associated charged particles. Stock et al. 10 have measured for 
nearly central collisions the distributions in energy and angle of outgoing charged par- 
ticles, including contributions from protons, deuterons, and tritons. Unfortunately, this 
selection does not eliminate possible contributions from large impact parameters, for 
which the high-energy yield in forward directions is larger than for central collisions - 
These experimental data in the form of energy spectra at four laboratory angles ranging 
from 30° to 150° are shown by the solid circles in Figure 5, where they are compared with 
histograms calculated for our conventional equation of state with compressibility coeffi- 
cient K = 200 MeV. We have also made similar comparisons with results calculated for the 
other two equations of state illustrated in Figure 2. 

Our calculated distributions are obtained by constructing from the velocity vectors at 
some large time the energy and angular distributions for the expanding matter. The small 
amount of matter that already has passed through the top and side boundaries of the com- 
putational mesh is also included. By integrating over the appropriate ranges of impact 
parameter, we compute the double-differential cross section corresponding both to all im- 
pact parameters and to central collisions constituting 15% of the total cross section. 

The cross section for the outgoing matter distribution is then converted into the cross 
section d z o/dEdil for outgoing charged particles under the assumption of uniform charge den- 
sity. Some measure of the fairly large numerical inaccuracies inherent in fluid dynamical 
calculations can be determined from the fluctuations in the histograms, which are obtained 
using angular bins of 10° width. 

Examining first the results for all impact parameters given in left-hand side of Figure 
5, we see that at low energy the calculated results are for all angles higher than the ex- 
perimental results. This is because of our neglect of binding, which causes the entire 
system to completely disintegrate into slowly moving matter for an arbitrarily small im- 
pulse. A* higher energy the calculations with all equations of state reproduce, to within 
numeric uncertainties, the experimental data at all angles. We have found that the nu- 
clear equation of state has little effect on the single-pa-ticle-inclusive cross section 
d 2 o/dEdO integrated over all impact parameters. 

We turn now to the results for central collisions, which are given in the right-hand 
side of Figure 5 for our conventional equation of state with K = 200 MeV. At intermediate 
angles the results calculated with the three equations of state are very similar to one 
another, to within numerical uncertainties. However, at 8 = 30° the slope of the energy 
spectrum decreases significantly as we go from a stiff equation of state with K = 400 MeV 
through an intermediate one with K = 200 MeV to a soft one that contains a density isomer. 
Also, at t - 150° the results calculated for the density isomer are somewhat higher than 
those calc. iated for the two conventional equations of state. These differences arise be- 
cause the softer density-isomer equation of state leads to higher initial density and ther- 
mal ciu ,gy per nucleon, which increases the thermal contribution to the cross section in 
reg ..is where it would otherwise be small. 

Because of our neglect of binding, at low energy the calculated results for central col- 
lisions are also higher than the experimental results for all angles and equations of 
state except for 0 = 150° with the two conventional equations of state, where the rapid 
expansion in the backward direction suppresses the cross section. At higher energy the 
calculations with all equations of state reproduce, to within numerical uncertainties, the 
i!xperimental data at all angles except 8 = 30°, where the calculated energy spectra for 
.*11 three equations of state have significantly larger slopes than the experimental spec- 
trum. This important discrepancy for central collisions in the forward direction could 
arise from several different possibilities, but the most likely is that upon contact the 
ta ' <»et and projectile interpenetrate substantially. This interpenetration can be taken 
■ nto account, while retaining some degree of coherent collective flow, by means of a nu- 
clear two- fluid model, to which we now turn our attention. 
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Nuclear two- fluid dynaiics 

In the nuclear two-fluid model coupled relativistic equations of motion are solved for 
separate target and projectile nuclear fluids.®* 11 The terms in the equations that couple 
the two nuclear fluids are obtained from the cross section and mean longitudinal momentum 
transfer for free nucleon-nucleon collisions. At low relative velocities the target and 
projectile fluids merge, in which cast conventional relativistic nuclear fluid dynamics 
(which we alternatively refer to as one-fluid dynamics) is recovered. 


The equations of motion for the target and projectile nuclear fluids express the con- 
servation of nucleon number, energy, and momentum, plus the transfer of energy and momen- 
tum between t <ie two fluids. For a given fluid, the relativistic equations of motion are 
analogous to Eqs. (5)-(7) for conventional nuclear fluid dynamics, but contain in addition 
coupling terms that describe the transfer of energy and momentum from one fluid to the 
other as they interpenetrate. In particular, when the relative velocity of the two fluids 
is large compared to the Fermi velocity of the nucleons comprising each fluid, the rela- 
tivistic equations of motion for fluid 1 are 5 ’ 11 


at 1 ♦ V-tf^) = 0 , (12) 


afi, 

31^ ♦ V-fVjfij) = -V Pl - DfYjVj - V 2 v 2 ) * (13) 

and 

3E. 

♦ V-tvjEj) = -V-(VjPj) - D< Vj - y 2 ) ; (14) 

those for fluid 2 are obtained by interchanging the subscripts 1 and 2. The drag function 
D involves the nucleon number densities and velocities of the two fluids, as well as the 
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Figure 5. Comparison of calculated histo- 
grams with experimental points (Refs. 9 
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Figure 6. Time evolution of the matter 
distriubtion calculated in the two-fluid 
model . 



cross section and average longitudinal momentum transfer for free nucleon-nucleon colli- 
sions. For the nuclear equation of state specified by Eqs. (2)- (4), these equation of mo 
tion are solved by use of a two-fluid generalization of the relativistic particle-in-cell 
technique. s » •» 11 

We show in Figure 6 some examples of the two-fluid solutions for the reaction 20 Ne + 
23, U at a laboratory bombarding energy per nucleon of 250 MeV. These results are quali- 
tatively similar to those shown in Figure 3 for conventional nuclear fluid dynamics, es- 
pecially during the later stages of the process. However, because the target and projec- 
tile interpenetrate somewhat before they begin to respond to the presence of the other, 
the initial compression is less and the amount of matter emerging in the backward direc- 
tion is less in the two- fluid model than in conventional nuclear fluid dynamics. 


Figure 7 shows the resulting energy spectra calculated for central collisions in both 
the one-fluid and two-fluid models with the same equation of state, along with the experi- 
mental data of Stock et al. 16 For the three angles 6 = 70°, 110°, and 150°, the two mod- 
els reproduce equally well, to within numerical uncertainties, the experimental data at 
high energy and are both larger than the experimental data at low .energy because of our 
neglect of binding. For 6 = 30° ; the two-fluid model agrees with the experimental data 
substantially better than does the one-fluid model, although the slope calculated from the 
two- fluid model is still somewhat, larger than the experimental slope. However, as shown 
earlier for the one-fluid model, a softer nuclear equation of state than the one used here 
would increase slightly the calculated high-energy yield in forward directions. 


An alternative and perhaps more illuminating way of making the comparisons for central 
collisions is in the form of angular distributions for fixed outgoing laboratory momentum 
per nucleon, as shown in Figure 8. The experimental angular distributions for low out- 
going momenta contain a small peak that shifts to smaller angles and finally disappears 
for higher outgoing momenta Unfortunately, this peak could be the result of either the 
neglect of 3 He, 4 He, and heavier composite particles, whose yields are concentrated at low 
energies and forward directions, or the Coulomb interaction, which provides a transverse 
driving force for slow-moving charged particles. 
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The histograms are calculated with energy bins of 20 MeV. Because of our neglect of 
binding, the results for the lowest outgoing momentum calculated in both the one-fluid and 
two-fluid models are much larger than the experimental data. With increasing outgoing mo- 
mentum, the one- fluid model predicts angular distributions that are narrower than the ex- 
perimental distributions and that are peaked at increasingly larger angles, which is op- 
posite to the experimental trend. However, as shown by Stacker et al., s the agreement be- 
tween the one- fluid model and experiment would be improved by superimposing the remaining 
thermal energy at a freezeout density at which fluid dynamics ceases to be valid. The two- 
fluid model predicts angular distributions with peaks that shift to smaller angles with 
increasing outgoing momentum, as is observed experimentally. For intermediate outgoing 
momenta the experimental data are lower in absolute value than the two- fluid calculations, 
but for the two highest outgoing momenta the experimental data agree with the two- fluid 
calculations to within their numerical uncertainities . By comparison, microscopic models 
based on independent two-particle collisions yield for central collisions angular distribu- 
tions that are essentially forward peaked at all outgoing energy. l * s 

Conclusions 


With some qualifications, we conclude that in relativistic nuclear collisions the tar- 
get and projectile interpenetrate substantially upon contact, but that some degree of co- 
herent collective flow is involved. Although conventional relativistic nuclear fluid dy- 
namics is deficient in several respects, relativisitic nuclear two-fluid dynamics satis- 
factorily describes many aspects of relativistic nuclear collisions. Because the calculat- 
ed results are not very sensitive to the input nuclear equation of state, we do not yet 
know whether or not there are any phase transitions as the nuclear density is increased. 

The answer to this question is relevant not only to atomic nuclei but also to neutron stars, 
illustrating once again how drops and bubbles help unify our understanding of physical sys- 
tems differing in size by twenty orders of magnitude. 
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Abstract 


A numerical calculation for the full thermal dynamics of colliding nuclei has been 
developed. Preliminary results are reported for the thermal fluid dynamics in such 
processes as Coulomb scattering, fusion, fusion-fission, bulk oscillations, compression 
with heating, and collisions of heated nuclei. 

I . introduction 

The preceding paper by Ray Nix summarized high-energy nuclear collision calculations 
using relativistic fluid dynamics. In this paper we shall discuss lower-energy nuclear 
collisions, and we shall change the emphasis from predicting outgoing multi-particle 
distributions to attempting to calculate the interior thermal properties of the nuclear 
fluid during and after a collision process. We present this study as an example of a 
methodology for treating the dynamics of any hot compressible fluid drop with known 
material properties. In our particular case we have arrived at the material properties of 
our exotic nuclear fluid by solving a meson field equation integrally with the thermal 
dynamics. For more common materials the thermal fluid dynamic methods presented here can 
be used in a more straightforward manner with an analytical equation of state. 

The original motivation for this study came, not from nuclear physics or from fluid 
dynamics, but from a critical problem in astrophysics: as increasingly more accurate 
modelling is being included in calculations of stellar collapse, it is becoming more 
difficult to get those calculations to result in a supernova explosion (1). The 
calculations end, not with a bang, but with a whimper. Supernova explosions, while not a 
common sight, are definately known to occur, of course, and the astrophysicists amongst us 
would like to be able to predict when they occur. 

A major remaining uncertainty in stellar collapse calculations is the equation of state 
of nuclear matter (NEOS) . The equation of state is a fundamental relationship between the 
pressure and the density and internal energy of a fluid, in order to predict supernova 
explosions, the current collapse calculations of J. Wilson seem to demand rather radical 
departures from the currently fashionable NEOS. 

The material description of a star nearing the end of its collapse is given in Table I. 
At densities around 10^4 gm/cm^ the constituent nuclei are almost touching and the 
temperature of the nuclear material is around 8 - .10 MeV. The heat capacity of the 
nucleus will determine whether the nuclei can thermally disintegrate under these 
conditions. Thermal disintegration is important because a free nucleon gas creates extra 
thermal pressures that help to generate an explosion. 

Heavy nuclei, in the laboratory at least, exhibit a large number of excited states, and 
their extrapolated heat capacity appears to be so large that the nuclear matter is too 
"stiff" during collapse, producing non-exploding stars. While we don't understand all the 
implications at this time, J. Wilson's collapse computations might be interpreted to mean 
that supernova explosions require a "softer" NEOS at high densities and temperatures than 
current nuclear theory predicts. 

Until recently, laboratory heavy -ion experiments were confined to nuclear matter near 
zero temperatures, and extrapolations to higher densities and temperatures led to widely 
varying results. During the last decade, however, high-energy heavy-ion accelerators have 
allowed nuclear researchers to observe experimentally the collisions of heavy nuclei and 
their subsequent excitation and breakup. The goal fror the NEOS point of view is to 
obtain some information about the heating and compress n of the composite nuclear fluid 
before it disintegrates. In heavy ion collisions excitation temperatures as high as 80 
MeV are not uncommon (as deduced from the Maxwellian distribution of the emitted 
fragments; see Figure 1) (2). At low excitation energies the temperature dependence is 
that of a Fermi gas and at high excitations the temperature follows a classical Boltzmann 
gas law. High compressions have not yet been definitively observed, though there is 
intense interest in creating high compression because of a theoretically-predicted phase 
transition at about twice normal density. At this density the nuclear matter might 
exhibit a pion condensation, a state which contains many bound pions. Even higher 
compression might lead to a "density isomer", a stable state of very high density (3). 
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Thus it is extremely important, for the astrophysicist as well as for the nuclear 
physicist, that we understand the NEOS at high densities and temperatures. One way to 
approach this understanding is to adopt a NEOS and study its consequences for heavy ion 
collisions, looking for predicted phenomena that will help to pin down the exact form of 
the NEOS. We have begun such a study. In the next section we describe the NEOS approach 
taken by J. Wilson for our initial studies. 


Man 

Temperature 

Density 

Infall 

Radius (Fe core) 

Time since Fe burn 
depletion 

Neutrino radiation rate 
(equivalent of visible 
luminosity of 10'° of 
the largest galaxies in 
the universe) 


16 M^ 

8-10 MaV 
2-6 X 10 14 gm/cm 3 
50,000 km/sec 
10® cm 

0.3 sac 
10 47 W 


Table I; Stellar collapse 
conditions just before bounce. 



Figure It Maxwellian distribution of 




rom the heavy-ion collision 
U at 250 MeV/amu. 


II . The Equation of State 

There are at present two approaches generally used to represent the NEOS: first, the use 
of effective two-nucleon potentials such as the Skyrme interaction (4); and second, a 
direct calculation of the equilibrium energy per nucleon in terms of the underlying meson 
field such as the Walecka NEOS (5). All nuclear fluid dynamics (NFD) calculations up to 
the present have used the first approach; in this paper we report preliminary results from 
an effort to use the second approach in conjunction with NFD. 

The Wilson nuclear equation of state used in this work was derived by solvinq the 
classical meson field equations using a Lagrangian energy density given by 

JL "i[9 y (&!$ + + e + e +3e’ s+4TrcZ ^ a > 

where | is a scalar field with effective mass m*“m„ ( l+o/0o> > T represents 
the electrostatic field, and o Q and g are adjustable parameters. The density of 
nuclear matter is p, the internal energy per nucleon is e, and Ze is the electric 
charge per nucleon. This choice of Lagrangian was motivated mostly by a desire for 
simplicity since our lengthy two-dimensional calculations include both dynamic and thermal 
effects. Also it was felt that the astrophysical calculations for which this model was 
intended contained greater uncertainties in other quantities than would be introduced by 
this simple but partially ad hoc Lagrangian. 

Whereas the standard approach begins with a microscopic Lagrangian and eliminates the 
quantum meson fields by replacing them with classical averages, Wilson’s approach begins 
with a combination of microscopic fields and macroscopic densities which is designed to 
reproduce most of the known properties of nuclear matter. In particular, by including the 
density-dependent effective meson m*, he retrieves in a simple manner the saturation 
properties induced by the repulsive vector fieLd in more elaborate models. 

Wilson's approach is ralated to the Thomas-Fermi class of approximations used in nuclear 
and atomic theory. The use of this unusual means of arriving at the equation of state has 
to be justified by a comparison with more refined NEOS models and with experimental data. 
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Our NEOS parameters are determined by fitting the dimensionless variables g, p D , and 
m so that they reproduce the binding energy, the measured density profiles, and the period 
of compressible radial oscillations ("breathing mode"), for the complete spectrum of 
nuclear masses. The fitted values are g*0.68, oo” 0>32 > **0.73. It is a 

significant achievement that a model with these three constants alone can reproduce all of 
the above data. Figure 2 shows the resulting binding energy vs. mass curve compared with 
experimental values. Figure 3 compares the predicted density profiles for 20 *' b and 
56 Fe with the experimentally deduced profiles. The aquation of state is plotted in 
Figure 4. The compressibility implied by this NEOS is 200 MeV, which is close to the 
experimental value of 210 MeV. For comparison we also show in Figure 4 the 
state-of-the-art (*ero-temperature) NEOS of Walecka (5) as well as the Skyrme NEOS used by 
Stocker et.al. in their recent studies of nuclear collisions (6). Th* latter implies a 
rather high compressibility of 295 MeV, and the Walecka NEOS is even suffer at higher 
densities. The Wilson NEOS used in our studies is relatively soft, which may be more 
appropriate for supernova applications. 



Figure 2: Comparison of experimental 
binding energies with Wilson's 
predictions for all masses A. 



Radius (fm) 

Figure 3s Density profiles for Fe and 
Pb predicted by the Wilson nuclear 
equation of Btate. 



Figure 4s Comparison of current 
equations of state. 


The work presented in this paper represents 
ongoing studies of dynamic heavy-ion collision 
processes. These studies compare our predictions 
using the above Wilson NEOS with experimental 
data and with the results of other dynamic 
models. Our main goals are to evaluate the 
consequences of this NEOS and to explore the 
effects of temperature, density and pressure 
gradients on the collision dynamics, both for 
cold and hot nuclear matter. These calculations 
are unique in that they simultaneously treat the 
full macroscopic thermal and dynamic fluid 
processes, including shock waves, while directly 
solving a classical scalar meson field equation 
for the nuclear binding. While the results shown 
here are for central collisions of inviscid 
identical nuclei, we also have the capability of 
treating central collisions of any two nuclei 
with classical viscosity. 
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III. Thermal Physics 

Many effective interactions used in current NPD calculations include compressional but 
not thermal effects. The compressional part of the internal ener9y is usually represented 
by a three or four-term expansion of the internal energy as powers of the local density. 

In our calculations we treat both thermal and compressional contributions to the internal 
energy. The compressional contributions are calculated directly from the meson field 
Lagrangian as a function of the internal energy, as described above} the thermal 
contributions are calculated as described below. 

Thermal effects are included in these calculations by directly computing thermal 
pressures, using the thermal energy of a nonrelativistic Fermi gas: 

6 *. = 12 

Here Q is a tensor von-Neumann artificial viscosity. The pressure is obtained from a 
y-5/3 law: 


ft, m -f-? 6 *, 


This equation is 
by 


valid for all temperatures. The degeneracy energy a 



and 





.-ssure are given 


(4) 


(5) 


in units where l » 10~33 cm, t ■ 1/3 x 10 _ 23 sec, and m ■ 1 amu (the velocity of 
light is unity) . 


The temperature is not an explicit variable, so we obtain it from the internal ener , / 
through a temperature-defining relation given by: 

€ * = % + 

3 i + cT 2 




( 6 ) 


The constants a, b, and c were derived 
limit of a cool Fermi gas (x«kT/e<j e g) : 


theoretically to give the correct expression in the 

_ 2 £ 

€ ss. | + JJ.TV X 

10 ( 7 ) 


the correct expression in the limit of a hot Boltzmann gas: 

l * (8) 

and the exact thermal energy in the transition region where the chemical potential is 
equal to kT. 


Thus this temperature-defining relation has been fitted to vary smoothly from low to high 
temperature regimes. The appropriate numerical values are a ■ 2.96, b - 1.5, and 
c ■ 0.66. 


"'.wwe^ 
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TV. Computational Method 


To solve the full thermal dynamical problem, J. LeBlanc has employed sophisticated 
hybrid Euler ian-Lagrangian finite difference techniques developed over the years at th? 
Lawrence Livermore National Laboratory. Three conservation equations are solved 
simultaneously in an Eulerian frame: 

(1) the equation of cont uity 

— ■■£■$>- 4 l • VO — _a V-U. 
dt <H V v 

(2) energy conservation 


* a - 7 ? £ «, = (p 4h 


( 9 ) 


( 10 ) 


(3) momentum conservation 


d gu _ aou ^ U.*^^U 
dt d-t 




^V(| eHf] 


(11) 


where Q is the von Neumann artificial viscosity for shocks. The fielcs $ and ¥ are 
solved by iterating two Poisson's equations: 


(4) meson fi 


field: ^ where ■+ 


( 12 ) 


(5) electrostatic fi 


ield! vY’-'nr^Ze 


(13) 


These five equations represent the full thermal dynamics of this compressible system. 

In our calculations the fundamental variables are the pressures; the internal energy is 
calculated from Pth dv » while the zone accelerations are calculated from Ptotal* which 
includes the degeneracy pressure. Leavinq out jme technical details, we could describe 
this process as t-„<inq y-law excursions off the T»0 degeneracy adiabat. 

Figure 5 displays the sequential operations performed by the computer code. The 
Eulerian mesh typically contains around 2000 nodes (the dots shown in the graphics). The 
basic Laqranwian parts (the pressures and accelerations at time t) are calculated first. 
Next the Eulerian terms are calculated usinq a second-order accurate implicit scheme on 
two staggered time-levels. Finally the meson and electrostatic fields are calculated 
using an overrelaxation method. The whole calculation is extremely fast, taking on the 
average 60 u*ec/cycle on a 7600. The time step St is calculated according to several 
stability and accuracy algorithms, and then the code cycles on to calculate everything for 
time t + St. The output is edited in the form of graphics and files on fiche or in 
movies if desired. 

In particular we edit plots of momentum vectors and contours of density, temperature, 
pressure, and the accelerating potential. Examples are displayed in subsequent figures. 
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HEAD-ON COLLISION TRAJECTORIES 



v ’^ure 5; Flow chart for 
advanced Eulerian thermal 
hydrodynamics code of J. LeBlanc 


a) Coulomb tcattaring: 


0<Si 


(b) Composite fission: 


(c) Fusion window: 


o 


(d) Fusion-fission: 


Outside 

coulomb 


Inside coulomb 
barrier, outside 
saddle shape 


Inside coulomb 
barrier; inside 
saddle shape 




Inside coulomb 
barrier; outside 
saddle shape on 
rebound. 


Figure 6j Possible features of 
symmetric heavy ion collisions as 
a function of projectile energy. 


V. Nuclear Collisions 


In this section we present a variety of collision phenomena predicted by this model, 
along with comparisons with other dynamic nuclear model predictions and with experimental 
data. At the lowest bombarding energies we do not expect our results to be accurate 
because we neglect predominant quanta! shell effects. Low-energy collisions are subsonic 
and basically incompressible. When we increase the relative projectile velocity to the 
nuclear sound speed, around v/c = .16, the collisions become supersonic and then 
interesting compressible and thermal effects are predicted. Of course in a detailed 
thermal calculation the compressibility 


K 



(14) 


depends on the local state of the matter, and therefore so does the sound speed 



sLE 


If local conditions are such that C s smaller than in the stiff ground-state nuclear 
matter, then interesting compressions -re possible. 


( 15 ) 


In our collision calculations we are seeking detailed knowledge about such thermal 
compression effects. Our hope is that with detailed thermal understanding we will have 
more control over predicting the compression and dynamics than has heretofore been 
possible. We shall now review generally what happens in these collisions as the 
projectile energy is increased. 
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ORIGINAL 15 

OF POOR QUALITY 


1. Head-On Collision Trajectories 

Figure 6 illustrates head-on collisions, in the center-of-mass system, of two identical 
nuclei. Five general types of process are possible, in order of increasing energy. If 
the incoming kinetic energy is so low that the long-range Coulomb repulsion absorbs all 
the initial kinetic energy before the shorter-range nuclear forces can fuse the nuclei 
together, then the nuclei turn around and accelerate backward, as shown in trajectory 
(a) . At slightly higher energies the attractive “proximity force" (which is like the 
molecular Van der Waals force) can partially fuse the nuclei. If the initial kinetic 
energy is used up before a stable “saddle shape* is reached, then the repulsive Coulomb 
forces predominate and the partially fused system separates again, as in trajectory (b). 

At even higher energies it is possible, at least for the lighter nuclei, to fuse the 
composite system inside the saddle shape (where attractive nuclear forces just balance the 
repulsive Coulomb forces) , at the same time absorbing most of the initial kinetic energy. 
This results in a stable fused compound nucleus as in (c) . At medium-high energies the 
nuclei fuse to form a flat disk, which then rebounds out to an elongated spheroid. Here 
the kinetic energy remains so high that the system fissions on rebound, Producing the 
fusion-fission process of trajectory (d) . These higher-energy collisions can result in 
some exotic shapes. Finally, at relativistic energies the nuclei tend to splat into an 
expanding disk whose disintegration was discussed by the previous speaker. 

The existence of a "fusion window" (c) between composite fission (b) and fusion-fission 
(d) depends on the size of the compound system. Theoretically a compound nucleus with no 
kinetic energy reserves will undergo fission if its "fissility" 

X x 0.02 Z^/a = Coulomb energy/surface energy (16) 

exceeds unity. For head-on collisions this occurs roughly for identical projectiles 
heavier than Sm. Thus we would predict that colliding Ca nuclei would have a fusion 
window but U nuclei would not. The fusion window was of great interest a decade ago 
because it made the generation of "superheavy" elements possible. Subsequent experiments 
implied that the fusion window was much narrower than predicted, probably because of 
viscous dissipation during the collision. We plan to study viscous effects, but the 
simulations presented here are for inviscid nuclear matter. 


Figure 7 shows the results of our Coulomb scattering calculation of Ca on Ca at an 
initial code kinetic energy of 0.5 MeV/amu in the CMS. The maximum temperature rema 
relatively cool at 2 MeV and the compression (p/o 0 where p Q = 0.145 amu/fm 3 ) 
remains near the normal nuclear value. Our computer runs place the fusion barrier 
somewhere between 0.5 and 0.6 MeV/amu, while experimentally it lies at 0.66 MeV/amu. 
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That is, we currently underestimate the barrier, perhaps indicating a little too much 
nuclear binding. Time-dependent Hartree-Fack (TDHF) calculations, on the other hand, tend 
to overestimate the barrier to between 0.7 and 0.9 MeV/amu, depending on the choice of 
iteraction force (7). 

A Coulomb scattering calculation for a 2 39y collision is shown in Figure 8. Notice 
the interesting sequence of distorted shapes during closest approach. 

Figure 9 shows a fusion process (Ca on Ca) at 1,5 MeV/amu. The composite system necks 
into a prolate spheroid and then flattens into an oblate disk, from which it rebounds into 
a spheroid without a neck. This fused compound nucleus then oscillates very much like a 
classical charged liquid drop, as shown by the later frames in Figure 9. During the 
initial shock of fusion the compression reached a maximum of 1.3 and the average 
temperature was around 5 MeV, indicating strong local heating. The temperature tends to 
increase quickly during the initial fusion process and then to build up slowly thereafter 
(see Figure 14) . 

Next in this sequence. Figure 10 shows a high-energy Ca on Ca collision at 5 MeV/amu 
which demonstrates fusion followed by fission on the rebound. Here the oblate disk gets 
very extended but the nuclear forces are able to pull it back so that it shoots out into 
an extended prolate shape which soon fissions. The maximum compression at impact was 
1.4. During the expanded oblate stage the average compression was sub-nuclear at 0.7, and 
the average temperature cooled down to 3 MeV. 

If this collision is simulated at even higher energies, then the oblate disk expands so 
much that it does not stop, and the composite system is presumed to disintegrate into 
small particles. 

Thus our Ca on Ca calculations display the appropriate behavior as a function of initial 
kinetic energy. The dynamic fusion window for Ca on Ca appears to occur for E cm between 
0.6 MeV/amu and 4 MeV/amu for the case of this low-viscosity nuclear fluid. The lower 
limit agrees with the experimental of 0.66 MeV; the upper limit has not been measured to 
our knowledge. We have not yet established our upper limit precisely; it is somewhere 
between 3 and 5 MeV/amu. 
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ORIGINAL P.'.CI IS 
OF POOR QUALITY 

Figure 11 displays the collision and subsequent fission of a 239u system at E cn) sl.8 
MeV/amu. The accelerating potential contours are plotted here. The collision results in 
a ternary fission of the composite. At lower energies a binary rission results from 'he 
collision. 
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A rinal example of collision dynamics is shown in Figure 12. Here ISOgm collides with 
itself at 5.2 MeV/amu in the center of mass. The interesting feature is the torodiai 
shape that forms from the oblate disk. Similar toroidal shapes have been observed in TDHF 
calculations. We also see them in higher-energy 23!3 U collisions. The torus expands out 
with low compression and then collapses in on itself with high compression. The composite 
then fissions on the rebound. 

2. Composite Nucleus Oscillations 

During and after a low-energy fusion collision, the composite nucleus exhibits two kinds 
of oscillation. During the collision it undergoes a series of ra(.id energy oscillations 
associated with compression waves in the heated composite. After the fusion is complete 
the heated compound nucleus oscillates in a roughly classical liquid drop manner. These 
processes are exhibited in Figure 13, where we show the total kinetic energy as a function 
of time for the collision of two Kr nuclei at 0.5 MeV/amu in the CMS. 

The period of the surface oscillations after fusion is 18 x 10" 22 sec, which is close 
to the period predicted by the classical expression for frequency of surface oscillations 
of a charged liquid drop. Thus at these lower energies the thermal effects generated 
during the collision do not greatly affect the overall classical kinetic behavior of the 
compound nucleus. This predicted oscillation behavior can also be taken as evidence that 
our code is working reasonably at low energies. 

At higher collision energies a stable compound nucleus is not formed because it fissions 
on rebound. The heated fission fragments, however, also undergo roughly classical 
oscillations as they move apart from each other. 
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Compression and Heating 


Atove nuclear excitations of the order of 50 MeV, shell effects disappear in heavy 
m.cl»i. This corresponds to a temperature of about 6 MeV using the usual conversion for a 
Fermx gas: (8) 

(E cm -V '/nucleon 
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At such temperatures, macroscopic features 
like shapes and fission barriers are influenced 
by the excitation, and heating effects are 
important in medium-and high-energy nuclear 
physics. In collapsing stars the compressed 
nuclear fluid is at temperatures of 2 - 10 MeV, 
so thermal changes in the nuclei comprising the 
material could affect the bulk properties of the 
star. Figure 14 compares experimentally deduced 
fragment temperatures with the theoretical Fermi 
and Boltzmann limits (8) . 
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Figure 14s Nuclear Temperatures. 


Compression during collisions is of great interest because of the possibility of phase 
changes. At twice the ground state nuclear density a pion condensation has been 
predicted. Figure 15 compares the maximum compressions obtained during a barely subsonic 
^Ca fusion-fission collision at 5 MeV/amu and a supersonic collision at 19 Mev/amu. 

The outstanding feature is the rapid expansion into an underdense torus for the supersonic 
case. This is accompanied by cooling as shown by the corresponding temperature curves in 
Figure 16. When the torus collapses, a compression of 1.6 results. It is possible that 
careful engineering of nuclear dynamics could produce compressions near 2.0. The subsonic 
collisions remain mostly incompressible, with some compression followed by expansion 
during the fusion process. 
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Thermal expansion also accompanies the higher-energy collisions. At> the nuclei fuse the 
composite heats up and expands. These thermal properties translate into a 
temperature-dependence for such macroscopic guantities as the surface tension, the Coulomb 
energy, and the volume energy, as pointed out by Sauer et. al. (9). The static thermal 
(T*2 MeV) Hartree-Fock calculations of the latter produced smaller changes in the density 
profile than we see in our heated 40ca nuclei. 

At high temperatures the fission barrier is lowered due to a decrease in surface 
tension. He plan to study this process in more detail in the future. Conversely, nuclear 
material at high temperatures, as in stellar material, might be expected to exhibit 
different fusion windows and cross sections, both because of thermal expansion and because 
of softer surface density profiles. We will now discuss this interesting possibility. 

4 . Collisions of Heated Nuclei : 

Our results for collisions of hot nuclei are very preliminary.. This type of calculation 
was accomplished by allowing two cold "laboratory" nuclei to execute a fusion-fission 
reaction, and then to let the heated fission fragments impact their mirror images by means 
of reflection boundary conditions on the right-hand mesh boundary. We did this in order 
to achieve realistic velocity, temperature, and potential profiles in the "initial" heated 
nucleus . 


The reasons for studying collisions of hot nuclei are twofold; first, to examine nuclear 
collisions in the astrophysical environment; and second, to explore possible ways of 
creating abnormal nuclear composites using secondary collision fragments in the 
laboratory. The latter should really be studied usinq heated projectiles and cold 
targets, and we have begun such studies as well. 


A successful fusion of the hot fission fragments from a 239y ternary fusion-fission 
reaction is shown in Figure 17. Unfortunately our code did not edit the masses of the 
independent fragments, but this hot fused composite is evidently very massive, with a 
radius around 8.S fm. This intriguing result should await a careful examination of this 
new type of calculation before it is to be believed. 
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Figure 17: Collision of hot secondary 
fragment with its mirror image (on HHS) . 


The results ar** indeed very 
preliminary, but there is a suggestion 
here that the fusion window might be 
enlarged by pre-conditioning the 
projectile to higher temperatures or an 
expanded radius. (However, we have not 
included viscous effects yet, and the 
classical viscosity, which goes to 
Tl/2, will tend to close the fusion 
window.) Surface oscillations of the 
secondary fragment could also be used to 
change the fusion window if the period is 
engineered, for example, to present an 
oblate disk shape to the next target 
nucleus. To observe these phenomena we 
should concentrate on secondary 
reactions, tailoring the primary energy 
to produce the desired characteristics in 
the secondary. 

A phenomenon which may be related has 
recently been reported by Friedlander et. 
al. (10). They observe that some 
secondary fragments display an 
anomalously short mean free path for 
their charge. We would like to suggest 
that these "anomalons" may be secondaries 
from central collisions that were heated 
and then expanded and cooled, resulting 
in a larger geometric cross section than 
would be calculated for a normal nucleus 
of that mass. However, for this 
explanation to be possible the heated 
nuclei would have to stay in an expanded 
state for very long times ( 10 “ 1 1 sec). 

This might occur if they cannot radiate 
away their internal energy. We plan to 
investigate this possibility quantitatively. 
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VI. Conclusions 


We have developed a computational method for treating the full thermal dynamics of 
nonrelativistic compressible nuclear matter. In particular we have begun a systematic 
study of central collisions of heavy nuclei. Preliminary results were presented for such 
processes as Coulomb scattering, fusion, fusion-fission, bulk oscillations, compression, 
heatinq, and collisions of heated nuclei. 

Our main goal at this point was to exercise the calculation through the above variety of 
dif f icult-to-model phenomena to verify that it gives generally reasonable results. The 
predicted behavior in the above processes agrees qualitatively with experimental 
experience: e.q. low-mass projectiles fuse into a stable compound nucleus; high mass 
projectiles underqo a fusion-fission process; low-enerqy projectiles turn around under the 
influence of Coulomb forces; and perturbed nuclear drops oscillate in a classical manner. 
In producing such overall qood behavior we have shown that the Wilson nuclear equation of 
state qives reasonable dynamical results. 

We have barelv bequn to analyze the current predictions quantitatively. Much 
information is contained in these calculations. Besides reproducing some known laboratory 
phenomena, we have also predicted some interesting features which may or may not be real: 
temporary toroidal shapes are common in the higher-energy collision calculations, and the 
hiqh-mass composites tend to fission in a ternary manner with a light remnant in the 
center of mass. These ternary processes can be checked experimentally if they persist 
when our calculations are made more quantitative. We also see some very preliminary 
evidence that pro-heated secondary nuclei can fuse more easily than cold primary nuclei. 
This would have important implications in both nuclear physics and astrophysics. 

Our next step will be to try to systematically fine-tune the code predictions of the 
available experimental data to a point where the calculations are quantitatively 
accurate. Our immediate goal is to calculate the detailed temperature, pressure, and 
density gradients (including shock waves) during both cold and heated nuclear collisions. 
If this can be done, then the opportunities presented to us are enormous. In a long- 
range view, one can envision an era of nuclear fluid engineering in which one can 
carefully control the dynamics of nuclear collisions to produce abnormal composites, 
perhaps with applications totally unheard of today. 
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Abstract 

The classical theory of capillarity is concerned largely with size and shape estimates 
in symmetric asymptotic configurations. Recent developments have led to global results for 
all symmetric cases, and to new qualitative information on asymptotic properties. Also new 
stability criteria have been found. It has been discovered that asymmetric situations can 
lead to behavior that differs strikingly from the symmetric case. When gravity va. .^shes, 
capillary surfaces in the accustomed sense may not appear. The question of characterizing 
those tubes in which surfaces can be found has partially been settled. New progress has 
been made toward determining the effects of contact angle hysteresis in cases of particular 
interest . 


In 1805, P. S. Laplace (Tr. mdc. cel., Suppl. au livre X) introduced the notion of the 
mean curvature H of a surface and derived for it, in the representation z * u(x,y), the 
expression 

2H = div Tu, with Tu s Yu (1) 

A + | Vu | 2 


The context in which this basic contribution appeared was not an abstract study of the 
geometry of surfaces; it lay instead in his effort to clarify conceptually and describe 
quantitatively the rise of liquid in a capillary tube. For that problem there holds 2H -ku, 
where k > 0 is a physical constant, and thus the physical problem is transformed by (1) 
into an analytical and geometrical one. 


u 


o 



Figure 1 


L(a ; y) 


= 2 cos 7 
»>" a 


In the same year 1805, T. Young gave a formal 
reasoning supporting the view that the surface meets 
the bounding walls in an angle 7 depending only on 
the materials; thus, fTu * cos 7 on the boundary 
£ of a section ft of the tube (Figure 1) . Thus one 
has to solve a nonlinear equation under a nonlinear 
boundary condition. 


For the problem considered, not a single nontriv- 
ial explicit solution is known. However, Laplace 
integrated (1) approximately in the case of a "narrow" 
'’ircular tube of radius a to obtain the celebrated 
formula 


COS 7 


2 1 
J 


sin 3 7 

~r~ 


COS 


( 2 ) 


for the height u Q on the axis of symmetry (Figure 2) . 



Laplace did not prove (2) , nor did he indicate 
how small a must be in order to achieve a pre- 
scribed accuracy. The first proof that (2) is cor- 
rect was given by D. Siegel (Pacific J. Math., 1980). 
Later, Finn (ZAMM, 1981) gave a simpler proof with 
improved error estimates. The method derives from 
a discovery of Laplace, that the volume of fluid 
lifted in the tube is given explicitly by 2»ax _1 cos 7 . 
Th volume is compared with that lifted by certain 
spherical caps through u 0 . One is led to the re- 
lations 


L(a;7) 


< u < u+ < 2 
o o 


cos 7 
k a 


(3) 
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where is the unique nontrivial solution of the equation 


u o * Sea u o cos 7 + I u o “ 


T7 [ 1 ' (1 


3* a 


K 2 2 , 3/2 

4- u o> i-o 


( 4 ) 


Thus , the Laplace formula provides a strict lower bound for u Q . 


The method leads also to a new bound for the height u fi at the contact line (Fig. ? N 


u < — cos 7 + 

a ica ' cos y 


1 + sin 7 


L - sln J 7 
3 cos 2 7 


(5) 


Also a lower bound analogous to the upper bound in (3) can be given. 

The size of a capillary tube is best measured in terms of the nondimensional parameter 
2 

B ■ xa . (For a water-air interface on the earth's surface, k ~ 29.) If B < 1, (3) and (5) 
yield quite precise estimates. For larger B, one writes the equation in the parametric 
form 


dr m r cos <1/ du _ r sin ^ 

<U " uru - sin 4* ‘ < 1 $ *ru - sin 


( 6 ) 


in terms of the inclination angle ^ of a vertical section of the solution surface. ( 6 ) 
can be integrated approximately to obtain a hierarchy of estimates, valid for all B and 
asymptotically exact both for small and large B (Finn, Moscow Math. Soc. , vol. dedicated 
to Vekua, 1978; Siegel, Pacific J. Math., 1980; Finn, Pacific J. Math., 1980). We mention 
the results 


/f 1 / l (1 -cos *> + *£ uj < u < 2 &U> 1 +Jl (1 - cos *) . 


7^ + ~T 


(7) 


with p - Jl + i +cos if • These ( and other related) formulas yield the first general esti 

mates valid in the range 1 < B <10. They also have remarkable monotonicity properties, 
which lead to precise estimates for the meniscus height q - u a - u Q . 


Brulois (Dissertation, Stanford University, 1981) has given a formal iterative procedure 
leading to an arbitrarily good upper bound for u & . 


The above methods can be modified and extended to apply also to the problem of the 
"sessile" liquid drop, and they lead to general estimates for the parameters describing 
its shape (Figure 3) . Here the "physical" prescribed data are in general the volume V 

and 7 , rather than a and y as above . 

It turns out there is a "reciprocity" between 
the two problems, becoming arbitrarily exact 
for small and for large B (Finn, Pacific J. 
Math. , 1980) . 

If V ■* 0 the drop tends asymptotically 
to a spherical cap; however, its behavior 
near the wetted surface changes strikingly, 
depending on whether 7 - w or 7 f » . We 

2 

set 0 “ & where P is the radius of a 
ball of volume V, and write 



X ^ (7 ) - nr — / sin 3 ® d® . 

4 sin J 7 o 

Then if 7 t * there holds 


lim % - X 2 (, 7 ) 

$ - 0 B 


( 8 ) 


281 



while if 7 ” » we find 


ORIGINAL ?i\Z2 i3 
OF POOR QJALSTY 


lim 

> ■* 0 B 


3 

7 • 


( 9 ) 


Thus, the rate of decrease of wetted surface is nonuniform in contact angle . If y m * the 
drop rests- -for small ^ --on a negligiSTy small surface (figure 4) . It seems likely that 
this surface acts as a point of support about which the drop can rotate rigidly when dis- 
turbed slightly, thus establishing new points of contact with the supporting plane and 
leading to a kind of "rolling" instability (Finn, J. Reine Angew. Math., to appear). 




The nonuniformity is illustrated in Figure 5, which shows --on logarithmic scale--upper 
and lower bounds for the expression in (9) when 7 * * , and for ten times that expression 

when 7 « g- ir . 

For large drops , one finds the exact asymptotic relation for the"overhang" 


lim v^(R -a) « v? - log(l + y7) - 2 cos «- + log cot X . (10) 

£ -* 00 “ 

If 7 “ * , this relation simplifies to 


lim v^( R -a) * V2 - log(l + v2) . (11) 

g -* » 

Also, R, a can be estimated in terms of £ . 

The behavior of liquid in a capillary tube with asymmetric section SI can differ in 
striking ways from what happens with a circular section. For surfaces of the form z(x,y) 
general estimates can be obtained by comparison with symmetric surfaces, using maximum 


principles that are idiosyncratic for the 



Figure 6 


equation. An important distinction between these 
principles and the classical ones for elliptic 
equations is that the comparison on the bound- 
ary need be prescribed only up to a set of 
Hausdorff measure zero. The distinction has 
as consequence the following result (Concus 
and Finn, Acta Math. , 1974) : 

Let u(x,y) be a capillary surface over a 
section Cl which contains the intersection 
of a ball Bj of radius 5 and a wedge of 

opening 2 or (Figure 6 ). Then if a +7 > tr / 2 , 

there holds u < ^ + & . *.£ a + 7 < »/ 2 , then 

u *♦ “ at V. Thus the solutions depend Jis - 
continuously on the boundary clata . Figure 7 
shows a "kitchen sink" experiment that exhibits 
the discontinuity for water in a wedge formed 
by two plastic plates. 
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Figure 7 


Figure 8 


The problem was studied further by L. Simon (Pacific J. Math., 1980) who proved that if 
u + 7 > ir / 2 . a < it 12 , then u(x,y) is differentiable up to V. In independent work, 

N. Korevaar (Pacific J. Math., 1980) found the surprising result that if o > */2, there 
exist solutions that are bounded and discontinuous at V. 

Concus and Finn (Math. Z. . 1976) showed there exist sections SI, O' C O, such that O 
raises more fluid over O' than O’ does. The problem was studied further by Finn (Vekua 
volume. l.c.) who gave general conditions under which this behavior will or will not occur. 
Siegel (Pacific J. Math., l.c ' gave anothei condit.jn under which the "smaller" tube must 
raise a larger volume over its section. 

For a capillary tube in outer space (zero gravity), solutions of the problem as posed do 
not in general exist. At a corner, as in Figure 6, there can be no solution wher . o + 7<»/2 
(Concus and Finn, Acta Math . . 1974) Physically, the fluid flows out along the corner, to 
infinity or to the top of the container, whichever comes first. For a regular polygon the 
above condition is best possible, if a + 7 > » 12 a lower spherical cap yields an explicit 
bounded solution Figure 8 shows the results of an experiment conducted in the NASA drop 
tower in Cleveland and verifying the predicted behavior. 


For a general section 11 it appears to be not easy to find existence critei ia . The case 
7-0 was studied by Chen (Pacific J. Math., 1980), who gave a simple geometric sufficiency 
condition. For general 7 , Finn (Manuscripts Math., 1979) reduced the question to that of 
properties of vector fields over ft Applying the results to polygonal domains, he found 
that in a parallelogr am of arb itrary side ratio a solution exists if and only if 0+7 > n/2 
a t the smaller vertex ~angle ' frius, a solution exists in any rectangle if 7 > */4. 

Rowever. the existence can fail for any 7 * »/2 , in trapezoids obtained from rectangles by 
arbitrarily small deformations. 


Ihis behavior was clarified recently by Finn (Indiana Univ. Math. J.. to appear), who 
showed that a solution surface exists if and only if there is no subarc •* of a semicircle 

of radius R - r ^ ■ , meet ing I in angles 7 as Indicated in Figure 9, for which 



Figure 9 


9(0 ■ r - S* cos 7 + ^ it < 0 . (12) 

Here the lengths and areas - , **,••• are as 
indicated in Figures 1, 9. 

Consider a situation in which ^(T) * 0. and 
in which there is no P for which 9>(D < 0. 
Let 7^ l 7 . T hen there is a corresponding 

sequence of solution surfaces with boundary 
angle - 7 j"7 Tending to a solution with boundary 

angle 7 on D \ IT* , and tending to infinity 
on r and~throughout O* The solution is 
asy mptot i c at r to a vertical cylinder of 
radius . The cylinder acts as a barrier 
across which the solution surface cannot be 
extended 


I 


J 
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The behavior just described actually occurs in a trapezoidal section. Also, letting the 
smaller base -* 0 while the nonparallel sides meet (at V) in a 'fixed angle 2a, T will 
tend to V while 7 -* (s/2) - a; thus, the above angle theorem appears as a limiting case. 

Gerhardt (Pacific J. Math., 1980) considered tubes closed at the bottom and partially 
filled with liquid. He showed there always exist energy minimizing solutions (with or 
without gravity) which may have the value z - 0 on part of the base. In this region, the 
solutions appear to admit the physical interpretation of a thin film covering the ba^e. 

A drop hanging from a horizontal plane (Figure 10) behaves very differently from the ses- 
sile drop. The solution section is uniquely determined by the height u Q at the vertex and 



Figure 10 


consists, for any u Q , of a curve that can be continued analytic illy to infinity without 
limit secs or double points (Concus and Finn, Philos. Trans. Roy. Soc., 1979). There exists 

also a singular solution v(r) ~ - (v^ r) 3 (Concus and Finn, Invent. Math., 1975; Huh, 
Dissertation, Dept. Chem. Eng., University of Minnesota, 1969). It is conjectured that as 
u , the "drop" solutions tend, uniformly in compacts, to v(r) . A proof of a some- 

what weaker result appears in Concus and Finn (Philos. Trans. Roy. Soc., l.c.). 


Conditions for stability of the pendent drop have been given by E. Pitts, by Michael and 
by others. Most recently, the problem was treated in full generality by Wente (Pacific J. 
Math., 1980). Wente showed in particular that the occurrence of an inflection in the merid- 
ional section need not preclude stability. 


The reasoning of Young on the constancy of 7 is based on a hypothesis that all material 
forces are central. In the presence of resistive forces the behavior can be very different. 
Finn and Shinbrot consider a drop of liquid on a horizontal surface, with 7 initially de- 
termined as in t.ie Young theory. If liquid is now slowly added, the wetted surface may re- 
main constant while the angle 7 increases. If resistance is very large, then continued 
addition of liquid will eventually lead to a value 7 > *, which is physically impossible 
as then the drop would penetrate the supporting plane. It follows that a geometrically im - 
posed insta b ility must occur when 7 Increases past w , forcing the wetted surface to in - 
crease . It can be shown (F.inn, J. Reine Angew. Math. , l.c.) that an upper bound for the 
critical 8 is determined as the unique solution of the relation 


fc 3 - | t 8 - l B 2 - 0 . 


(13) 


Finn and Shinbrot interpret the above behavior by postulating a resistance force whose 
area density ¥ is potential, ¥ m - 7V, and which is formally equivalent to a distribution 


of iinear density 9 directed normally on 



Figure 11 


£. They then apply that interpretation to the 
more complicated situation of a drop on an 
inclined plane, intially under zero gravity 
and meeting the plane in the (Young) angle 
7 0 , and then subjected to slowly increasing 

gravity (Figure 11). Under hypotheses, that 
V depends only on the pressure at the inter- 
face, and that the effect can be separated 
into a radial "squishing" term as occurs for 
the horizontal plate and a "sliding" term due 
to the inclination, they are led to a relation 
of the form (for small £) 
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COS 7 


(14) 


2 2 

■ cos 7 0 + e(^) + a sin 4> sin 0-0 sin 4* sin 8 

Here a , 0 are constants, a is explicitly known and of order & , and c is decreasing 

in 4> . 0 has order fc 2 , e has order £ if 4> < */2 and order fc 2 if 4> m */2. Again 

a geometrically imposed instability appears, and in fact does so for surprisingly small 
values of . 
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Abstract 

We analyze the axially symmetric pendent drop as it occurs in three different physical 
settings: Problem A, constant pressure, fixed circular opening (the siphon); Problem B, 
constant volume, fixed circular opening (the medicine dropper); Problem C, prescribed 
volume, constant angle of contact with a horizontal plate. As examples, the following 
results are verified. For Problem B we show that if the opening is small enough to 
support a stable pendent drop with a bulge, then as the exposed volume is increased, 
stable pendent drops with both a neck and a bulge will be formed. For Problem C we show 
that with increasing volume the profile curves for the family of stable pendent drops will 
develop an inflection point before instability arises. 

Introduction 


We first analyze the equilibrium and stability criteria for each of the problems. 
Problem A 


Here the drop is to protrude downward from a fixed circular opening of radius r, held 
at the level u = u where u is the vertical coordinate with positive direction upward 
and u = 0 is the zero pressure level of tne fluid. ( see Figure 1) . If X is the 
exposed body of the fluid and ft is the liquid-air interface with A (ft ) its area, the 
potential energy of the configuration is 


E ift ) = crA(ft ) + p g J zdV . (1) 

'X 

a is the surface tension of the liquid-air interface, p is the density of the fluid, and 
g is the gravitational constant. The condition for equilibrium is that the first variation 
of the potential energy <5E (ft,N) = 0 for all normal perturbations N of ft which vanish 
on the boundary. The Euler Equations yield 


2H = -ku on ft, k = p g/o . (2) 


H is the mean curvature of the surface measured so that it is positive at the drop tip. 
By a suitable scaling we may assume that k = 1. The condition for stability is that the 
second variation be positive for all non-trivial normal perturbations . 

' 2 E 3 (ft,N) > 0 for all N / 0, but N = 0 on 6ft. (3) 


Problem B 


As in Problem A the fixed circular opening of radius f lies in a horizontal plane, but 
now t.- exposed volume is prescribed (see Figure 1). Now the condition for equilibrium is 
that the first variation of the energy 5E c (ft,N) = 0 for all perturbations N, vanishing 
on the boundary and for which the first variation of the volume is also zero. By the 
method of Lagrange multipliers we obtain 


6 (E 0 + IV) ( ft , N ) = 0 for some constant X (4) 

and all normal perturbations N vanishing on the boundary. This yields the condition 


2H = -ku + )' , where k= pg/a and ' is a constant. (5) 

By a vertical translation of coordinates we may take X' to be zero, reducing (5) to the 
condition (2) , and with the vertical coordinate of the opening at the level u = u. 
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( 6 ) 


The condition for stability is that 

6 2 (E q + XV) (Q,N) > 0 

for all non-trivial normal perturbations N, which vanish on the boundary and for which the 
first variation of the volume is zero. 

Problem C 


The drop is now pendent from a homogeneous horizontal plate. The potential energy is now 

E(fi) = E 0 («) - ct6 | Z | (7) 

where 8 is a physical constant and |l| is the area of contact of the liquid with the plate. 
Setting the first variation equal to zero for all volume preserving perturbations yields 
the conditions 


a) 2H = -ku + X for some constant X, k = pg/a (8) 

b) cosa =8 

Here a is the angle of contact of the liquid-air interface with the horizontal plate 
measured interior to the fluid. Again we may choose k = 1, and by a vertical translation 
of coordinates may set X = 0, with the horizontal plate at a level u = u. Clearly it is 
necessary that 1 3 [ < 1 so that 0 ( a i it. There are no possible pendent drops when a = tt 
so that we may consider 0^ a < it ( -1< 8 < 1) . As in Problem B the condition for stability 
is that the second variation 6^ (E + XV)(fi,N) be positive for all non-trivial normal 
perturbations for which the first variation of volume is zero, (see Figure 1) . 


Problem A 
(the siphon) 



Problem B 



Problem C 

(drop from ceiling) 



Figure 1. The various drop configurations. 
Description of the Profile curves 


Suitably normalized, the differential equation for the profile curve whose surface of 
revolution represents the liquid-air interface (satisfying (2) with k - 1) is 


a) 

r' (s) = cos ip 

r (0) 

= 0 

(9) 

b) 

u' (s) = sin tfi 

u (0) 

= u o 


c) 

ip ' (s) = - (sin <p/r) -u 

<P(0) 

= 0 . 



The solutions to this system have been carefully studied by many people. In particular, 

I should mention the work of D.W. Thomson 1 , F.Bashforth and J.C. Adams^, and recently 
p. Concus and R. Finn 3 . 

There is a unique solution, {r (s ,< ) ,u (s , k) , Ur (s ,r) } , to the system satisfying the initial 
conditions, r(0,<) = 0, u(0,<) = u 0 = -2< , iM0,k) = 0, where < is the mean curvature at 
the drop tip. The solution exists for all s and all < and is analytic in both variables. 

We note that u * 0 gives a solution and that reflection of any solution about the r-axis 
yields another sclution. Drops with u 0 < 0 represent pendent drops and the solutions 
corresponding to u 0 > 0 represent "emerging" bubbles. We now list other important 
properties of the family of solutions. 

1. For "small" u Q <0 the solution can be expressed non-parametrically with u as a 
function of r over the entire positive r-axis, and u(r) ^ u G J 0 (r) where Jo(r) is the 
Passel function of order zero. 

2. There is a value ug (ug ® -2.5678-) such that the profile curve with drop tip at ug 

attains a simultaneous vertical tangent and inflection point at (rj,u?) where r? = .91 
and uf S’ -1.1 . For 0 < r < r| the curve is convex while for r greater than 1 rf 

the curve may again be expressed non-parametrically u = u(r). 
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3. For 
for all r. 


ug < u Q $ 0 the solutions may be expressed in non-parametric for..., u ■ u(r) , 


4 . For 


Ur 


u o 


the profile curves attain a vertical tangent at a point (r^u^) 
where 0 < r, < rf and u., < u$ . The curves form a bulge at this point and - 

decreases to^a value 


r , aAd forllls a nec(-. at 
increasing functions of 2 u G for u n < u, 


approaches -•» 


£ with 


(r_ ,u_) where u 


2im2 


r 

and u. 


t r, =0 


r 0 . r, un« 
and limit u^ = 


as 


5. For u Q << ui the profile curves form a sequence of bulges and necks until it 
crosses the r-axis with r* (s) and u' (s) both positive from which point on the curves 
may be expressed non-parametrically u = u(r) out to r = « . 


6. The first inflection point on a profile curve with tip at u Q <0 occurs at a 
point (f,Q) where Q < 0. f and d are monotonically increasing functions of u Q 
for u Q < 0. If u 0 < ui, so that the profile curve has both a neck and a bulge, 
then the first inflection point lies between the first neck and first bulge. 


u u u 



Figure 2. Possible drop configurations 
Analysis of stability 

Our method for determining the stable configurations for each of the problems proceeds 
as follows. Take a given profile curve {r (s ,£) ,u (s ,£) ,i|i (s , k) land let (E,u) be a point 
on the curve, r = r(s,~) and 0 = u(S,k). The profile curve from the drop tip to this 
point generates a possible pendent drop whose exposed volume V, can be calculated. 

V = volume of drop = Trr(?u + 2sin if) (10) 

The volume gives us a fourth function of the parameters s and k , V = V(s,k). For each 
of our three problems two of the four functions are prescribed. This generates a mapping 
from the (s,k) “ plane (the parameter space) into a two-dimensional "control" space. The 
analysis of this map determines stability for each of the problems. 

Stability for problem A 

Here the appropriate map is A(s,<) where it is defined by 

A (s ,tc ) = ( r(s,tc), s,k)) . (11) 

The "control" space for this problem is the (r ,u)~plar.e. It is easily checked that the 
derivative of A , DA(s,tc) is invertible when s equals zero. Let 0 be the set of all 
points in the (s,k) - plane where the derivative is invertible. 

Definition. O g contained in 0 iE that component of 0 in the parameter space which 
contains the line 0 s = 0. 

Theorem 1 . Every point (s,ic) in 0_ determines a stable pendent drop for Problem A. 

( i.e. the drop generated by the profile curve (r (s,P) ,u(s,P) ) for 0 < s < s) . Any point 

outside CTg determines an unstable pendent drop for Problem A. 

This theorem is essentially classical. 


£ 
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te rn 




It follows that the "control set" A(O s ) , is an open set in the (r,u) -plane. A point 
(P,u) determines a stable configuration for problem A if and only if it is a member of 

the set A(Og). We now wish to describe the regions 0 S and A(Og). Since A(Os) is 

symmetric about the coordinate axes, we may restrict ourselves to the case r * 0 , u 4 0 

Theorem 2. Choose r >0 and consider the profile curve (r (s ,ic) ,u(s ,<) ) , s > 0. 

There is a“smallest positive value §, such that (s.k) is in Og for 0 < s < § while 
(§,ic) is on the boundary of Og. On the interval 0 < s $ §, we have r' (s) = cos \l> 
positive so that 0 < 1(1 < (w/2) . 

Therefore the corresponding profile curve (r ( s,k) ,u(s,k) ) 0 < s < § may be expressed 
in nonparametric form u = f(r,?), for 0 < r < t where £ = r(S,?) and fi = f(f,P). 

The point (£,fl) lies on the boundary of A(Og) . It is the conjugate point to the drop 

tip along this profile curve. 

Since r' (s) is positive, we may use r as an independent variable rather than s. 

Points (r,u)^on the boundary of A(Og) are determined by the condition that the 

derivative DA(r,<) be singular where A(r,r) = (r, f(r,x)) and u = f(r,ic) is the 
nonparametric representation of the curve. This occurs when f K (r,ic) equals zero. (i.e. 
the point (f,u) is on the envelope , of the family of profile curves. 

Theorem 3. The first envelope , of the family of profile curves u = f(r,<)for 

k > 6 fu^ < 0 ) and r positive, is the graph of a smooth (analytic) function u = e(r) 
for 0 < r 4 a 0 where a 0 is the first positive zero of the zero order Bessel function, 
J G (r) . This function has the following properties. 

limit e(r) = -<*> as r -*• 0 + , limit e(r) =0 as r ■* a 0 

The derivative e' (r) is positive on the interval 0 < r < a D with e' (a Q ) = 0 and 

limit e' (r) = +°° as r approaches zero. 

The entire envelope is thus a smooth curve without self-intersections which possesses 
a cusp only at (a o ,0). (see Figure 3) 

C onsequences. 

I. The mapping A(s,k) is a dif feomorphism of Og onto its image A(Og) . 

II. For (r,u) in A(Os) where P < r? , the profile curve for the stable pendent 
drop is convex. For ? near ocq ( P < a Q ) and (r,u) in A(Og) , the profile curve 
will contain an inflection point, and so the stable pendent drop loses convexity. (Figure 3) 

III. There are no "inaccessible" stable pendent drops for Problem A. The vertical 
line r = r ( P less than a Q ) intersects A(O s ) in a connected interval. Thus the 
stable pendent drop corresponding to the point (r,u) may be reached from the stable 
zero pressure solution ( u = 0 ) corresponding to the point (r,0) in A(Og) merely 
by increasing the pressure (p = -u) continuously from 0 to -u . (see Figure 3.) 




Figure 3. The enve’ope , stable configurations for problem A 
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Stability for problem B. 


The constraints are now the rau as of the tube r, and the exposed volume V. Thus the 
control space is the (r,V)-plane and we are led to study the mapping B(s,k) from the 
parameter space to the control space defined by 

B(s,k) = ( r(s,tO, V(s,k.)) (12) 

As in problem A we let 0 be the open set in the (s,k.)-plane where the derivative DB(s,k), 
is invertible. However, since B(0,k) = (0,0) the line s = 0 lies outside the set 0. 

Fix r and consider the curve B(s,k) for positive s. There exists a smallest positive 
value s B , such that the derivative DB(s,r) is invertible for 0 < s < s B but singular 
when s = s fi . Let (r B , u B ) be the corresponding point on the profile curve 
(r (s ,r) ,u(s,£) ) , where r B = r(s B ,f!) and u B = u(s B ,P). It is a classical result that 
if (r,u) is a point on the profile curve prior to (r B ,u^) then the corresponding 
pendent drop generated by the profile curve up to (r,u) is "symmetrically" stable for 
problem B, while if the profile segment contains the point (r B ,u B ) then the generated 
drop is unstable for problem B. 

Definition. We call the point (r B ,u B ) the "Volume-constrained" conjugate point 
on the profile curve relative to the drop tip. 

Note. The axisymmetric pendent drop is said to be symmetrically stable if the second 
variation 6 : (E 0 + ,\V)(fi,N) is positive for all non-trivial symmetric normal perturbations 
N, of fi which vanish on the boundary and for which the first variation of volume is zero. 
If the profile curve can be expressed non-parametrically in the form r = r(u), then 
symmetric stability implies stability. In this case we observe that the angle of 
inclination ^ , must be non-negat : '-e . However, if the angle of inclination becomes 
negative on some portion of the pxofilc curve ( the corresponding drop is of re-entrant 
type), then the drop is unstable for problem B due to a non-symmetric perturbation. 

This fact was noted by D.H. Michael and P.G. Williams + . For an alternative discussion 
see reference 5. 

Definition. Og is the subset of O consisting of all points (s,k) where 
0 < s < 5^ where s B depends on k . It follows that (s,x) determines a stable 

configuration if it is in Os and an unstable configuration if it lies outside of Og. 

We now wish to describe Og and its image B(0s) contained in the "control space’, 
the (r,V) -plane. 

Theorem 4 . Og is a connected open set in the (s,<) -plane bounded on the left by the 
line s = 0 , and on the right by an analytic curve > , which is the graph of a positive 
analytic function s B = a (<) . 

Therefore Og is o, pen set in the parameter space and B(0s) is an open set in the 
control space. 

Theorem 5. Let (r B ,u B ) be the volume-constrained conjugate point on the profile curve 
(r (s , k. ) ,u(s,k) ) . At the point (r B ,u B ) the derivative, r’(s) is positive. The point 
(r B ,u B ) is located between the first and second inflection points on the profile curve. 

If the profile curve possesses a bulge (and hence a neck) then (r B ,u B ) is located above 
the neck. As k approaches zero the point (r B ,u B ) approaches the point (a^,0), where 
aj is a root of the equation rJ Q (r) + 2J 0 '(r) = 0. (see Figure 4) J 



Figure 4. Locations of the volume-constrained conjuaate point 
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T >»• . 


By Theorem 4 the curve y is an analytic arc parameterized by tc . Its image B(y) is a 
parameterized curve in the (r,V) -plane and, as in problem A, it is the envelope, r B > of 
the family of curves (r (s , k ) ,V ( s , k) ) . Thus r B may be expressed in the form (r(K),V(<)) 
where r(<) = r(o(<),K) and V ( k ) = V(o(k),k) are analytic functions of k- Furthermore 

limit (r (<) ,V(k) ) = (0,0) as <-*■ ®, limit (r(<),V(<)) = (a^,0) as k ■+ 0 , 

By Theorem 5 we know that a given curve B(s,?), touches the envelope at a point where 
r 1 (s) is positive. Thus, in a neighborhood of this point (r B ,V B ),we may express the 
curves B(s,k) non-parametrically in the form V = g(r,<). If the envelope is smooth it 
will be tangent to the family of curves V = g(r,<), and itself would have a non-parametric 
representation V = G(r). A point on the envelope of the family of curves V = g(r,K), 
is determined by the condition g K (r,<) = 0 while the condition for smoothness is that 
g KK (r,K) 5* 0. Since the envelope Tg = B(y) is a paramaterized analytic curve it will 
be smooth except perhaps at isolated points where the derivatives r' ( k) and V' (k) both 
vanish. At such points the possibility of a cusp arises. One such cusp occurs at (a^,0). 

Conjecture. That part of the envelope r B which lies in the half-space V > 0 is a 
smooth curve which may be expressed non-parametrically in the form V= G(r), 0 < r < a^, 
with G(0) = G(a^) = 0 and G'(ai) = 0. There is a single value r* where G'(r*) = 0. 

Computer calculations ® strongly indicate that the conjecture is valid, but a complete 
proof of this is lacking at present, (see Figure 5) 



Figure 5. The curves B(s,k) and the-r envelope, lg. ! 

If the envelope is a smooth curve, then it follows that the map B(s,ic)is a diffeo- 
morphism of O s onto its image B(0g). In this case any vertical line r * r in the 
control space would intersect BJOg) in a connected interval. The stable pendent drop 
corresponding to (F,^) is accessible from the flat drop u = 0, corresponding to the 
point (F,0) in the control space, through a smooth one-parameter family of stable 
pendent drops of increasing volume and fixed radius for the aperture until a maximum 
volume is reached. This is the proceedure used by E. Pitts in his paper. ^ 

If the envelope were not smooth and contained cusps, then the possibility arises that 
the mapping B(s,k) is not a one-to-one map of Og onto its image, or that for some F 
the intersection of the line r = r with the set : (Os) is not connected. In either 
case there would exist stable pendent drops corresponding to some control value (F,V) 
which could not be connected to (r,0) in the manner described above. 

If we follow the "usual" proceedure of trying to describe those drops which are accessible 
from the initial drop u = 0 , corresponding to the point (F,0)then we have the theorem: 

Theorem 6 . (a) If r < rj then as we increase the volume from zero there will be 
produced a one-parameter family of stable pendent drops for Problem B. Through an initial 
range of volumes 0 < V < V^(r), the profile curves will be convex and the drops will 
develop a bulge. When the exposed volume reaches V^(r), the profile curve will develop 
an inflection point at the edge of the drop. With increasing volumes the drops lose 
convexity, but before the limit of stability is reached pendent drops possessing both a 
nee*. and a bulge will evolve. 

(b) For F > |3i where Jj( 6 j) = 0 the "drop" u 5 0 is unstable for problem B due to 

non-symmetric perturbations. For F < the drop u a 0 is stable and with increasing 

volume the profile curves for the family of stable pendent drops will develop an inflection 
point before the limit of stability is reached. 

(c) For any radius F , drop height increases monotonically with volume throughout the 
range of stability. 

The result (a) of Theorem 6 was observed in the limiting case of small drop with 
narrow necks. bv A.K. Chesters l. 
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Figure 6. Drop formation for Problem B 
Stability for problem C. 

The control parameters are now the angle of inclination , and the volume V, giving 

C(s,k) = (ij) (s , k ) ,V (s ,k) ) (13) 

as our mapping from the parameter space to the control space. Again we let 0 be the set 
of all points (s,<)where the derivative DC(s,k) , is invertible and we observe that the 
line s = 0 does not meet the set 0 since C(0 ,k) = (0,0). For each i? , there is a 
positive value s_ depending on P, such that DC (s ,1c) is invertible for 0 < s < s_ but is 
singular at s„. Let 0_ be the set of all points in 0 of the form (s,£) where 

0 < s < s c . 

Theorem 7. 0„ is an open simply-connected set bounded on the left by the line s * 0 

and dn the right By a curve which is the graph of a positive analytic function 
s c = o c (k) where limit c^k) is zero as tc becomes infinite. 

Definition. For a given profile curve (r (s ,?),u (s ,£) ) s > 0, the volume-constrained 
focal point “for problem C is the point ^ r C ' u c^ on the curve with r c * r(s c ,K) , u c * u(b c ,k). 

If a profile curve is to generate a physically meaningful configuration for problem C, 
it is necessary that the angle of inclination ijt, be non-negative along the segment of the 
profile curve generating the drop. Otherwise the drop would intersect the face. This 
eliminates from consideration the re-entrant drops. Therefore we let O' be the set of 
those points (5, if) in O s for which the angle of inclination is positive / 0 < s < 8. 

Theorem 8. The profile curve segment corresponding to any member of O' generates 
a stable configuration for problem C. If the point (s,F) lies outside the closure of 
the set O' , then the generated drop is unstable for problem C. 

b 

Remark: This result which was essentially 'classical" for problems A and B, is 

somewhat more difficult for problem C. 

In other words, let (r c ,u c ) be the volume-constrained focal point for problem C on 
some profile curve. Suppose that (r-,,u c ) comes before the point where the angle of 
inclination is zero. If (r.u) is a point on the profile curve prior to (r_,u ) then 
the corresponding pendent drop is stable for problem c, while if (r,Q) comes after ( r r' u c ) 
then the resulting drop is unstable. 
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Theorem 9. The volume-constrained focal point (r ,u.) for a given profile curve 
lie 8 between the first and second inflection points. Tt comes ahead of the volume- 
constrained conjugate point for problem B, (r B ,u B ) . 

Theorem 10. The set C(O') is symmetric about the line ij/ ■ 0. It is bounded on the 
left by the line « 0. The b rest of C(O') is bounded by C(y r ) where y r is the curve 
described in Theorem 7. 5 

As in problem B, the set C(y-,) is the envelope of the family of curves 

(i|i(s,k) ,V(s,k) ) . By Theorem 9 each curve in the family will touch the envelope at a 
point where H/'(s) is negative. Therefore in a neighborhood of the touching point 
each of these curves may be expressed non-parametrically V » h(i|/,ic). The envelope 
is determined by the condition h (<|i,k) = 0. It will be a smooth curve if h (Kk) ¥ 0. 
If the angle is positive, theli dV/di(i * h y (iji,K) , = V /t|i is negative,and wfiere it is 
smooth, the envelope will be the graph of a decreasing B f unction. 

Conjecture. That part of the envelope r_ , which lies in the first quadrant of the 
-plane is the graph of a smooth function V = V(i^) 0 < ^ < ti , with V’ (0) =0, 

V (ip ) negative for 0 < < .it , and V 1 (tt) = 0. 

Computer calculations strongly support the conjecture. ® If the conjecture is true, 
then (as in problem B) the map C would be a dif feomorphism of O' onto its image, and 
the intersection of a vertical line iji = ip , with C(O’) would Be a connected interval. 
This would imply that as we move vertically along the line f - $ from (\J< , 0 ) to 
(if, V ) in the control space, the corresponding drops would generate the entire 
family x of stable pendent drops for problem C. If the conjecture were not true, then 
as was the case for problem B, the procedure just described would fail to pick up some 
stable pendent drops for Problem C. (see figure 7 .) 



Figure 7. The curves C(s,k) and their envelope F c 

The following theorem identifies those stable pendent drops that are accessible from 
drops of very small volume. 

Theorem 11. (a) For any angle of contact 5, 0 < ip < tt, stable drops of small volume 

are convex and resemble spherical caps. These drops are generated by profile curves whose 
tip is at u Q , where Uq is large and negative. At a certain positive volume V., where 
V. depends on the profile curve generating the drop will develop an inflection point 
at its edge. This drop is stable. As the volume is increased, further stable pendent 
drops are formed, and the inflection point on the profile curves will move to the interior. 
With increasing volume the limit of stability will be reached before a second inflection 
point appears. 

(b) If tJJ — 0 all profile curves corresponding to pendent drops of positive volume 
contain an inflection point. Drops of small volume correspond to small values for u Q 

at tn® drop tip. As u_ is decreased stable pendent drops of increasing volume are formed. 
The drop generated by that profile curve whose tip is at u Q - ug * -2.5678- is unstable. 
(Computer results indicate that the stable pendent drop cf maximum volume occurs with 
u o - -1.6 with a volume of 18.4 ) 

(c) For any angle of contact drop height increases monotonically with volume 
throughout the range of stability. 

Remark. For example, if the angle of contact ^ “ (n/2) , it follows that with 
bSthTneV^H Klge^ff! ap^eg?^ ° f instabilit y is reached ' Pendent drop, containing 
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Figure 8. Drop formation for problem C 
Justification of the stability criterion. 

As noted earlier, any re-entrant drop (drop for which the angle of inclination 
becomes negative) is necessarily unstable. Otherwise a stable symmetric pendent drop 
represents a strong local minimum of energy for any of the problems discussed. A n.’ce 
proof is based of the method of H . A. Schwarz in his proof of the isoperimetric property 
of the sphere. For example, relative to Problem C we can show the following result. 

Theorem 12. Let i",!)) be a stable pendent drop for problem C with exposed volume V, __ 
and angle of contact J'. Consider any other pendent drop (Y,S) whose contained volume is V. 
For each horizontal plane p, below the supporting plane, let A(P) be the cross-sectional 
area of YAP, and let V(P) be the volume of the drop lying below the plane P. Let r(P) 
be the radius of the circle whose area is A(P). Suppose that the pair (r(P),V(P)) 
determines a stable pendent drop for problem B and for every plane P. Then the energy 
E(C) (see (7)) is less than or equal to E(S), with equality only if (X,(5) = (Y,S) . 

The method of proof is to first symmetrize (Y,S) producing a new drop of less energy 
and the same volume, which we then compare to the given stable drop. 
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Capillary surface discontinuities above re-entrant corners 
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A capillary surface S is the (equilibrium) interface between two adjacent fluids that 
are also contacting rigid walls. Because the interface is in equilibrium one has 
information about the mean curvature of S and its contact angle Y with the bounding 
walls. The general problem in the mathematical theory of capillarity is to ubc this 
geometric information to deduce properties of S. 

In this paper we study a particular configuration for which S is the interface between 
two fluids in a vertical capillary tube, in the presence of a downward pointing 
gravitational field. S is the graph a function u whose domain is the (horizontal) cross 
section 0 of the tube. The mean curvature of S is proportional to its height above a 
fixed reference plane, y is a p. escribed constant and may be taken between zero and »/2. 

The particular question we study here is, are there domains 0 for which u is a 
bounded function but does not extend continuously to 30? We find simple domains to show 
that the answer is yes and study the behavior of u in those domains. 

In section 1 of this note we fix notation and briefly formulate the non-pa rametric 
capillary problem described in the second paragraph above. 

In section 2 we review an important comparison principle that has been used (in the 
literature) to derive many of the results in capillarity. It allows one to deduce the 
approximate shape of a capillary surface by constructing comparison surfaces with mean 
curvature and contact angle close to those of the (unknown) solution surface. In the 
context of non-parametric problems the comparison principle leads to height estimates above 
and below for the function u. We describe an example from the literature where these 
height estimates have been used successfully. We indicate areas of possible future 
applications. In section 3 we construct the promised domains for which the bounded u 
does not extend continuously to the boundary. The point on th«; boundary at which u has a 
jump discontinuity will be the vertex of a re-entrant corner having any interior angle 
6 > ». Using the comparison principle we study the behavior of u near this point. 

Much of this paper uses material from the note, "Or he behavior of a capillary surface 
at a re-entrant corner"” and from other sections of the Ph.D. dissertation, "Capillary 
surface behavior determined by the bounding cylinder's shape"', by this author. 

S ection 1; The r.r ’ arametric capillary problem 

For a Lipschitz domain Q in R^ a function u e C^(Q) n C^(2) is a classical 
solution to the capillary problem in a gravitational field if 

div Tu = 2H(S U ) = Ku in 0 , (1) 

Tu = ■ V .-., ( Du » gradu, H(S .) •* mean curvature of S u , < > 0 , 

A + I Du I 2 

Tu*n « cosy on 30, ( (2) 

0 < t * » prescribed, n * exterior normal to 30 . 

Physically S u describes the capillary surface formed when a vertical cylinder with 
horizontal cross section 0 is placed in an infinite reservoir of liquid having zero rest 
height. Then 

■c « £3 where P ■ density of liquid 

g ■ (downward) acceleration of gravity 
o a surface tension between liquid and air 

cosy « °I ” surface attraction between liquid and cylinder . 

(More generally, by picking the reference height u * 0 appropriately, S u can be the 
interface between any two different density fluids occupying a capillary tube. Then p is 
the density difference between the two fluids, is the difference in surface attraction 
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between the two fluids and the bounding cylinder, and o is the surface tension between 
the two fluids). 

Geometrically div Tu is twice the mean curvature of the surface S u . In some sense this 
is the average amount the surface is curving: Writing the surface locally as a graph above 

its tangent plane at a point P, C ** ^(n), then one can verify that at P div Tu is the trace 

of the Hessian of The correct choice of orthogonal coordinates n (called the princi- 

pal directions) makes the Hessian a diagonal matrix. Then div Tu is the sum of the curva- 
tures (second derivatives of j>) in these principal directions and H(S U ) is the average. 

Geometrically Y is the contact angle between the (downward normal to the) capillary 
surface S u and the (exterior normal to the) bounding cylinder 30 * R (see Figure 1). 
Thus if the cylinder is of uriform composition Y is constant. We consider that case 
here. By considering the function -u if necessary (locking at the capillary tube upside 
down) we can assume 

0 < Y < »/2 . (3) 

The most natural way to prove the existence of capillary surfaces is to solve the 
variational problem associated to (1), <2)i u should minimize the .nergy 

E(f) - / (o/l + I Df | 2 + f 2 ) - / of 

a sc 

or equivalently 


E ( f ) •'//1+ I Df 1 2 + | f 2 - / vf, v « cost (4) 

0 i 30 


over the appropriate space of functions. The three terms making up the energy functional 
are (in order) surface energy, potential energy from gravity, wetting energy. Emmer 4 and 
Finn-Gerhardt 5 have studied the existence of variational solutions tc the capillary problem 
in Lipschitz domains 0. (In particular, existence theorems are guaranteed for the 
particular piecewise smooth domains considered in section 3.) When it exists the function 
u is unique, real analytic in 0 and satisfies (1) classically. Wherever 30 is smooth 
enough (C 4 ), u extends smoothly and satisfies the boundary condition (2) classically 9 . 

(In- particular u can never be discontinuous at a point where 30 is smooth.) 




an 

Figure 1: Configuration for the 

non-natametric capillary problem. 



Figure 2, The comparison principle: If Y < T 

on 3 0 (wherever v < •»), then any Iasi: poiKt 
of contact between S v and S occurs inside 
0 * R. At such a point, H(S V J > H(S W ). 
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Section 2t The comparison principle 


Let 0 be the domain being studied for the capillary problem. Let 0 be a (bounded) 
subdomain (possibly all of 0). Let n be the exterior normal to 30. For a function 
u let Y denote the contact angle of S u with the subcylinder 30 * R. That is, 

Tu*n * c8sy u . The comparison ptinciple fo*" non-parametric surface:- >* related mean 

curvature and contact angle iss 


Theorem 

2.1: Let 

v , w e c 2 (0) 

and suppose that 

(i) 

wherever 

v < w in 0 , 

div Tv < div Tw 

(ii) 

wherever 

v < w on 30 

, Tv«n > Tw*n (i.e. Y y < Y / 

Th«n v 

io never 

actually less 

than w, v > w. 


As applied to mean curvature and contact angle Theorem 2. A is due to Concus and Finn . 

It is a special case of a very general comparison principle fcr elliptic equations with 
suitable boundary conditions. 

We roughly sketch the classical proof of this theorem, assuming chat 30 is smootl , 
that v,w e C 1 ((J) and that (ii) is replaced by the stronger 

(ii) wherever v < w on 30, Y y < Y . 

(See Figure 2 . ) 

Suppose S v does not lie entirely above S y . Then lift S v until it reaches a point 
Q of last contact with S w . (Lifting S v does not affect its mean curvature or contact 

angle with 30 * R) . The condition (ii) implies that wherever v < w on 30, S y rises 
more steeply than S w to meet 30 * R. Hence Q cannot be a boundary point, on 
30 * R, and must instead be contained in 0 * R. Since Q is a point of last contact 
(the lifted) S y and S ; are tan 'ent there. But (the lifted) S y contacts S w at Q 
and never lies benersth it, so we must have H(S y ) > H(t> w ) there. This contradicts (i). 
Thus S y did actially lie above S w . 

Filling in the details to the preceding proof one would see that it is only the 
ellipticity of the mean curvature operator that is used (for both the boundary and interior 
arguments ) . 

There i6 another (less intuitive but still simple) proof that uses the divergence 
structure of the elliptic equation (1), (2). Using this proof and the fact that 
iTuI <1 it is possible to soe that 30 can be Lipschitz and that the boundary condition 
(ii) need only be attained in a certain weik sense. In particular the comparison principle 
will hold for the piecewise smooth domains considered in section 3 and for the solutions 
u tc the capillary problems in these domains . 

The specific form of Theorem 2.1 that we need for section 3 is: 

Cotollaiy 2. 2: Let 0 be piecewise smooth. Let u,v,w 6 C (0 ) and suppose the contact 

angle for these three surfaces exists on the smooth parts of ?0. Supp >se 


div Tv * xv, 

div 

Tu 

* »u, div 

Tw » 

<w in 0 

Y < Y , 




Y 

> Y on 30 . 

v u 




w 

u 

Then v > u > w 

in 

0- 




Proof: We show 

v » 

u: 

Condition 

lii ) 

of Theorem 2.1 is satisfied on all of 30. 


Condition (i) is satisfied since v < u implies div Tv < itv < eu < div Tu. Thus v > i>. 

Remark 2.3 : Note that the comparison principle sounds backv'ards: If v has “less" mean 
curvature and "less" contact angle, S y lies above S u . If w has "more" mean curvature 
and "more" contact angle, S w lies beneath S u . 

Remark 2.4: One of the most successful uses of the comparison principle has bean to study 

the seemingly strange behavior of capillary surfaces above domains with corners, in the 
presence of gravity. This study was undertaken by Concus-Finn 3 who showed that above a 
corner with interior angle 9 satisfying e < i - 2y, u approaches infinity as the vertex 
is approached. In contrast they showed that for 6 > i - 2 y, u is bounded, uniformly as 
the corner is closed. In the unbounded case they actually constructed a comparison surface 
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that describes u to within a constant. The methods we use in section 3 are very similar 
in spirit to theirs. 

There are other instances in the literature where the non-parametric comparison 
principle yields interesting height estimates, but 1 feel the general comparison technique 
has not yet been fully utilized, as the following three remarks indicate: 

Remark 2.5 : Mean curvature and contact angle (i.e. capillarity) make sense in the more 

general parametric setting of surfaces. The proof of the comparison principle that 1 
sketched roughly can also make sense in the parametric setting: If there are two 

sui faces and S 2 of "known" mean curvature (known in the sense that the mean 

curvature is determined by the perhaps unknown position of the surface), each making 
"kuowr" contact angle with a fixed third surface S 3 , then by considering appropriate 
families of transformations of Sj relative to Sj (not necessarily by r_gid motions), 
one can conclude location bounds on possible parametric capillary surfaces. 

Remark 2.6 : There is a connection between comparison surfaces such as those in (5) and the 

energy functional (4). Roughly speaking if f is a candidate to minimize (4) and if one 
knows of supersolutions v or subsolutions w in the sense of (5) then one can assume 
without loss of generality that f lies beneath v and above w. This can be very useful 
in proving existence theorems, where it is often important to bound the minimizing 
sequence. For example, one c n give direct proofs of the existence theorems for 
"admissible domains" in the sense of Finn-Gerhardt 5 using this observation and tie direct 
variational techniques of Emmer . For parametric variational problems the connection with 
the comparison principle has to do with the families of surfaces described in Remark 2.5. 

I am currently investigating this area and believe it will yield existence theorems for 
parametric capillary surfaces (of the type pictured in Figure 3) depend’ ng naturally on the 
geometry of the fixed bounding walls. 

Remark 2.7 : Relatively little numerical work has been done computing capillary surfaces. 

(There has been some 1 .) The effective use of comparison surfaces can reduce the amount of 
computing time needed by giving a priori bounds above and below for the candidate functions 
(Remark 2.5). This can be especially useful in domains for which the capillary surface 
behaves in a singular fashion but for which good comparison surfaces can still be 
constructed, (for example the narrow wedges described in Remark 2.4 and the domains of 
section 3). 



Section 3: Re-entrant corner domains 


Let 6 and y satisfy 

* < 0 < 2» , 0 < y < */2 . (6) 

We will construct a domain for which a bounded solution u to (1), (2) exists, but 
having a corner of interior angle 6 at which there is a jump discontinuity in u. (The 
arguments can be modified to include the case y - 0. If y = */2, u = 0. All other cases 
reduce to one of these (3).) 

Determine the domain scale by fixing R > 0 (I igure 4). Since 0 > 1 we can pick 0. 
and 0 2 satisfying 1 

> » - T, */2 > 0 2 > y, e x + 0 2 « 0 . ( 7 ) 

For positive e less th?n RsinOj, let be a bounded domain, of which the 

intersection with Bj R (0) is shown in Figure 4, and which has boundary except at 

Pq and P^. B 3 RIUJ is the disc of radius 3R centered at the origin.) 
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Figure 4: The intersection of 0 £ Figure 5: The subdomains I £ and II £ . B R (Q) 

with the disc of radius 3R. is tangent to l at Pq. Cj is the 

circle through Pq and P^ that hits 
with angle e^. 

Lemma 3.1 : There e.;ists a unique solution to (1), (2) in any fl £ . It is bounded above, 

no-'negativa, and extends smoothly to the smooth parts of 38^. 

Proof : The existence, regularity and boundedness follow from the references mentioned in 

section 1. The fact that u > 0 follows immediately from the comparison principle (Cor. 
2.2), comparing u to w 5 0 on the entire domain 8 £ . 

We are interested in the behavior of u £ near Pq, as e approaches 0. We will show 
that u stays uniformly bounded in one sector touching Pq whereas in another it gets 
uniformly large. It follows that u £ eventually has a jump discontinuity at P n . 

Let I £ be the subdomain of Sl £ shown in Figure 5. Then we have 

Lemma 3.2 : u £ is uniformly bounded in I £ , independently of e. 

Proof : We use the comparison principle, taking 0 = I £ . Our candidate for a supersolution 
is a function v whore graph is a lower hemisphere lying above B R (Q). Its contact angle 
with B r n 3 8 = b r .q is exactly * - 3. . (If a plane slices a sphere the contact angle 
is the same along the entire circle of contact.) But by (7), * - 8^ < y . Along 

3B r (Q) n 0 the hemisphere is vertical, Y v = 0 < T u u i nce u is smooth there. Thus 

v satisfies the supersolution boundary condition of Cor. 2.2. We must lift the hemisphere 
high enough to make 

div Tv < «v . (8) 

But div Tv = 2H(S y ) = 2/R, so (8) is satisfied if 
v > 2 /Rk . 

This can be accomplished by placing the south pole at height 2 /Rk. Since the lower 
hemisphere varies in height by R, the comparison principle implies 

u £ < v < 2 /Rk + R in I £ . (9) 

This estimate is independent of e. (See Figure 6.) Q.E.D. 
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as described in 


Now fix 8' with Y < 8j < 8 and lev. II £ be the subregion of fl t 
Figure 5. Then we have 

Lenuna 3.3 ; u £ approaches " uniformly in II as c approaches zero. 

Proof i We apply the comparison principle with 0 “ II £ . Our candidate w for a 
subsolution is the "underside" of a torus. We take the unique (vertical) torus in R J 
containing C, and L '2 (Figure 5). It is generated by rotating 0^ about an axis 
parallel to tne y-axis and going through Q^, the point midway between and C^. Then 

in II the "underside" T ■* S w of the torus is the graph of 

w( x , y ) * Ur - / r 2 - (y - y^ 2 )" - (x - x x ) 2 J 2 , 

where (x^.yj) ■ . T contacts * R with contact angle 8j > Y and contacts * 2 * R 

with contact angle of at least a^. It is vertical along Cj and C 2 and has contact 

angle Y *= » > y (since u is smooth along these arcs). Thus w satisfies the 
- w u 

subsolution boundary condition of Cor. 2.2. In order to be a subsolution it must therefore 
be low enough to satisfy 

div Tw > *w . 


But the mean curvature of a torus can be calculated and satisfies 


div Tw > i - ^4-F * 

So it suffices to satisfy (— - — - — — ) > xw, i.e. 

I K “ l 


. 1 1 1 
w x — (— - 


k r R - r 


) . 


( 10 ) 


(11 ) 


This can be done by placing the highest part of S w at the height (11). Since the total 
height of varies by no more than R, we then have 

- * r - > 


and by the comparison principle, 

1 


* * 1 , 1 
u £ > w>— - 


x * r r - r> " R in “t * 


( 12 ) 


But r is proportional to t and R is fixed, so (12) implies that u e approaches 
infinity uniformly in II as c approaches zero. 

Combining Lemmas 3. 1-3.3 immediately yields the desired: 


Theorem 3.4 : For c sufficiently small the solution u £ to the capillary problem (1), (2) 
TTT cannot be extended continuously to the vertex of the re-entrant corner of angle 8. 

One can study the behavior of u near the vertex more carefully. Consider for examp>le 
the particulai case 8 = 3/2*, 8^ = », 8^ « »/2. (This is the domain one gets by pushing 

two vertically held microscope slides close together in a bowl of water.) Since u £ 
becomes vertical near Pq the capillary surface must "look like" the picture in Figure 7: 
It has essentially no curvature in the vertical direction and its level sets are 
approximately circular arcs with curvature xz. In fact, one can construct comparison 
surfaces having exactly that form near Pq (and then modified slightly near their high and 
low points to conform to the comparison principle). An easy calculation then implies that 
the jump in u at Pq is given by 

lim sup u O') - lim inf vi (P) = + 0(1) (13) 

r*p 1 r*p 

0 0 

.is e approaches zero. For distilled water and ait x is approximately 13 cm and 
between water and glass the contact angle is near zero, so that one should be able to see a 
jump of about 1 cm. by taking 

c " 2/13 cm . 


This is quite narrow. Experimentally, better success will be obtained by using two 
fluids of approximately the same density (so that x is considerably reduced). (Also, for 
a jump of only 1 cm. the 0(1) term in (13) could still play a destructive role.) 
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Figure 6: A lower hemisphere contact- Figure 7: The asymptotic behavior of u . 

3 „ £ 

ing 3fl £ * R with angle less than (Here 0 = , 0^ - x, 6 ^ = x/2). 

Y . The "underside" of a torus with 
angle of contact greater than Y . 

Remark 3.5 : What happens in the complimentary case of convex corners? As remarked in 

section 2, if 0 < n - 2y u approaches infinity uniformly. Simon has shown that in the 
case x - 2y < 6 < 2it u actually extends to be C* at the vertex”. Therefore it seems 
that the only way u can have a jump discontinuity is if there is a re-entrant corner. 
This is actually correct: u extends continuously to a point on the boundary of a 

Lipschitz domain if the boundary is locally C 1 or locally convex there'. 
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Abstract 

One aspect of Biofluid research concerns the dynamics of coated droplets. Of specific 
interest is the manner in which the shape of a droplet, the motion within it as well as that 
of aggregates of droplets can be controlled by the modulation of surface properties and the 
extent to which such fluid phenomena are an intrinsic part of cellular processes. From the 
standpoint of biology, an objective is to elucidate some of the general dynamical features 
that affect the disposition of an entire cell, cell colonies and tissues. Conventionally 
averaged field variables of continuum mechanics are used to describe the overall "global" 
effects which result from the myriad of small scale molecular interactions. By this means, 
an attempt is made to establish cause and effect relationships from correct dynamical laws 
of motion rather than by what may have been unnecessary invocation of metabolic or life 
processes. The distinction between what must be a life process and what may really be the 
result of more ordinary inanimate mechanisms is an important and central question, the 
resolution of which will lead to a deeper understanding of biological activity as well as 
the origin of life. 

Several topics are discussed where there are strong analogies between droplets and cells. 
These are: encapsulated droplets — cell membranes; droplet shape — cell shape; adhesion 

and spread of a droplet — cell motility and adhesion; foams and multiphase flows — cell 
aggregates and tissues. Evidence is presented to show that certain concepts of continuum 
theory such as surface tension, surface free energy, contact angle, bending moments, etc. 
are relevant and applicable to the study of cell biology. 

1. Introduction 


A primary objective of biologists is to understand the structure and function of basic 
molecular complexes that constitute life processes. At this fundamental level of inquiry — 
the direct bio-chemical interactions between molecules — fluid dynamics is not applicable 
(although mathematical analysis, presently eschewed, could be used more effectively) . How- 
ever, when the focus of study turns to the explanation of the comparatively large scale 
phenomena that result from a myriad of molecular reactions, continuum theory becomes a 
natural and often preferred means of investigation as it does when the corresponding 
transition in physics is made from single to many particle systems. This in fact is a 
pertinent analogy that well illustrates the anticipated role of cortinuum mechanics in 
biology. To say that the movements of or within a cell are explained by the contractile 
capability of certain protein molecules is about as satisfying, and as predictive, as the 
knowledge that all mechanics follows directly, in some way, from the application of Newton's 
laws of motion to each and every constituent particle of a medium. It is not generally 
recognized within biology that (a) the large scale dynamical consequences of the inter- 
action of very many particles need not be discernible on the molecular scale or even 
predictable from that standpoint; (b) the net effect on the aggregate can be distinctive, 
new phenomena which transcend the behavior of the i '.dividual elements such as waves , in- 
stabilities, patterns and structure. As a result- there is a paucity of cell physiological 
data that is relevant to continuum formulations and very few experiments attempt to measure 
the variables and parameters that characterize the rheology of a medium or its dynamic 
response. (Even less can be said about acceptance or the use of mathematics and mathe- 
matical models.) Unfortunately, biologists, like other scientists, can scarcely maintain 
control over the vast flow of information within their own specialties. However, the 
present situation does exemplify the opportunities and challenges inherent in the renewed 
and growing contact between two venerable disciplines, and these will be stressed here. 

Continuum mechanics offers to cell biology, the means to study tissue morphogenesis, 
growth and differentiation, cell processes that involve dynamic change, motion and flow, 
as well as the conditions that maintain equilibrium. The description of patterns, flows 
and structures in terms of continuum state variables and rheological parameters will pro- 
vide understanding of the dynamical principles that govern global phenomena. The use of 
dimensional analysis will enable data to be interpreted and correlated; experiments will 
be suggested and experimental techniques adapted; theoretical models and analogies will 
help formulate and test hypotheses and provide for detailed analysis of special events. 

In return biology gives the continuum mechanician a miraculous "fluid" medium, an awe 
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inspiring chemical, metabolic system where almost anything conceivable can occur and seems 
actually to occur somewhere. Kith such wondrous material, what must be a life process and 
what can be the result of more ordinary inanimate dynamics become central questions to be 
resolved. The polymerization of contractile fibers is a favored omnibus explanation of much 
cellular activity but although this is indeed a most important mechanism, non-metabolic 
dynamic processes often give a simpler interpretation of event3. This does not mean that 
when an inanimate mechanism is adequate, a more complicated life process is unnecessary. 

But it does require a rationalization of why in evolutionary developments a complex process 
has substituted for a simpler one. Questions of this type must lead to deeper understanding 
of biological processes. 

Biological fluid dynamics, that is the fluid dynamics of cells and tissues, concerns that 
most complex material rheology yet studied. Although in most circumstances flows ate slow, 
cellular material is chemically active in the extreme, most definitely a non-Newtonian 
colloid, emulsion or mixture subject to temporal and spatial changes of state from sol to 
gel, all within an ensemble or organelles of various compositions and functions — minute 
deformable domains enclosed by a lipid/protein membranes of extraordinary properties. More- 
over, even the simplest hydrodynamic analogies and simulations of cells and tissues lead to 
unsolved fluid problems of current interest in chemical engineering, microhydrodynamics, 
polymeric and interface sciences. 

Corresponding topics in biology and fluid dynamics are roughly the following: cell 

rheology — viscoelasticity: cell membranes — interfaces and monolayers; cell shape — 
droplet dynamics; cell adhesion and motility — liquid adhesion and spreading; cell 
aggregates — foams, emulsions and multi-phase mixtures. Some specific problems will 
illustrate these connections and the feedback that continually generates new questions. 

2. Survey 

Some of the biological phenomena which my colleagues and I have studied using continuum 
theory are cell cleavage, cell adhesion and motility, cell membranes (as monolayer coatings 
on droplets) , cell cultures and capillary growth. 

There are essentially two classes of problems represented here. One concerns motion of 
and within a cell and the other deals with the dynamics of cell aggregates. In the former, 
the relevant length scale is the size of the cell, which though small, is still very much 
greater than molecular distances. In the latter the cell itself may be viewed as the basic 
element of the tissue fluid as long as the phenomenological scales are many cell lengths. 
(However, both scales are usually microscopic in the literal sense. Large and email dis- 
tances are referred to then as microscopic or submicroscopic and ultrafine, respectively.) 

A continuum theory based on surface tension, slow viscous flow and an approximate 
momentum equation similar to Darcy's law, was formulated to describe the growth and 
movement of certain cell cultures in response to a distribution of nutrient. In this model, 
a new cell forms, expands to proper size, and pushes aside neighboring cells of the culture. 
The forces of displacement are transmitted with attenuation throughout the cel population. 
The total pressure developed in this way causes internal migration of cells and a drift of 
the entire colony as it builds in the direction of a richer supply of nutrient. The 
internal motion is assumed to be proportional to the negative gradient of the pressure and 
a surface tension force proportional to the mean curvature of the tumor surface maintains 
the colony as a compact and continuous mass. In essence then, the culture is similar to an 
incompressible fluid within a variable domain in which there are sources and sinks. This 
theory and elaborations of it2 are found to yield good agreement with observations. 

The competition between surface and interior forces that control the shape of the colony, 
motivated an examination of dynamic instability of such cultures’. This analysis 
established the conditions in which the slight surface distortions that arise lead to the 
possible division of or disintegration of the colony. This lixe other analyses makes 
the important point to biologists that instabilities are a natural part of biological 
development. 

This example of the control of shape by surface tension, and the form of the most 
prominent mode of instability suggested that cell cle^vaqe could also be approached along 
similar lines. A theory of cytokinesis was presented 5 in which cytoplasmic streaming, 
furrow development, contractile rinq formation and division are all direct and related 
effects of a dynamical instability that is caused by the modulation of tension at or near 
the membrane surface during anaphase. Based on earlier work 6 , a completely fluid model 
of cleavage dynamics was constructed in which an effective surface tension simulates the 
sum of all forces exerted within the boundary structure of a cell. The dynamical process 
hypothesized was shown to be unstable and once triggered develops rapidly without further 
stimulation. The primary pattern of instability exhibits the typical shape of furrow 
formation at the equator; the time scale of this excitation is also consistent with 
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observations. However, this first model is much too simple to be an entirely realistic 
description of a cell, but it, with the accompanying experiments on the division of oil^ 
droplets and subsequent continuum analysis of the cell membrane as a thin elastic shell 7 , 
well illustrate the capabilities of surface forces and the manner in which they may be 
implicated in the division process. 

A common theme in all this work is the control of droplet shape by surface forces that 
arise from the distribution of a surfactant on a pure interface, or from a material which 
is in fact a separate surface fluid. Several droplet problems were examined in order to 
explore the range of phenomena associated with surface flows and to develop greater 
intuition regarding the possible relevance of such effects in cell biology. For example, 
it has been shown 8 that the deposition of mass to the surface layer is in itself sufficient 
to cause spiculation of a droplet if the layer material is nearly incompressible, i.e., the 
surface compressional modulus is large. At early times, the surface layer does indeed 
behave like a true incompressible fluid and crenations form. But these protuberances 
decrease in size and in number as the compressibility of the real coating takes effect, 
until finally the droplet again becomes spherical. Essentially too much surface area for 
the contained volume causes ripples. The manner in which excess area is actually 
accommodated by fully nonlinear changes of droplet shape — whether by bumps, invagination, 
folds, or a break up into smaller droplets -- is a question under examination. 

It is known that the deposition and desorption of surfactants also leads to interface 
instabilities' 1 , and in the combination of these effects (and a more complex model of the 
surface) lies a possible explanation of at least the onset of crenation, villation, and 
spiculation of real cells 1 ' 1 . 

The collapse of surface monolayers is a closely related instability problem of interest 
which is being examined simultaneously. The mathematical formalism developed i or droplets 
applies in this case as well. 

A similar approach based on "thin shell" theory of solid mechanics was used to construct 
a model of capillary growth in tissue 11 . Here the surface area of the capillary "cylinder" 
which consists of endothelial cells, increases as the cells divide. This leads to sinuous 
and bulbous instabilities of the column. These distortions seem essentially tie same as 
those of capillaries observed in situ 1, and in fact, the theory provides an explanation of 
and qualitative agreement with experimental data. 

The use of an effective surface tension to model the membrane and subcortical str- eture 
of the cell naturally gave rise to the question of whether adhesion and motility of cells 1 -’ 
could also be simulated by droplets 1 '*. 

Interfacial tensions between membrane, substratum and ambient medium must be a part of 
the physical mechanism by which an almost spherical cell rapidly flattens after mitosis. 
Chemical changes in the cell surface at division probably increase the affinity of membrane 
molecules for those of the substratum or so. id boundary providing thereby the main forces 
for the initial extension of a cell. The intrinsic process may be somewhat analogous to 
the spread of a liquid droplet on a solid. Althouqh the cell attaches to the surface at 
only thousands of sites mainly along its periphery , while there arc many billions of 
binding sites for a liquid droplet, this is still probably a sufficiently large sample for 
the Mime kind of statistical averaging to applv that underlies a continuum theory. It would 
then follow that such concepts as surface free energy, spreading and contact angle have 
loose analogs in cell adhesion and motility. (It should be noted that the spreading of 
a liquid droplet is in many respect an unsolved problem. The exact nature of the boundary 
conditions at the advancing liquid/solid boundary is unclear 18 and this reflects the un- 
certainty about the physics of fluid attachment of a surface which implies the condition of 
no-slip. ) 

We advanced a model 1 for the movement of a small droplet on a surface specifically 
adapted foi the hiqh viscosity of cells. This was based on the lubrication equations and 
used the concept of dynamic contact angle to describe the forces that act on the fluid at 
the contact line. The specific problems solved with this theory were the spreading and 
retraction of a circular droplet; the advance of a thin two-dimensional layer; the creeping 
of a droplet on a coated surface to a region of greater adhesion; the distortion of droplet 
shape owing to surface contamination. A more intensive analysis of the equations 18 showed 
that an advancing droplet becomes more pear-shaped in outline, with a broader advancing 
contact line and a narrower retreating edge. This has sane of the features of motile cells; 
however, numerical methods will have to be employed to examine further the shape and 
stability of the edge contour. 

The similarities between the spread of a cell and of a droplet that were noted by 
Greenspan and Folkman 18 , have been exploited to a remarkable degree in the experiments of 
Folkman and Moseona-' 0 . They have shown that the shape of a cell can determine whether DNA 
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synthesis will be permitted; the technique used was to control the degree of spreading on 
coated the plastic slips, i.e., by modifying the interfacial tension in the known manner. 

The fact that cell shape can be proven to correlate with cell function substantiates sente 
of the earlier hypotheses relating shape and function-’ 1 . There is now considerable 
evidence’-’ that surface tension and contact angle are meaningful and useful concepts in 
cell biology, but more work is required before the advantages of this viewpoint are 
accepted. 

The study of the dynamics of encapsulated droplets has been extended by considering a 
surface coating which is an oriented, polar fluid of either a monolayer or a bilayer 
structure. The general theory of polar fluids* 3 was adapted for such surface flows 24 and 
general constitutive laws were determined that relate surface stress, strain, bending moment 
and a non-Newtonian rheology 24 . The bending moment of the membrane arises from the 
preferred orientation of the molecules that form the surface layer. Its importance has been 
discussed in connection with the shape of the red blood cell 25 and with the growth of 
capillaries in tissues 1 ’. In both cases, the bending moment appears as a stabilizing factor 
because it acts to undo distortions of an equilibrium configuration and to cut off the 
growth of incipient wave instabilities below a certain wave length. However, this is not 
as yet a general conclusion valid in all circumstances. The interplay of moments, variable 
surface tension (pressure) and chemical exchange with the bulk fluid by the deposition and 
desorption of surfactants could easily produce a range of new, interesting and surprising 
effects. 

We are currently examining the dynamics of liquid/liquid foams (i.e., coated droplets 
in an aqueous medium) with the focus on an accurate description of the motion that results 
from the addition of surfactants. The behavior of such systems is in many ways analogous 
to assemblages of cells in cultures and colonies. For example, spiral patterns of motion 
are observed in such biliquid foams 25 ; likewise the development of "similar" spirals in 
cultured epidermal cells has also been described 27 . Whether the underlying mechanical and 
visco-elastic processes are also analogous remains to be seen 28 . One difficulty is that the 
fluid dynamics of foams is essentially an undeveloped area whose theoretical formulation is 
not completely understood. Accordingly, we have had to begin with certain fundamental, 
idealized problems that are several levels removed from biological applications, and this 
has indeed become a separate program of research. 

The results of such a study should also be directly relevant to our continuing 
investigation of the growth and movement of certain cell cultures and solid tumors in 
response to a changing chemical environment. Development of a more elaborate compressible 
fluid model of tissues is necessary in order to substantiate or to generalize the empirical 
dynamical law that has been assumed. We would then be better positioned to inquire about 
the dynamic response of cultures to stimuli, and the effects of spatially varying 
rheological properites. 
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Capillary £orces exerted by liquid drops caught between crossed cylinders: 
A 3-0 meniscus problem with free contact line 

T. W. Patzek and L. E. Scriven 

Department of Chemical Engineering & Material^ -jience, 

University of Minnesota, Minneapolis, Minnesota 55455 


Abstract 

The Young-Laplace equation is solved for three-dimensional menisci between crossed 
cylinders, with either the contact line fixed or the contact angle prescribed, by means of 
the Galerkin/f inite element method. Shapes are computed, and with them the practically 
important quantities: drop volume, wetted area, capillary pressure force, surface tension 

force, and the total force exerted by the drop on each cylinder. 

1. Problem statement 


A liquid drop between solid fibers (Fig. 1) constitutes a three-phase system whose 
thermodynamic Description may become quite involved (cf . Huh 1969) . However, even without 
gravity, if the fluid-solid contact line differs from a circle, or two coaxial circles, 
the drop surface generally forma a three-dimensional meniscus of constant curvature, dif- 
ficult to appioximate from experiment and non-trivial to compute from theory. In large 
drops, gravity joins surface tension in the molding of shape and the situation becomes 
even more complex. The surface energy of the system in the absence of gravity is 
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°LV S LV + 


(O 


LS 


- °SV^ 


LS 


+ E„ 


liq/vap liq/sol-sol/vap sol/vap datum 


[ 1 ] 


Here the solid surface is rigid and the solid-liquid vapor interactions are '’escribed by 
the constant interfacial tensions <? LV , c» LS , and ° sv * 

Equilibrium drop shapes make the surface energy stationary, i.e. 6E * 0 for all pertur- 
bations that leave the drop volume fixed, 6V « 0, and «ithev the contact line fixed, 

<5x L sv ” Q, or the contact angle unchanged, ( Plv ‘ OS “ cos 6 > where 5 is the contact 
angle) . These conditions define a variational problem equivalent to the Young-Laplace 
equation of capillarity — a normal stress balance — with appropriate boundary conditions 
at the contact line: 
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Eq. [2] makes plain that the vanishing variation forces the Young-Laplace residual, 

2Hr y -(Pv - Pl*/°LV* and likewise the Young-DuprS residual, cosB-logy ~ °LS^/°i,V » to b® 
orthogonal (as viewed in the appropriate function space) to admissible normal perturba- 
tions . 
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A drop of liquid trapped between two perpendicular cylinder* of equal radii is of in- 
terest. When the cylinders touch, their point of contact is taken as the origin (Fig. 2). 
Spherical coordinates are used to obtain a single-valued representation of the liquid- 
vapor interface. A sphere of radius R, equal to the cylinder diameter, is chosen as the 
case surface and is centered at the origin. 

The unknown position of the interface, measured in the units of R, is 

*lv “ f(6 '4 |) e r 131 


Analogously, the interface perturbation is 
6 x lv - 5 (8.*) e r 


[4] 


Furthermore, in the case of spherical representation, Weingarten’s formulas relate the 
mean curvature of the interface to the divergence of the unit normal on the unit sphere ft 
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This, together with the divergence theorem, leads to the weak form of Eq. [2] 
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2. Galerkin/f inite element method 

The main steps of the finite element algorithm can be outlined as follows: 

(i) The problem is nonlinear and so an initial estimate of drop shape ( and contact 
line poeition) is needed that falls within the domain of convergence of the 
iteration method. Estimate from either analysis of a limiting case or experi- 
mental observations or a blend of both. The last leads to the inside surface of 
a email toruc as an initial guoss. 

(ii) To discretize the problem, partition the corresponding spnerical domain (Fig. 3) 
into curvilinear quadrilaterals between the equally spaced spines $ * constant 
(cf. Kistler 1981). The sp .nes remain fixed but the nodes of the quadrilaterals 
car. move along them. Let the number of nodes in the partition be N. 

(iii) Construct a finite element basis function f 1 (0,$) for the subdomain around each 
node (cf. Brown, Orr, and Scriven 1979) : 

choose the biquadratic polynomial on the (£,n)-unit square, 

- map each quadrilateral isoparametrically (0,$) •* (£,n) onto the unit square. 
This procedure transforms the original, free boundary domain fi in (6,$)- 
coordinates into a fixed square in the map (£,n) (Strang and Fix 1973). 

(iv) Approximate the drop shape as 

f ' 9 , ♦ ) «Ea i ¥ i ( e,n ) , $(£,n)J 

- nodal values are the coefficients to be found. 
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(v) Approximate the shape perturbation as 

N i r 

U0,$) = | ^ ! |_e(5, n) , <M5.n) 

take y . as arbitrary coefficients. Because the y. 's are arbitrary, the 
Galerkin weighted residuals — to which Eq. [6] transforms under (iv) and 
(v) — must vanish at equilibrium. This brings out the direct link between 
the Galerkin and var lational approach. 

(vi) Solve the resulting N nonlinear algebraic equations for the coefficients ou 

using Newton's method. 

- update the original domain in each iteration 

- use the Jacobian for continuation in the parameter (py - P x,)/°LV or v * 

(vii) Terminate iteration when the L^ norm of residuals, i.e. the largest residual, 

is smaller than a preset value, e.g. 10”^ (as was actually used). 

The algorithm was programmed in Fortran and executed on a CDC CYBER-74 computer. I,, 
took ca. 2 sec/iteration for 169 unknowns and three to at most five iterations to converge. 

A sequence of drop shapes in order of increasing volume is shown in Fig. 4 
(R(p v - P l )/Otv = LAMBDA) . As capillary pressure decreases, the liquid forms drops of 
increasing volume and finally encircles both cylinders. The plotted drops are stable, 
including the largest one — the surface of which covers more than half of the cylinder 
cross-section. 


3. Practical quantities 


Drops of liquid caught between crossed fibers of non-woven fabrics draw them together 
by capillary action and, when the liquid solidifies, fasten the fibers together. Similar 
phenomena occur in paper, where water at times forms droplets by capillary condensation 
from humid air. Liquid drops between fibers are also present at certain stages of oily 
soil removal by detergent action. Furthermore, drop behavior between crossed cylinders 
is important to direct measurement of adhesive forces between solid surfaces in the pre- 
sence of capillary-condensed liquids (Fishe- and Israelachvili 1981) . These and other 
applications call for computation of the following practically important quantities: 


(i) drop volume V 

(ii) wett<- ’ area of each cylinder A 

(iii) capil_ary forces exerted by drop 


capillary pressure force (p y 



-LV 


dS 


Surface tension force a r „ e • m T ,_ dL 

LV J -z -LV 

l lsv 

their sum: total force holding crossed cylinders together. 

Fig. 5 shows that the total force on the cylinders increases with the wettability of 
the solid by the liquid. As can be seen from Fig. 6, the components of total force vary 
widely with the drop volume but their sum increases slowly and approaches an asymptotic 
limit as the volume shrinks to zero. That limit is 4 tt 0j <v (R/2) cos 6 (Fisher and 
Israelachvili 1981), and becomes a good approximation for R(Pv “ Pl^/°LV ^ 10^* i.e. for 
very small drops. If the mean curvature is taken as the independent parameter, the drop 
volume grows extremely sensitive to it as the contact angle decreases (Fig. 7), whereas 
the total force again approaches the limit (Fig. 8). 


Summary and conclusions 

What is described here is an extension cf earlier analyses of three-dimensional menis- 
cus shapes (Orr, Brown and Scriven 1977) . 


Besides yielding equilibrium shapes of drops with fixed contact lines , as in past 3-D 
analyses, the algorithm used here also gives shapes of drops with a prescribed contact 
angle, which is sometimes a closer approximation to reality. 

Computations for other cases of 3-D menisci making a prescribed contact angle can be 
treated similarly. Augmented by a block-Lanczos method for solving the related 
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eigenproblem (see Brown and Scriver. 19B0>, the algorithm tests stability with respect to 
admissible perturbations with the contact line fixed. The case of prescribed contact 
angle is more difficult but is also being treated in the continuation of this work. 

The results show that total capillary force between cylinders increases with decreasing 
contact angle, i.t. with better wetting. Capillary force also increases with decreasing 
drop volume, approaching an asymptotic limit. However, the wetted area on each cylinder 
decreases with decreasing drop volume, which raises the question of the optimum drop vol- 
ume to strive for, when permanent bonding is sought from solidified liquid. For then the 
strength of the bond is likely to depend upon the area of contact, which is the wetted 
area when the bonding agent was introduced in liquid form. 
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Fig . 4 

Sequence of drop shapes in order of increasing volume. 
Dimensionless capillary pressure RfPy-p^/o^y = LAMBDA. 




Fig. 5 Fig. 6 

Total force exerted by drop Components of the total force 

on each cylinder vs. drop volume. vs. drop volume. 



DIMENSIONLESS VOlUME«O.Gl 


ORIGINAL PA-?E {? 
OF POO:? C^iiY 



Fig. 7 


Fig. 8 


Drop volume vs. 
capillary pressure 


Forces exerted by 
drop on each cylinder 
vs. capillary pressure 





Fig. 9 

Wetted area on each cylinder vs. drop volume 
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The motion of a drop on a rigid surface 
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Abstract 


The assumptions of a region of slip near a moving contact line (to remove the force- 
singularity) and a constant contact le are used to obtain the equation for the shape of 

a thin drop of liquid resting on a .' plane. Three asymptotic expansions are matched 

together to obtain an expression foi rate at which the drop spreads. Some cases of 

sliding motion are also examined. A.ti ugh the technique is presented here for thin drops 
only, it can also be applied to drops of arbitrary size. 

Introduction 


The chief difficulty that has to be overcome in an attempt to describe the motion of a 
drop in contact with a rigid surface is the determination of the correct boundary condi- 
tions to be app) ied at the contact line where the surface of the drop meets the rigid sur- 
face. If the drop is spreading over the surface, or if it is sliding along it, or both, 
the contact line is moving and it is well known that in these circumstances application of 
the no-slip boundary condition leads to a solution containing an unacceptable singularity. 
For certain purposes this singularity can be ignored but if, for example, we wish to deter- 
mine the rate at which the drop spreads or the speed at which it slides, a dynamical bal- 
ance of the forces acting must be achieved, which proves to be impossible in the presence 
of tha force-singularity. To circumvent this difficulty, the most widely used device is to 
replace the no-slip boundary condition in the vicinity of the contact line by one allowing 
a certain amount of slip there. The argument in favour of this proposal is that large 
stresses occur near the contact line, associated with the rapid change in direction of the 
fluid motion there, and the molecular forces which are usually sufficient to prevent auy 
slip between fluid and solid may be unable to control these large stresses. Of course, 
what is really required is a good molecular theory for the junction between drop, solid and 
surrounding air. Failing such a theory, some model boundary condition may be proposed in 
the hope that its exact form is of little consequence and that it will at least enable 
finite answers to be produced in answer to questions involving the force balances associ- 
ated with the motion and that these answers can then be tested experimentally. The sim- 
plest model boundary condition is one which replaces the usual no-slip condition by one 
which allows a small amount of slip, proportional to the local velocity gradient. If u is 
the velocity parallel to the plane surface and z is measured normally away from it, the 
proposed boundary condition is 

u-A3u/3z=0 (1) 

for a fluid in contact with a solid boundary at rest. The slip coefficient A is a measure 
of the length over which slip is significant. Although its value is unknown, if the slip 
is produced by molecular effects we might expect a value of the order of 10“ 9 m. Such 
slip is only expected to occur close to the contact line and the boundary condition should 
revert to its usual form elsewhere. However, the very small size suggested for A indicates 
that the slip condition can be used everywhere with negligibly small error. As we shall 
see, allowing for slip near the contact line gives speeds proportional to l/|tnA| which 
is of much greater significance than any erroneous inclusion of terms proportional to A . 

When we have decided to use a slip boundary condition for problems involving moving con- 
tact lines, the stresses near the contact line are still large and we may consequently 
expect that there will be a significant distortion of the shape of the free surface near 
the contact line. The large stresses will be balanced by capillary effects, which are pro* 
portional to the curvature of the surface. In order to provide sufficient boundary condi- 
tions for the shape of the free surface to be calculated, it is necessary to specify the 
angle at which the free surface meets the plane. Observations of contact angles seem to 
show that the angle increases with the speed of advance of the contact line, and decreases 
w! .^n the contact line is retreating. For stationary drops, the contact angle is not 
uniquely defined but can take any value between certain limits. The evidence for the 
dynamic behaviour of the contact angle is based on observations which do not take account 
of any rapid change of slope in the very small distance from the edge of the drop where, 
as we have seen, large stresses are present. It may well be that the contact angle 
measured at the edge itself does not change with speed and the dynamic behaviour refers 
only to an apparent contact angle, only relevant at some distance from the edge. Evidence 
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in favour of this contention has bean provided by Lowndes 1 who has produced numerical cal- 
culations for the motion of a meniscus along a tube using the slip hypothesis and keeping 
the actual contact angle fixed. He was able to show that apparent contact angles could 
be found from his calculated meniscus shapes which were in good agreement with observed 
values and that marked changes in slope occurred in the immediate vicinity of the edge. 

The calculations of Lowndes 1 show that a self-consistent rational framework for dealing 
with moving contact lines is provided by the assumptions of slip at the edge and a fixed 
contact angle. This framework has been used to discuss the spreading and sliding of a drop 
which is thin enough for lubrication theory to be used 2 . These problems are time-dependent 
and an estimate of the speeds involved depends crucially on the slip hypothesis. Both the 
meniscus problem and the drop problems needed considerable numerical calculation, although 
the use of lubrication theory reduced the amount required to a large extent. The equations 
for the spreading and sliding drop problems involve a small parameter, the slip coefficient, 
which suggests that matched asymptotic expansions could yield the desired answers without 
recourse to extensive numerical calculation. An attempt at such a procedure was made 
before the numerical results were obtained, but was not successful. The present paper, 
however, shows that matched asymptotic expansions can be used to obtain the rate of spread 
of a thin drop and, with certain restrictions, the rate at which a drop slides down a plane. 
The key to success was the realisation that, as well as expected inner and outer expansions, 
an intermediate region was required across which the inner and outer regions could be 
matched. The method employed has some similarities to the one set out by Lacey 3 , except 
that he used a multiple scale approach and did not carry the solution sufficiently far. 

Although the methods to be described here can be applied to a variety of problems, for 
simplicity they are explained with reference to the problems examined before 1 *. The drop is 
assumed to be thin and two-dimensional and it is also assumed that it is small enough for 
the Bond number to be small, that is, for gravity to be less significant than capillarity. 

In the first problem, the drop is placed on a horizontal plane and allowed to spread until 
its equilibrium position is reached. The quantity to be determined is the rate of spread 
of the drop as a function of its width. In the second problem, the drop is placed on an 
inclined plane, when both spreading and sliding may occur. The final width of the drop and 
the speed at which it slides are the quantities to be determined in this case. 

Formulation 


The application of lubrication theory to the problems to be solved is straightforward 
and has been described in detail before*. The simplified forms of the Stokes equations 
enable the velocity components to be found in terms of the pressure and the application of 
the normal stress condition and the kinematic boundary condition at the free surface yields 
an equation for the height h(x,t) of the drop,. where x is measured parallel to the plane 
surface and t is the time. The equation for h is 

In ih + a f*2 ( h + 3x)fli£ + 2£-§llLi|] „ o , (2 > 

0 at 3x L '•ax 3 o ;j 

where u is the fluid viscosity, g gravity, o surface tension, X the slip coefficient 
and 0 the inclination of the plane to the horizontal. Lubrication theory is only valid 
if the slope of the drop surface is everywhere small, so the contact angles must be small. 

A non-dimensional form of (2) is 

[.“«■ * "■ [0 * K li - “ • 131 

.•'here 

h =* a Q a a h, x - a Q x, t « 3va Q t/oa 3 , X - a Q o a X/3, K « a 3 pg sin e/oo a , (4) 

and a is a length scale associated with the size of the drop and o is a typical value 
of the° (small) contact angle. 


The extent of the plane covered by the drop can be fixed by two more unknowns, Sj (t) 
and a 2 (t), so that a 2 t x < aj and 

h (a^ (t) ,t) - h(a 2 (t) ,t) - 0. (5) 

The volume of fluid in the drop remains constant throughout the motion and the length scale 
can be chosen so that 



h(x,t) 


dx 


2 

7 ■ 


( 6 ) 
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The other conditions on h relate to the slope of the surface of the drop at its edges. 

The proposal indicated in the introduction shows that, when the< contact line is moving in a 
direction from th interior of the drop to the exterior (an advancing edge) , the contact 
angle is fixed at its static value, which we can take to be the scaling factor a . For 
a retracting edge, when the motion is in the opposite direction, the contact angle is equal 
to the minimum static angle e» r . At a stationary edge the contact angle can lie anywhere 
between a r and a a . The boundary conditions to be applied at the edges are, therefore, 


where 


at x = a 


at 


B = a r /a a 


1 ' 


B i 


- 3h/3x 

= 

l 

if 

da./dt 

> 

0, 


- 3h/3x 

* 

l 

if 

da, /dt 

s 

0, 

(7) 

- 3h/3x 

= 

B 

if 

da^/dt 

< 

0, 


3h/3x 

a 

B 

if 

da,/dt 

> 

0, 


f 3h/3x 

* 

1 

if 

da,/dt 

a 

0, 

(8) 

3h/3x 

= 

1 

if 

da'/dt 

< 

0, 



and 0 * B ( 1 


The final information needed to specify the problem completely is the initial state, 
that is, the values of (0) , a 2 (0) and h(x,0) . From arbitrary initial states, one 
expects a fairly rapid transient phase during which the shape of the drop changes without 
significant spreading taking place. This is because the rate of spread is controlled by 
conditions at the contact line where large stresses resist the motion. No such restriction 
is placed on the distortion of the drop surface when the edges are fixed. Since the 
initial phase is of little significance to the general spreading problem it will be ignored 
here. The height of the drop is then a function of time only through its dependence on the 
positions of the edges. Thus the solutions to be obtained are of similarity type and the 
initial shape of the drop will be assumed to agree with these solutions for the given 
initial positions of the edges. 


Spread i ng 


The simplest problem of the type being considered is when the drop spreads on a 
horizontal surface. If we suppose that the drop starts from a position wher'~ the apparent 
contact angles are greater than the static value, the edges of the drop will move outwards. 
If the drop is initially symmetric about its mid-position, it will remain so and we may 
write a, (t) = -a 2 (t) = a(t) and consider the interval 0 (x<a only. The problem then 
takes the form 


a 1* + 

± [h*(h ♦ X) 


(9) 

h = 0, 

- 3h/3x ” 1 

at x = a , 

(10) 

3h/3X = 

0 

at x = 0 , 

(11) 

a 

f 




h dx 

= 1/3, 


(12) 


o 


where a = da/dt and h is a function of x and a , in line with the intention to ignore 
any initial transient phase. As already explained, the rate of spread is expected to be 
small so that we caffi expand in powers of some small parameter c ( X ) , where X << t << 1 
but the dependence of c on X is yet to be determined. Hence we can write 


a = cUj + e - u 2 + 


(13) 


and, in the outer region where x is 0 ( 1 ) , h « h + ehj + 
equations satisfied by h Q and hj are 1 1 


JL Th 3 a3h o 

3x ["o 3X 3 

J-[h 3 

3X [ O 3x 3 


0 , 



From equation (9) the 


(14) 

(15) 


and these have to be solved subject to the conditions (10), (11) and (12), except that the 
condition on the slope at the edge of the drop is not to be applied in this outer region. 
The solutions are 


3n 



h o • 2ir <® 2 - * 2 > . U6) 

h 1 *= Uja 4 ^(a + x) ln(a + x) + (a - x) tn(a - x) - 2a in 2a + ^f'® 2 " x 2 .> j (17) 
so that, near the edge o£ the drop where a - x is small, 

h -v, + c u 1 a“(a + x) ^ln + 2 ] . (18) 

The inner region is close to the edge of the drop and is where slip is important. In 
this region we write 

x « a - XX, h(x,a) = XH(X,a), H = H Q + eH^ + ... (19) 

The equation satisfied by H witn a term 0(X) omitted is 

1 i *>* [» 2 <« * ■> If] ■ 0 1201 

and the boundary conditions are 

H m 0, 3H/3X =1 at X * 0 , (21) 

and 3H/3X is not more than logarithmically infinite as X-*» . The solution is 

H = X + i 5E u 1 £ (X + l) 2 In (X + 1) - X 2 in X - X) j + . . . , (22) 

so that, fo’" X-»<» , 


H ^ X + £UjX in X . (23) 

Although (18) and (23) both contain logarithmic terms, it is not possible to match these 
two expansions together and an intermediate expansion is required. This region is of width 
0(c), and the match can be achieved if we choose 

e - 1/ tr.fx" 1 ) . (24) 

The variables to be used in this region are defined by 

y o eln X , Q(y) = H/X , (25) 

and the governing equation (20) becomes, after one integration, 

a + Q(Q + e' y/E ) <c 3 - e |2) = 0 . (26) 

3y 5 

Neglecting the exponentially small term, the solution Is 

Q 3 = c Q + tCy + 3(u^ + cUj) y + 0(e 2 ) , (27) 

which matches with the inner solution (23) if we choose Cg * 1 , Cj * 0 . To match with 
the outer solution (18) we write 

y = 1 + e tn(a - x) (28) 


and obtain 


h *v (a - x ) (1 + 


3u 1 ) 


1/3 


+ E (1 + 


3u 1 )" 2/3 (u 1 in (a - x) + 


Uj) + 0 ( E 2 ) 


(29) 


Comparing this with the outer solution, we can see that the logarithmic term and the 
constant term both match if 

1 + 3Uj * a ® , u 2 = Uj(2 - tn 2a) , (30) 

so that the rate of spread of the drop is given approximately by 

a - c { 1 + c (2 - tn 2a)} (a -6 - 1) , (31) 
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l 


or, to the same order of accuracy, 


3 




a 


-6 


1 . 


(32) 


The objective of determining the rate of spread of the drop as a function of its width 
has thus been achieved. If the leading term only in the outer expansion is included an 
apparent contact angle is given by the value of a -2 , from (18). With variables in their 
dimensional forms, equation (32) yields the expression 


a 


a 


{■ 




(33) 


for the apparent contact angle at the edge of a drop of width 2a advancing with speed U 
when the static contact angle is small. But the inclusion of the second term in the outer 
expansion destroys the validity of the concept of an apparent contact angle as a directly 
measurable quantity since, with the extra term Included, the slope does not tend to a 
constant at the edge of the drop within the outer region. It is, however, still possible 
to define the quantity (33) as a derived contact angle as it could be measured by finding 
the curvature of the drop at its mid-point, for example, thus taking into account the outer 
solution but not requiring any measurement to be made in the vicinity of the edge. 


Sliding 

The second problem is when the drop is placed on an inclined plane. The drop is no 
longer symmetric and both edges have to be treated. As before, the Bond number is small, 
and gravity enters the problem only through the positive parameter K defined in (4) , 
which measures the component of gravity down the plane. Any transient behaviour is again 
ignored, so that we suppose the height of the drop to depend on the co-ordinate x 
measured along the plane and on the positions of the two edges, but not directly on the 
time. The same three regions encountered in the spreading problem are present, but 
because both edges have to be treated, it is convenient to introduce a change of variable. 
If we write h(x,t) = f(s,a 1 ,a 2 ), where 

x = ^(aj + a 2 ) + ^(a 1 - a 2 ) s , (34) 

the range covered by the independent variable s is from -1 to 1. In the outer region, 
we c -.n write f = f Q + f ^ + . . . , and the equation for f Q is 



(35) 


and the solution which vanishes 


at the edges and which satisfies the volume condition (6) is 


f 


0 



Ks. 

7S (a l 



(36) 


Since f^ must be non-negative for s in [-l,l] , this solution is only acceptable if 
0 < b ( 1 , where 

b ’ T5 (a l " a 2 ) “- (.37) 


This condition may be broken either in the initial stage or during the spreading of the 
drop. In either case, a different appr*ach from that used here must then be employed. 

The failure of the condition implies that regions are developing where the drop becomes 
very thin and although this is an interesting possible behaviour, this aspect of the prob- 
lem is not investigated here, and we assume that b < 1 throughout the motion. 


The second term in the expansion in the outer region satisfies the equation 
16 3 3 fj ijd+sMl+b) + a 2 (l-s) (1-b) 

(aj-a 2 ) 5 »s 3 (1-s 2 ) 2 (1 + bs) 3 

The be .ndary conditions on f j are 

fj * 0 at s « -1 and at » ■ 1, j fj ds * 0 , 


(38) 


(39) 
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and the solution can be found in closed form after a great deal of algebra. The only 
quantities of interest are the asymptotic values for the height of the drop near the two 
edges and these are given by 


h 'v 


h ^ 


4(a r x) (1+b) 
(a l” a 2 ) 2 


4(x-a 2 ) (1-b) 


( a l -a 2 > 


(a 1 -a 2 ) 4 (a 1 -x) 
16 ( 1+b) 2 
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16 ( 1-b) 2 
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(40) 


(41) 


The solutions in the inner and intermediate regions are similar to those found in the 
spreading problem, except that the edges may be moving in either direction or be station- 
ary. The conditions (7) apply at the lower edge x = aj and when they are applied, and 
the resulting inner expansions matched via the intermediate expansion to the outer solu- 
tions, we obtain the equation 



a^aj) ( 1 +b) 
x (l-b) 


S( a i> 


l- 2 b 
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1 ( V ( 1 +b ) 3 

1 l< a r a 2> 6 
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(42) 


where S is a step function, defined by 

S(x) = 1 for x > 0, S(x) = 8 for x < 0 , (43) 

When the edge is at rest, (42) is replaced by a i = 0 . The corresponding results for the 

upper edge x = a 2 , where the conditions ( 8 ) apply, are 
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(44) 


when the edge is moving, and a 2 * 0 when it is at rest. 

These equations are sufficient to determine the future behaviour of the drop from any 
given initial position of the edges. The drop may not move at all, or one or both edges 
may move in either direction as the drop spreads or contracts. The most interesting 
possibility is when the drop spreads and slides, approaching a final state in which the 
width of the drop and its speed down the plane attain constant values. This final state 
can be found by setting aj = a 2 « u and a.-a 2 ■ 2a . From (42) and (44), with b re- 
placed by its value in terms of K and a from (37) , we obtain the equations 


|y(l + a 8 K 2 ) -1+B 3 
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1 2 a B K 2 
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(46) 


There are too many parameters for it to be easy to make general statements about the 
motion. An approximate set of criteria can be found by retaining only the dominant terms 
on the left-hand sides of (42) and (44), that is, the logarithmic terms. Then it follows 
that 


‘1 


0 if B < a~ 2 ( 1 + a 4 K/3) < 1 
0 if 6 < a* 2 (1 - a 4 K/3) < 1 


(47) 
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A static final state is only possible if these two conditions on the width of the drop 

overlap, which they do if 0 * K g K c , where ’ 

K c " T (1 " » 2) <«> 

while for K > K c the drop will slide. If there is no contact angle hysteresis, that is, 

if a r ■ o # , the drop will slide however small the inclination of the plane . 

Extensions and conclusions 

Although only thin two-dimensional drops have been considered here, the method is 
applicable to many other cases. Tha spreading of a thin drop by both capillarity and 
gravity and without the restriction to two-dimensionality has been examined 1 *. The 
capillary spreading of a drop which is not thin, so that the simplifications of lubrication 
theory are not available, has also been examined and the results compared with those 
obtained experimentally*. Further work on the sliding problem, with the extension to 
three-dimensionality and the lifting of the restriction on the gravity parameter K is 
planned. 

The aim of this paper has been to show that the moving contact line problem can, in 
certain circumstances, be solved in a satisfactory manner. The solutions for which 
experimental corroboration is available 1 ' 5 indicate that the proposed boundary conditions 
can be used with some confidence. The results obtained here and elsewhere 4,5 show that the 
application of these conditions need not involve a large amount of refined numerical 
analysis to resolve the solution near the contact Une. 
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Abstract 

Axisymmetric equilibrium shapes of conducting drops and bubbles, (1) pendant or sessile 
on one face of a circular parallel-plate capacitor or (2) free and surface-charged, are 
found by solving simultaneously ihe free-boundary problem consisting of the augmented Young- 
Laplace eouation for surface shape and the Laplace equation for electrostatic field, given 
the surface potential. The problem is nonlinear and the method is a finite element algo- 
rithm employing Newton iteration, a modified frontal solver, and triangular as well as 
quadrilateral tessellations of the domain exterior to the drop in order to facilitate re- 
fined analysis of sharply curved drop tips seen in experiments. The stability limit pre- 
dicted by this computer-aided theoretical analysis agrees well with experiments of Wilson 
and Taylor (1925) . The instability and mechanism of charged droplet ejection are under 
theoretical and experimental study. 


1. Introduction 

The shape of a conducting fluid interface is affected by mobile surface charge. The dis- 
tribution of mobile free, surface charge is affected in turn by the shape of the inter- 
face. At equilibria - charge distributes to make uniform the potential of che interface. 

But surface charge creates an electrical pressure that competes with capillary pressure 
(the resultant of surface tension in a curved interface) and hydrostatic pressure to control 
the shape. 

Only cylindrical and spherical equilibrium drops have yielded to classical analysis 
(Rayl’igh 1882, Basset i894, Taylor 1969, Michael and O’Neill 1972). Shapes that depart 
from standard coordinate surfaces can be analyzed by modern computer-aided mathematics with 
finite element basi° functions (Gifford 1979) . 

Observations of electrified drops and bubbles stand in need of ccurate retical anal- 

ysis of shapes and stability. Free drops were studied by Nolan 1926, Macky lsil, Doyle, 
Moffett and Vonnegut 1964, and others; supported drops, by Zeleny 1914, 1917, Wilson and 
Taylcr 1925, Macky 1930, Krohn 1974, and others. The results of analysis will pertain to 
such fields as spray generation in technology and cloud physics in science. 

2, Observations of charged sessile soap-bubbles 

A soap-bubble sitting on the lower, wetted plate of a circular parallel-plate capacitor 
appears hemispherical in the absence of field. As the field strength is raised the bubble 
elongates along the field direction. Because the plate is wetted the circular contact line 
slides freely and the contact angle remains approximately 90°. The prolate shape sequence 
seen at field strengths up to a critical value is a family of stable equilibrium shapes: 
four members are shown in Fig. 1. Computer-aided theoretical analysis is used to track 
this shape family in section 6. 

Increasing the field strength even slightly beyond the critical value leads to a dynamic 
succession. The and of the bubble rapidly narrows and becomes conical. Filaments are sub- 
sequently ejected from the end of the bubble, this spitting bein' - * accompanied by intense 
vibrations of the tip. Such observations were originally reported by Wilson and Taylor 
(1925) and Macky (1930) . 


3. Statement of the two cases analyzed 

The two situations treated here are r’ own in Fig. 2: 

Case 1. 

Axisymmetric drop or bubble sessile (pendant) cn one face of a circular parallel-plate 
capacitor (Fig. 2a) . 

Case i. 

Free surface-charged drop in absence of an external imposed field (Fig. 2b). 

4. Governing dimensionless groups, equations and boundary conditions 


The relevant dimensionless oups are compiled in Table 1. In the case of the free 


drops we choose to wcrk with the potential at the drop surface relative to "infinity" in- 
stead of specifying the charge on the drop. The two alternatives are of course fully equiv- 
alent . 

The governing equations of electrostatics and capillary hydrostatics and boundary condi- 
tions are summarized in Figs. 3 and 4. U is of course the electrostatic potential. In 
the normal stress balances at the interfaces 2H is twice the dimensionless mean curvature, 
a nonlinear function of first and second derivatives of the drop profiles; K is a reference 
pressure, E* represents the electrical pressure created by surface charge, and 4 Gz is the 
hydrostatic pressure created by a gravitational field (supposed absent in Case 2) . 

5, Computer-aided analysis 

Theoretical computation of drop shape requires solving a system made nonlinear by the 
free boundary and by the curvature and electrical pressure in the augmented Young-Laplace 
equation. The procedure is: 

(i) Estimate drop shape and electrostatic potential from either an analysis of limiting 
case or experimental observation. 

(ii) Partition, or tessellat", the one-dimensional domain (drop profile) into curve 
segments and the two-dimensional domain (surrounding space) into quadrilaterals 
between spines 8 = constant (cf. Kistler 1981) as indicated in Fig. 5. 

(iii) In the 2-D domain construct finite element basis functions (r,8) for the sub- 
domain around each node: 

choose the biquadratic polynomial on the (e,n)-unit square; 

- map each quadrilateral isoparametrically onto the unit square (Fig. 6). 

(iv) In the 1-D domain exploit the fact that .the 1-D basis functions (8) when 

mapped isoparametrically onto 0 < e < 1 are simply and very conveniently the iso- 
parametrically mapped (e,n = 0) (cf. Kistler 1981). 

(v) Approximate the interface shape as 

M i 

f(0) = Z q- * [8(e)] 

i=l 

and the potential as 
N 

U(r,8) = Z U. (r(e,n) , 6 (e,n) 1 - 
i=l 

(vi) Form Galerkin weighted residuals and require them to vanish 

(vii) Solve the resulting N + M + 1 nonlinear algebraic equations for the unknown 
coefficients (q^, Uj., K) by Newton iteration: 

- derivatives with respect to q. *s are calculated by ganging nodes along 
spines; 

the domain is updated at each iteration: 
convergence approaches quadratic rate; 

the Jacobian is valuable for continuation in the parameters and evaluation 
of stability. 

(viii) Modify the frontal solver (Irons 1970, Hood 1976, 1977) to handle the constraint 
of fixed volume and use it for the linear equation set in Newton iteration. 

- The presence of a free boundary makes the frontal solver cost-effective. 

(ix) "ninate iteration when the norm of the largest component of correction vector 
is sufficiently small. 

(x) Change the parameter (typically E„ or U 0 ) , estimate a shape by continuation and 
begin anew. 

- Prefer the secant version of first-order continuation because it is easier 
to use than the tangent version and it maintains near-quadratic convergence 
with bigger parameter changes than does zeroth-order continuation. 

(xi) Concentrate computational power where needed: 

- refine the tessellation in regions of sharp gradients; 

- derive Robin boundary condition to account for asymptotic far field behavior 
and thereby shrink the computational domain. 

An example of the last point is shown in Fig. 7: a finite element mesh of triangles and 

rectangles which proved computationally efficient. 

6. Results 

Calculations were programmed in FORTRAN and made on the Control Data Corporation CYBER 74 
at the University of Minnesota. 3 sec/iteration was typical for N + M + 1 * 183 unknowns 
and 2-4 iterations were required to converge. 

Case 1. Results for axisymmetric supported bubble (G * 0) 

Finite element calculations for a bubble meeting one of the capacitor plates at a fixed 
contact angle of 90° simulate theoretically experiments with electrified soap-bubbles 
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described in section 2 (cf. Wilson and Taylor 1925 and Macky 1930). Moreover, if the 
spacing between the plates is much larger than the bubble radius, both experiment and the- 
ory model a drop freely floating in a uniform applied electric field in the absence of 
gravity. Drop shapes and equipotentials for a bubble of volume 2it/3 are plotted as func- 
tion of the parallel-plate electric field Eo> in Fig. 8, which shows that bubble profiles 
are prolate in the field direction. This theoretical analysis using finite element basis 
functions can be made as accurate as the computer allows and it already confirms Taylor's 
(1964) spheroidal approximation. 

Results for a bubble of volume 2ir/3 with its contact line fixed are plotted in Fig. 9. 
The theoretical analysis predicts that bubble shape tends toward conical. 

Families of drops of volume 2ir/3 with either the contact line fixed or the contact angle 
prescribed are plotted in parameter space in Fig. 10. In both cases the family loses 
stability at a tur 'ng point, bubbles with contact line fixed being the more stable of the 
two. The stability limit predicted for the fixed contact angle case by this computer- 
aided theoretical analysis is within 3% of the value 0.321 obtained experimentally by 
Wilson and Taylor (1:25). 

Aspect ratio as function of parallel-plate electric field E„ is plotted in Fig. 11. 
When contact angle is fixed the critical bubble is elongated 1.82/1.37 times as much as 
one with contact line fixed. 

How surface charge distributes on supported bubbles is plotted in Fig. 12. The ordinate 
is the ratio of local surface charge density on ;he bubble to charge density on the plate 
far from the bubble. Because electrical pressures goes as the square of charge density, 
electrical pressure at the bubble tip attains values from 40 to 50 times as large as that 
between two parallel-plates for the larger of the two voltages shown. 

Case 2. Results for axisymmetria free eurfaoe-ohargea drop 

Though the sphere is an equilibrium shape at all values of charge q it was shown by 
Lord Rayleigh (1882; see also Hendricks and Schneider 1962) that a sphere of radius R 
is unstable to any perturbation proportional to the Legendre polynomial of order n , 

P n (cos 0 ) , if the charge exceeds 


q > 


4itV 


(n + 2) 


e o ° R 


or, in dimensionless form. 


Q > 2ttV 2(n + 2) or U Q > n + ~7 


Instability first appears for the n = 2 mode, i.e. the second spherical harmonic, and 
the criteria Q = 4it/5" or U 0 = /T are known as the Rayleigh limit. The finite element 
analysis predicts the first instability to occur at Uo - 1.42 , which is in good agree- 
ment with the value ,T , and to correspond to bifurcation from the trunk family of spheres 
(Fig. 13) . The theoretical analysis also reveals that bifurcation at the Rayleigh limit 
is suberitical , thereby confirming Taylor's (1964) surmise from his spheroidal approxima- 
tion. A secondary bifurcation is found at U c = 1.40 along this branch family of prolate 
shapes. vhe ti -oretical analysis accurately predicts the bifurcation points of the higher 
modes, but these are not shown in Fig. 13. 

7. Concluding Remarks 

Charge repulsion can overcome the attractive-like action of surface tension and when it 
does it limits the surface charge that can be stably carried by a fluid interface; at 
the limiting charge density the interface becomes unstable. 

C jmputer-aided analysis with finite element basis functions can handle relatively com- 
* plicated equilibrium profiles of electrified drops. The finite element algorithm developed 

here is not limited in its applicability in contrast to the method of Borzabadi and Bailey 
(1978), who cal"., ated profiles of drops hanging from a tube connected to a high voltage 
source. 

Additional -esults will be reported elsewhere. With the flow field inside the drop 
accounted for, the methods developed here and certain others should make it possible to 
analyze the dynamic succession in unstable drops and settle the long-standing question 
of how charged drops break up. 

. Jk. 
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TABLE 1 

Governing dimensionless groups 
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Figure 1. Observations of a charged sessile soap-bubble. 
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(b) 

Figure 2. (a) Axisymmetric drop or bubble sessile (pendant) on one face of a circular 

parallel-plate capacitor; (b) free surface-charged drop (no applied field) . 


s 

I: 


326 



AM* OF* 


ORIGIN,'! rACS 

BLACK AMD VVMilE Pr,o 7 CCRA?H 



Figure 3. Governing equations and boundary conditions (Case 1) 



Figure 4. Governing equations and boundary conditions (Case 2). 
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Figure 8. Drop shapes and equipotentials for fixed contact 
angle (90°) case. 
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Figure 9. Drop shapes and equipotentials for fixed contact 
line case. 
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Figure 10. Solution families in parameter 
space for axisymmetric sup- 
ported bubble (G = 0) . 
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Figure 11. Aspect ratio a/b as a function 
of parallel-plate electric 
field E oo • 


Figure 




Figure 13. Bifurcation diagram in parameter space for free surface- 
charged drop (no externally applied field) . 
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A numerical method for integrating the kinetic equations of droplet spectra 
evolution by condensation/evaporation and by coalescence/breakup processes 
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Abstract 


An extension of the method of moments is developed for the numerical integration of the kinetic equa- 
tions. of droplet spectra evolution by condensation/evaporation _nd by coalescence/breakup processes. The nu- 
mber density function n k (x,t) in each separate droplet packet between droplet mass grid points (x k ,x. ,) is 
represented an expansion in orthogonal polynomials with a given weighting function. In this way droplet num- 
ber concentrations, liquid water contents and other moments in each droplet packet are conserved and the prob- 
lem of solving the kinetic equations is replaced by one of solving a set of coupled differential equations 
for the number density function moments. The method is tested against existing analytic solutions of the cor- 
responding kinetic equations. Numerical results are obtained for different coalescence/breakup and condensati- 
on/evaporation kernels and for different initial droplet spectra. Also droplet mass grid intervals, weighting 
functions and time steps are varied. 


Introduction 


There are three major difficulties in numerical computation of droplet spectra evolution by condensa- 
tion/evaporation and coalescence/breakup processes, which occur as a result of interaction between droplets 
and vapour-air environment. 

a) The relaxation time of condensation/evaporation process is much smaller than the relaxation time of 
coalescence/breakup process and therefore the numerical computations of these processes require a different 
time steps. 

b) A correct approximation of droplet number density function n k (x,t) is required in each separate 
droplet packet between droplet mass grid points Cx^.x^,) . In Berr> s approximation 1 * 2 D f number density 

function neither the number concentration nor the liquid water content of droplets are conserved. In Black's 
method 3,4 it is impossible to estimate the error of the approximate numerical solution and an assumption 
is made *i .t in aach separate droplet packet all droplets are spread over the whole mass interval (xj,,x. .) . 
This Bleck's uniform distribution hypothesis gives as a result a significant increase of the mass conver- 
sion velocity from small droplets to large drops. 

c) The problem of correct computation of water vapour supersaturation taking into account the release 
of latent heat of condensation/ evaporation during the time step used for the numerical computation of the 
condensation/ evaporation processes . 


Method of moments 

In this study an extension of Black’s method^ and of the method of moments 3 *^ is developed for nu- 
merical integrating the kinetic equations of droplet spectra evolution by condensation/evaporation and 
coalescence/breakup processes. Each separate droplet mass interval ( x j c .xj (+ 1 ) .where x v + i*sxj r is considered 
as a droplet packet with its own number concentration, liquid water content and other moments. The unknown 
number density function n^(x,t) in each droplet packet is represented by an expansion in orthogonal polyno- 
mials with a given weighting function 


n k(z,t).W k (z.t^ o a ik (tjG ik ( 2 ) (1) 

where z»x/x. represents the nondimensional mass of droplets in the packet (Xv.Xj..,). 

^(z.tj'-weighting function. 

Gj k (z)-are polynomials orthogonal in the range (l,s) with weighting function W k (z,t). 

ai k rt)-are the expansion coefficients which are expressed as linear combinations of the number 
density function moments and depend on the moments of W k (z,t) as well. 

In this way droplets number concentration, liquid water content and other moments are conserved in each 
separate droplet packet and the problem of solving the kinetic equations is replaced by one of solving an 
infinitive set of coupled differential equations for the masher density function moments. However, approxima- 
ting n k (z,t) by means of first l terms of the expansion (1) and also replacing the expansion coefficients 
Sik(t) by means of linear combinations of number density function moments we obtain a finite set of 
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coupled differential equations to compute the first L moments of the n, ,t) 7 . Note that the approxima- 

tion of the n^Cz.t) by means of the first L terms of the expansion (1) K assumes that the expansion 
coefficients for i i»L*l, are zero, that is 


a Lk^‘ 0; Vl,k^“ J: 

By (2) the larger order moments of the number density function may be determined by means of the 
first L moments of the n^Cz.t). 

The accuracy of the approximation of n k (z,t) by means of the first L terms of the 

expansion (1) in droplet packet( x k *x k ,o depends on the choice of W. (z,t) as well as on the 
choice of droplet mass grid points. Tne number density function n(x,t) is a distribution funct- 
ion which in experiments is determined only for the range (x,x*dx). If droplet mass increment 

dx is much smaller thin x, the n(x,t) in each range (x,x+dx) represents a piecewise constant 
function and an arbitrary moment of n(x,t) in the range (x,x*dx) is expressed by means of the 

zero-order moment dN(x,t)»n(x,t)dx; therefore also the number density function n(x,t) is determined 

by zero-order moment dN(x,t) and does not depend on the choice of the weighting functions in 

the range (x,x+dx) . 

For the numerical computations of the kinetic equations it is impossble to cho- 
ose droplet mass grid points for which (x^j-x.) is much smaller than x k ; therefore for such 

grid points the zero-order approximation of the* expansion (1) (L« 1) will ba incorrect for an 

arbitrary weighting function W k (z,t). So, if for numerical solution of the corresponding kinetic 
equations we have choosen the droplet mass grid points Xj. + .»sx k , then we have to define for 
what value of the grid intervals (x. .-x,) the first-order approximation of (3) (L«2) will be 

correct that is will be not dependent on the choice of the weighting function W, (z,t) . It is 

shown that for s equal or smaller than two the first-order approximation of the expansion (1) 
that is the approximation of n k (z,t) by means of the first two moments is sufficiently correct. 

The relations are obtained to compute the zero-order and the first-order approxima- 
tions of the polynomial expansion (1) for an arbitrary range (l.s) and for an arbitrary weight- 

ing functions. 

It should be noted that the first-order approximation of the expansion (1) (L»2) 
describes not only the case where the droplets in the packet (x^.Xj. ) are spread over the 

whole mass interval (x k ,x.,) , but also the case where the droplets K in the packet (x k ,x. ,) 

are located only in the K part of the whole mass interval (x^.x^j) 7 


Numerical method for integrating the condensation/evaporation 
kinetic equation 

In this study a separate treatment of microphysics of condensation/evaporation process 
(without advection phenomena) is adopted and this process for sufficiently small time steps is 
considered as a space-homogenous process. Such consideration is based on the assumption that 
the tine Integration is broken up into separate treatment of the dynamic tendency and of the 
microphysical processes 4 which control the vapour supersaturation field. 

Differential equations which describe the microphysics of the droplet spectra evo- 
lution by condensation/evaporation processes can be written as : 


9n(x,t) j . 

3t + 77 { W* 1 '*• ) -0 

(3) 

-K SftlX 2/3 - Rxl/3 t «fclx 2/3 

ar x 1 ' 3 ♦ c 

(4) 

S(t)-Q(t)-Q s (t) 

(S) 

Q(t)*!.(t)»Q(0)11(Q) 

(6) 
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p,c dT . dM(t) 
r 1 p -ft L e -J t 


( 7 ) 


d V T) _ An 

dT T 



( 8 ) 


where S(t)-water vapour supersaturation; M(t)- droplets total liquid water content; Q(t)-water vapo- 
ur density; Q (t)- water vapour saturation density at temperature T(t). The equation (3) represents 
the condensation/ evaporation kinetic equation; (4) -represents the individual droplet diffusional growth 
equation which includes the terms due to surface tension (B) and solute effects -♦ t.c) ; (6) re- 
presents the mass conservation equation; (7)- the first law of thermodynamics; (8)- the Clapeyron 
-Clausius equation. 


Multiplying (3) by x m dx and integrating from x^ft) to 
account that n(x,t)dx*n Q fy)dy we have the set of number density 


x k*l( t )' * nd * 1#0 taking into 
function moments equation*- 


m 

dM k ft) 
dt 


x k*l (tJ 


m-1 

mix 




(dx/dt)n(x,t)dx« m / UCy.t)) 
x k (0) 


(dx(y,t)/dtji^ (y)dy 


(9) 


where 

x k+l (t) x k*l (0) 

M £(t)- f x m n(x,t)dx / (x(y,t)) B n 0 (y)dy 

\ (t) VO) 

represents the n- order moment of the number density function in the droplet packet with nonfixed 
grid points ( x k (t), x k+1 (t) 5' th,t is in the droplet packet which for t»0 is contained within 
grid points ( x k (0), x k *i(0) ) *nd for time t transfers in the droplet packet ( x k (t), x k+ j(t) ) 

as a result of the droplets diffusional growth. 

For t«0 we have initial conditions: 
n(x,0) ■ n Q (y); x(y,0)-y; x k (0)-x k ; x k*lC°)“ x k*l 

From equation (9) we have for m*0 and m«l 


dN k Ct) 

dt 


■ 0 ; 


*ktt) 

dt 


/ (dx (y»t)/dt)n^(y)dy 
x k(0) 


CIO) 


where N k (t)«M k (t) and M. (t)*M. (t) represent the number concentration and liquid water content 
respectively in the droplet picket with nonfixed grid points (x k (t), x^Ct) ). Using (10) we 
have for the droplets total liquid water content 


«ii.i 

« k-1 


Vito) 

/ (dx(y,t)/dt)n (y)dy 

x k (0) 


(U) 


where J-the total number of droplet packets. 


332 



Picard’s method of successive approximations is used for the integration of differen- 
tial equation (4) with the initial condition for t«0 x«y. It is assumed that the droplet indi- 
vidual diffusional growth rate in the (j*l)-th approximation is determined by the droplet n ass 
in j-th approximation. Substituting (4) in (11) and approximating n Q (y) by means of the first 
two moments N^JO) and M.(0) we obtain the first relationship between total liquid water con- 
tent of droplets and between water vapour super saturation: 


where 



ill 


dt 


(3) (3-D (3-D 

s (t)# (t) ♦ f (t) 


.(3-1 


It) 


J x k»l(0) (j.n 2/3 

I / ((x U 1J (y,t)) n.(y)dy) / 
k«l x. (0) 0 


(3-D 1/3 

(* (y.t)) *R, 


(3-D 
* (t) 


K l 
k«l 


", 1 k u J 

(j-1) 1/3 (i-11 2/3 

/ (dyj((-B(x U (y.t)) ♦*(c)(x lJ V.t)) 

x,,(0) 


^ 0 (y))/((x (j ' 1) (y.t)) 1/3 +R)) 


are the condensation/evaporation integrals. 

The second relationship between M^^(t) and S^(t) can be derived using the equations 
(S)-(8). Expanding Q s (t) in Tailor’s series, we have for sufficiently small time steps, ( that is 
for time steps for which ( Tlt)-T(01)« T(0) is satisfied) 


S(3) (t).S(0)-(l+Fj(M Cj) (t) -M(0) ) (12) 


where 


F- ( ( (Q s (T (0) ) L o)/ ( ri c p T (0) ) ) ( (Iq/j^T (0) ) - 1 ) 

and Lq represents the latent heat of water vapor i ration. Such an approach gives the possibility to 

obttin the analytic relationships to compute the unknown values of x(y,t), (x,. ( 0 ) ,t) , 

M(t), S(t), Q(t) , T(t) , Q (t) for sufficiently small time steps t, (0<t<t.) which 11 mly be much 
smaller than the time step used for the numerical computation the ioalescence/brenkup pro- 
cesses. The redistribution of the liquid water mass from the droplet packets between nonfi^ed 

.grid points (Xj^t) ,x R+ i (t)) among the droplet packets locsted between fixed grid points (x^.x^j) 

which are used for the numerical computation of the coalescence/lreakup processes can be computed 
without too much difficulty 4 . 

Note that according to (10) the number concentration ^(t) in the droplet packets with 

nonfixed grid points (x k (t, ,x k+ j (t)) is constant and for initial *monodisper»e droplet spectrum 
M(t) ■ '•’i.d)x(t) where N(Q) represents the total number concentration of droplets. Therefore for the 
initial monodisperse droplet spectrum and for the case B«0 and *(c)»0 in equation (4) there 

exists the analytic solution of the set of differential equations (4), (11), (12) which may be 

used for the test of the numerical method developed in this study. 


Numerical method for integrating the coalescence/breakup 
kinetic equation 


The 

can be written 


coalescence/breakup kinetic equation for the droplet 

as: 


number density function n(x,t) 


In 


3n(x,t) 

at 

this 


- --ntx.t) 
equation 


- x/2 

/ 3 (x,y)n(y,t)dy» /o(x-y,y)n(x-y,t)n(y,t)dy-n(x,t)P . \)+ 
*1 *1 

o(x,y) xepresents the coalescence kernel for two 


/n(y,t)Q(y.x)P(y)dy 

x 


(13) 


droplets of mass x and y; 
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*j it the smallest bus in the spectrum of dropletr, P(x)- the probability that a droplet of 
mass x will break tip during a unit time and Q(y,x)-the dropiat nuaber density function, 'oraod' 
due to breakup of a parent drop of mass y. 

Multiplying (13} by x*dx and integrating (13) from x^ to x^-ix^ yields 



S \ - * x k V2 

/ x*n(x,t)dx / o(x,y)n(y.t)dy ♦ /x*dx / o(x-y,y)n(x-y,t)n(y,t)dy 
*k *1 \ X 1 


sx k . 

- f x“n(x,t)P(x)dx ♦ / x“dx / n(y,t)Q(y.x)P(y)dy (14) 

*k x k x 


where 


_ sx k s 

b x a am 

M (t)« / x n (x,t)dx ■ x. / z n. (z,t)dz 

k x k 1 


( 15 ) 


represents the a-th order moment of the nuaber density function of droplets in the packet 
( x k > x wi)> According to Black , the first two double integrals on the right side of (14) can 
be computed sectional ly over snail areas. Using this idea also for the computation of the last 
two integrals in (14) , we have 


aiyt) 

8t 


J a k-1 a k-1 a J a a 
‘w A i.kw A M-l.kiii A i.k,k i5k®i.k '*k 


( 16 ) 


where k-1, 2, ,J; J is the nuaber of droplet packets; a-0, 1, 2, and a is the order 

of aoaants. In the set of differential equations (16) Af >k > ^f ic-l.k • sre coalescence 

double integrals which describe the kinetics of the coalescence piocess. Tni ‘last two tern* in 
(16) describe the droplet breakup process. 

The coaputation of the coalescence and breakup double integrals requires the' values 
of the unknown nuaber density function n(x,t) in each separate droplet packet. Therefore approxi- 
mating again the nuaber density function iv(i,t) by means oi the first L terms of the expansi- 
on (1) and replacing the expansior coeffi * ants *i k (t) by means of linear coabinations of)t (t), 
we have froa (16) a finite set uf co<ipi*J differential equations to compute the first L x ao- 
aents of the /^(z.t) in each separate droplet picket. 

There exist conservation relations between the coalescence double integrals, which for 
m-0 and m-1 describe the droplets nuaber cunce.ntratira conservation and liquid water ;ontent con- 
servation respectively during the coalescence interaction between two droplet packets. 

The detailed aethod for numerical integrating of the coalescencw/breakup kinetic equ- 
ation is contained in ' . 


Numerical computation; and concluding 
remarks 


The unknown number density function n k (x,r) in each separate droplet packet (j^.x^,) 
( x kM** x k) I s represented by an expansion in orthogonal polynomials with a given weighting func- 
tion in the range (x k ,x k4 j). In this way the problem of solving the condensation/evaporation and 
coalescence/breakup kinetic equations is replaced by one of solving a set of coupled differential 
equations for the moments of the number density function n k (z,t). 

The method of moments developed in this study, is tested 'gainst existing analytic 
solutions of the correspond!) -- kinetic equations. Numerical results obtained for different 

coalescence/breakup kernels, foi different individual droplet difftulonal growth rate and for dif 
ferent initial droplets spectra. Also droplet mass gr‘,1 points intervals, weighting functions and 
integration tiiM steps are varied. 

The results of the numerical computations of the droplet spectra evolution by condensa- 
tion/evaporation processes Indicate that the convergence of the Heard'* method of the succesfve 
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approximations for the equation (4) for small time intervals is sufficiently rapid. For monodis- 
perse initial droplet spectra a comparison between mmerical results coaputed by the method of 
this study and between existing analytic solution of droplet spectra evolution by condensation pro- 
cess is made. It is shown that a simultaneous use of the Picard»s method and of the method of 

moments gives reasonable results which are very close to the existing analytic solution. 

For the mmerical integration of the coupled differential equations for N^Ct) and 
MfcCt) which are derived from (16), the forward time differencing is adopted. For practical com- 
putations the droplet mass grid points Xj c ^ 1 »2xj £ are the most convenient. The results of the nu- 
merical computations indicate that if the chosen weighting function is close to the unknown num- 

ber density function n^x.t) , the difference between numerical results computed by means of the 
xero-order aporoximation and by means of the first-order approximation of the expansion (1) is 
sufficiently small. The results of numerical coaputations also show that the difference between 
tumeric* 1 . results computed by means of the first-order approximation of the expansion (1) with 

different lt(x,t) is not large and even if the chosen weighting functions are not close to the 

unknow- number d .v.ty function n^fz.t) , the use of the first-order approximation of the expan- 
sion . for di.f<rent Wv(x,t) gives numerical results which are close to the existing analytic 

solutions. Therefore one important aspect of the method of moments is its ability to estimate 

for a i-.en kernels the efficiency of the choren weighting function, that is the sufficiency of 
the x. -s-order approximation of the expansion (1) when there is no analytic solution. A prelimi- 
nary numerical results are obtained to study the influance of the condensation/evaporation proces- 

ses on the droplet spectra evo’ ition by the coalescence/breakup processes. 

Thus, the convergence of the expansion of the number density function nj^x.t) in 

erms of orthogonal polynomials with a given weighting functions in the range (l,s) (ss2) is 

sufficiently rapid and for droplet mass grid points x^ .*sx. (s$2) the approximation of n-(z,t) 

by means of the first two terms of the expansion (1) 1 is sufficiently correct. 
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Bubble in a corner flow 
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Abstract 


The distortion of a two-dimensional bubble (or drop) in a corner of angle 6, due to 
the flow of an inviscid incompressible fluid around it, is examined theoretically. The 
flow and the bubble shape are determined as functions of the angle 6, the contact angle 
0 and the cavitation number Y . The problem is formulated as an integrodifferential 
equation for the bubble surface. This equation ^generalises the integrodifferential 
equations derived by Vanden-Broeck and Keller^ ' 2 . The shape of the bubble is found 
approximately by using the slender body theory for bubbles presented by Vanden-Broeck and 

Keller 2 . When y reaches a critical value Yq( 0,6)» opposite sides of the bubble touch 
each other. Two different families of solution for y < Y« are obtained. In the first 
family opposite sides touch at one point. In the second family contact is allowed along a 
segment. The methods used to calculate these two families are similar to the ones used by 

o 4 

Vanden-Broeck and Keller and Vanden-Broeck . 

1. Introduction and formulation 


We consider the steady potential flow around a gas bubble or liquid drop in a corner of 
angle 5. The contact angle is denoted by 6 (see Figure 1). We shall write "bubble" to. 
mean either bubble or drop. We take into account the surface tension a at the interface, 
but we ignore the flow inside the bubble, assuming that the pressure is a constant p^ 
throughout it. 


y’ 

\ 

\ 

\ 



Figure 1. Sketch of the bubble and the coordinates 


In order to formulate this problem we assume that the complex potential without the 

bubble is ^ (x + iy)*^, where a is a constant and x and y are Cartesian 
coordinates. 


< 


We introduce 
»-S 

20 ) 


) 


as 


a 3 



6 


dimensionless variables by choosing 

la 2,-4 

(- 4 ) 

pa 

as the unit length and 


the unit velocity. We also introduce the dimensionless potential bf 


and 
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■■*■<**** - ' 


stream function 


by. 
1 


Here, b > 0 is a dimensionless constant to be chosen so that 


♦ ■ 4 and ♦ "* “ 5 at the atagnation points on the walla y » 0 and y ■ xtan6, 
respectively. We denote the streamline along the two myalls and along the bubble boundary 

by y * 0. In these variables b(y + iy) ' -y (* + iy)"^ at infinity or, equivalently 


x + iy 
at infinity 




(♦ + iy)" 


(1) 


♦ > 

« ♦ 


‘i 


of the y, 4* 
of the axis 


plane, and the bubble boundary 
♦ ■ 0. The problem of finding the 


The flow occupies the region 
corresponds to the segment - i 

flow consists of determining x + iy as an analytic function of y + iy in the half plane 

♦ > 0 satisfying Equation (1) at infinity. Then the bubble surface is given by setting 

♦ * 0 in x(y + it) and y(y + iy) and letting y range from - to -j. The contact 

angle conditions require that the bubble surface meets the walls at the angle 0, which 
yields 




tan 0 as ♦ 
-tan(B - fi) 


1 

1 


as 


On the bubble surface the pressure in the fluid, which is given by the Bernoulli 
equation, must differ from pj^ by ok, where k is the curvature of the interface, 
leads to the boundary condition 


(2) 


This 


Ps 

Here, 


4 


p b 


- ok 


on ~ J * 


♦ 4 ?> 


(3) 


p and q are, respectively, the stagnation pressure, the density and the speed 


of the fluid outside the bubble. In dimensionless variables (3) becomes 


1.1 
on - y < ♦ < 


2' 


where 


is the cavitation number defined by 
6 


Pb - Ps 


r_2o\ 

pa 


2«-i 


(4) 


(5) 


The problem can be further simplified by requiring the bubble to be symmetric about the 
Y 

line y * x tan -j. This implies that 

y^U.O) - y^(-y,0)cos« - x^(-y,0)sin«, 0 < ♦ < i . (6) 

By using Equation (6) we can restrict our analysis to the interval 0 < y < ■j. 

2. Reformulation as an integrodif ferential equation 

It is convenient to reformulate the boundary value problem as an integrodif ferential 
equation by considering the function 

i-i 4 

(♦ + iy) "(* f + iy^) - (-II)" | . 

which is analytic in the half plane y > 0 and vanishes at infinity as a consequence of 
Equation (1). Therefore, on y ■ 0, its real part is the Hilbert transform of its 

imaginary part. The imaginary part vanishes on y * 0, lyl > -j and therefore the Hilbert 
transform yields 
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( 7 ) 


i- 4 


.. ,. b /4 i V 2 <♦’> V***°> ... 

♦ %(*.0) - (-y) T - ? J 

1-7 

, 0 (-♦') [-y.(*',0)co«« + .(♦‘,0)sin4] 

+ i/ 1 __ 1 df . 

* - 1/2 ♦ 4 

We now use the symmetry condition (6) to rewrite (7) in the form 

£ 4 £ _j 6 

* t (#. 0 ) « (^)*4 ♦* I — — J 1/2 ( ♦’ ) 1 * y ^( , 0 ) ( - j - ^ • 

Next we express the boundary condition (4) in terms of x^ and y^ noting that 
q 2 “ b 2 (x 2 + y 2 ) -1 . Then (4) becomes 

v, 2 - x.y. . , 

T ~ 7 ~1 ' ;S A ? 2A7V - T * !♦! < 5. »-o. 


(8) 


x; + y; (*; ♦ y;> 


(9) 


Now (8) and (9) together constitute a nonlinear integrodif ferential equation for y.(t) 

1 ▼ 
in the interval 0 < ♦ « •*•, ♦■0. The contact angle conditions (2) complete the 

formulation of the problem for y*(4»0) and b. 

r 

For Y ■ *, the equation defined hy (8) and (9) reduces to the integrodif ferential 

equation derived by Vanden-Broeck and Keller 1 . The particular case B - j represents half 
of a free bubble. 

For Y » B ■ the equations (8) and (9) reduce to the integrodif ferential equation 

derived by Vanden-Broeck and Keller . This case represents a quarter of a free bubble in a 
straining flow. 

The integrodif ferential equation defined by (8) and (9) can be solved numerically for 
arbitrary values of B, y and 4 by using the numerical procedures described by Vanden- 
Broeck and Keller 1 * 2 . 

In the next section. , we shall find the shape of the bubble approximately by using the 
slender body theory for bubbles presented by Vanden-Broeck and Keller 1 . 

3. Slender body approximation 

For Y large the bubble tends to an arc of a circle of radius Y _1 . As y decreases 
numerical solutions show that the bubble elongates in the direction of the line which 
bisects the angle between the two walls. Then it develops a horn or spike which large 
curvature near its end. Finally when y reaches a critical value Y n (B,4), opposite 

6 ^ 

sides of the bubble touch each other. For 6 « * the contact point is at x » y ■ 0. For 
6 • 

B > j the contact point is away from x - y - 0. Typical profiles for 6 - ■ and 

4 - B ■ -j can be found in Vanden-Broeck and Keller * . These profiles were obtained by 

solving numerically the integrodif ferential equation of Section 2. 

For Y ' Yq(B. 4 ) the bubble is slender. Therefore we shall use the slender body theory 

for bubbles presented by Vanden-Broeck and Keller 1 to get an approximate description of the 

flow around the bubble. In the lowest order, the flow about a symmetric slender bubble is 

approximated by the flow about a rigid plate lying along the center line of the bubble. In 

the present case the center line of the bubble consists of a straight segment of some 
length a lying along the line y " x tan4/2. We introduce the coordinates x'.y' (see 
Figure 1) and find the potential bt(x'.y') of the flow about these plates requiring that 

t 

at infinity b(t + it) * ^ (x + iy)^. Evaluating the potential on the plate 
y' ■ 0, x' > 0 we obtain 
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( 10 ) 


*1 


2t 2» 1/2 

4 r J , 4 1 

7 " x J 


b4(x',0) 

By dif ferentiating (10) we find that the flow speed q on the plate Is 
2 » _ x 2 * 2 » - 1/2 

q(x ' , 0 ) - x 1 1 (a" 7 - x ,_I ) , x 1 > 0 . 


( 11 ) 


Before using q to get the bubble shape, we shall determine the length a. We do so by 
requiring the suction force F, exerted by the flow on the end of the spike, to balance 

2 

the surface tension 2o. As we see in Ref. 5 [p. 412, Eq (6.5.4)], F ■ *pA /4. Here 

i y 2 s 

A. is the coefficient in the expansion b4 - Ar ' cos j in terms of polar coordinates 

with their origin at the end of the plate. Upon setting F ■ 2a and introducing 
dimensionless variables we obtain 


2 * 


2 24 fi 

From (10) we find A «* — a 
4 


-1 


so (12) yields 


(I) 


2 *- 


We next use (11) for q in (4) and approximate the curvature k by -n x , x * (x ‘ ) > 
the equation of the bubble is y’ * n(x'). Then (4) becomes 


Vx' 


4x . 2* 2* -1 

,7 “4 ,~4 

-x (a - x 


') - Y 

At the end of the spike we require 
n(a) * 0 . 


(12) 


(13) 
Here 

(14) 

(15) 


In addition the contact angle condition yields 


n* (a) 


-tan ( B - -j) 


(16) 


(17) 


Here a is defined by the equation 
n(a) » atan y . 

The function n(x') is easily obtained by integrating (14) twice with the auxiliary 
conditions (15) and (16). In the particular case 4 » *, the result of the integration is 


n(x ' ) 


(a 2 - x 1 2 ) ( Y - 1 ) / 2 - j a (a + x')log(a + x'i 


i a ( a - x’)log(a - x') + a 2 log2a + (a - x')tan(B - ^-) . 


For 


*, (13) becomes 


2 

a " 7 


(18) 


(19) 


Vanden-Broeck and Keller 1 have shown that the approximate solution (17), (18) is in fair 
agreement with the exact numerical solution of (8) and (9) for 3 - -j * and y - Yq(6,*). 

For Y < y 0 (B,4) (14)-(16) yield unphysical profiles in which opposite sides of the 

bubble cross over. In the next two sections we construct physically acceptable families of 
solutions for Y < Yq(B,4). We shall present these results in the important particular 

case 4 ■ «. 


4. Solution with one point of contact 

To obtain solutions for y < Yq(», 8) we require the free surface to be in contact with 

itself at one point. Then the bubble contains a small sub-bubble near its tip (see Figure 

2). We denote by c the x' coordinate of the contact point. 

We describe the profile of the bubble by the equations y' ■ n^tx') 0 < x' < c and 

y* ■ Sjtx') c<x'<a. Then by symmetry we have 
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n^c) 


0 


(20) 

(21) 


- n 2 (c) - 

nj(c) - n 2 (c) - 0 . 

The conditions (15) and (16) yield 

n 2 (a) - 0 (22) 

n*(0) - -tan( 8 - |) . (23) 

The functions n^(x’) and n 2 (x') are obtained by integrating (14) twice. The four 

constant oL integrations and the value of c have to be evaluated to satisfy the six 
conditions ( 20 '—(23) . This yields a system of six equations with five unknowns. Therefore 
we cannot expect this system of equations to have a solution for any value of Y other 
than y q ( 8, * ) . 

The physical reason why the problem does not have a solution for Y * Y 0 is that it 
require.) the cavitation number in the sub-bubble to be the same as in the main bubble. It 
is to be expected that the cavitation number within the sub-bubble will have some value 
other than Y» which we cannot prescribe. Following the general philosophy of the method 

used by Vanden-Broeck and Keller 3 we shall introduce the unknown cavitation number w in 
the interval c < x' < a. 

Integrating (14) twice we obtain 

n 1 (x') - (a 2 - x 1 2 ) j a ( a + x')log(a + x‘) 

- j a(a - x')log(a - x‘) + A + Bx' , (24) 

n 2 (x') « (a 2 - x' 2 ) p 1 •• i a (a + x')log(a + x*) 

- j a(a - x')log(a - x') + E + Dx ' . (25) 

Here A, B, E and D are the four constants of integration. Using the six conditions 
( 20 ) — ( 23 ) we obtain a system of six algebraic equations for the six unknowns A, B, E, 

D, u and c. This system can easily be solved and yields a unique solution for any y in 

2 1 

the interval -• < Y < Yq( 8,«). Typical profiles for 6 » y are shown in Figures 2 and 
3. The value of y q is approximately equal to -1.7. As y decreases the sire of the 

sub-bubble increases and the sire of the main bubble decreases. For y “ w ■ -0.39 

and the main bubble vanishes. It is interesting to note that the present solution also 
exists in the interval y q < y < Y*. Here Y* is the value of y for which n"(c) » 0. 

A similar result was found by Vanden-Broeck and Keller . 

The results are summarised in Figure 4. The solution before contact described in 

Sections 2 and 3 correspond to the interval Yq < Y < “. It is represented by the straight 

line m ■ Y in Figure 4. The other curve in Figure 4 corresponds to the present 

solution. It exists in the interval -« < y < Y*. Therefore there are two possible 
solutions ir. the interval Yq < Y < Y*. 

5. Solution with an Interval of contact 

In this section we derive another solution for Y < Y 0 (8,») by requiring the bubble to 
be collapsed between x' ■ f and x' ■ g (see Figure 5); We describe the profile of the 
bubble by the equations y' - n^x'), 0 < x' < f and y* “ n 2 (x‘), g < x' < a. The 
functions n^x') and n 2 (x') must satisfy the following conditions 


n 2 (a) - 0 (26) 
nj(0) - -tan( 8 - |) , (27) 
n^f) - n 2 (q) - 0 , (28) 
nj(f ) - *> 2 (q ) - 0 . (29) 
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Fiqure 4. The cavitation number u as a function of if. 



Figure 5. Profile of the bubble with one segment of contact for y ■ -3.0 and 
8 » 2 »/3 . The vertical scale is the same as the horizontal scale. 

The values of f and g are respectively 0.19 and 0.47. 

The functions n^tx') and n 2 (x’) are obtained by integrating (14) twice. They are 

therefore given by the relations (24) and (25). The six constants A, B, E, D, g and f 
are found by satisfying the six conditions (26)-(29). We note that the present solution 
can be found with the same cavitation number everywhere. 

2 v 

A typical profile for 8 - y is shown in Figure 5. As y decreases the sizes of the 

main bubble and of the sub-bubble decrease. Furthermore the length of the contact segment 
increases as Y decreases. For Y “ the bubble reduces to a straight segment of 

length a lying on the x' axis. 
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Finally let ua mention that tha equilibrium of forces require the segment of contact to 
be a "film of impurities" characterised oy a surface tension equal to 2a. This is very 
unlikely to occur in reality. Therefore the bubble with a segment of contact is physically 
unrealistic. However, this mathematical solution is physically relevant to describe the 

deformation of an inflated membrane. For details see Vanden-Broeck 4 . 
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Abstract 

This paper analyzes the asymptotic properties for small Bond number B of the equilib- 
rium capillary interface interior to a circular cylindrical tube vertically dipped in an 
infinite reservoir of liquid. (The Bond number B is a dimensionless parameter which is 
the ratio of gravitational to capillary forces.) The formal expansion in powers of B of 
the solution to the differential equation describing the equilibrium surf a <- 1 (as can be ob- 
tained by standard perturbation methods) is proved to be truly asymptotic — to all orders 
and uniformly in the variable and parameter y, the contact angle. 

Sequences of general estimates, in closed form, from above and from below, are also 
given for the solution and related functions. The m^ term in these sequences are asymp- 
totically exact to order m. An idiosyncrasy of the problem, crucial in obtaining these 
estimates, is the absolute monotonicity of the structural function of the system in integral 
form. 



Figure 1. 
Introduction 


We consider the classical capillary problem of describing the equilibrium fluid inter- 
face J interior to a circular cylindrical tube vertically dipped into an infinite reser- 
voir of liquid (Fig. 1) . Let u(r) be the height (above the level in the outer reservoir) 
of the surface J as a function of the distance r to the axis of the tube. Then u(r) 
is a solution of the following boundary value problem 



u r (0+) = 0 (2) 

u r (l-) * tan^j - yj. (3) 


In this formulation, the quantities r, u, y, and B are dimensionless; y is the con- 

2 

tact angle of J with the boundary cylinder (0 s y * n) , and B ■ pgR /T > 0 is the Bond 
number with p the density difference across V, g the gravitational acceleration, R 
the radius of the cylinder, and T the surface tension. We refer for background to previ- 
ous papers 3 ' 4 ' 5 ' 6 ' 10 and, in particular to 1 ' 2 , for detailed proofs of most of the theorems. 


Boundary value problem (1,2,3) has a unique solution; this solution will be studied indi- 
rectly by the shooting method. Set v(r,h,B) to be the unique solution of the following 
initial value problem 


r 



2h + Bv 


( 4 ) 
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v(0,h,B) » 0 
v r (0,h,B) - 0. 


(5) 

(6) 


mean 


V 

Set also o(r,h,P) * - - - (r,h,B) and s * ain(j-y). (The parameter h i» the 

curvature at the apex of the corresponding surface of revolution and o is the sine of the 
slope angle of v ) Then there exists a unique h - h(B,s) such that o(l,h,B) ■ s; this 
is also the unique h such that the function 2h/B + v(-,h,B) is the solution of (1,2,3). 
Consequently, set 


u(r,B,s) - + v(r,h(B,s) ,B) . 


(7) 


For the above existence and uniqueness results, see, 'or example, [6] or [2]. 

Instead of the initial value problem (4,5,6), we shall use an equivalent integral system 
for the pair (o,v) , namely, 


B (* 

o(r,h.B) * hr + - J pv(p,h,B)dp 
r 0 

r 

v (r ,h,B) « J* g(o(p,h,B) )dp 
0 

where the structural function g is given by 


g(y) 


2n+l 


l Z? 22n 


for |y | <1. 


( 8 ) 

( 9 ) 

( 10 ) 


Note that g is absolutely monotonic on the interval (0,1), i.e., has nonnegative deriva- 
tives on all orders on nClH This "fact is essential in obtaining the estimates below. 

The approach will consist in first obtaining asymptotic results (resp. estimates) for the 
solution o(r,h,B), v(r,h,B) of the initial value problem (in integral form), then deriving 
from these results similar ones for h(B,s) and then u(r,B,s) . 


Absolute monotonicity and analyticity of c and v 

Since (4) is singular at r > 0, we need to show that the pair (o,v) is locally ana- 
lytic at r * 0 and depends analytically on the parameters h and B. This can be done in 
a number of ways (cf., for example, Wente 11 ) ; alternatively 1 , it can be observed that the 
'one dimensional solution" (o,v) (i.e., the profile curve of the capillary surface between 

two vertical pa: • llel plates) is a major ant for (o,v) . Since (5,v) is solution of a 
regular initial .'dlue problem, we conclude, by the method of majorants, that 

Proposition 1 ; For every T),p >0, there exists p > 0 such that the functions 
o(r,h,B) and v(r,h,B) are analytic in the domain |r| < p, |h| < tj, | B | < p in C . 

Now the absolute monotonicity of g on (0,1) yields that o(r,h,B) and v(r,h,B) are 
absolutelv monotonic in all three variables for positive values of r, h, and B. This can 
be checked by power series substitution into system (8,9). Thus the triple power series 
expansion of a and v at (0,0,0) has nonnegative coefficients. This last fact together 
with Pringsheim's Theorem below implies that this expansion is convergent on the maximal 
interval 0 < r < p ■ p(h,B) where c(.,h,B) and v(-,h,B) can be continued as a solution 
of integral system (8,9). Since o(*h,B) and v(»,h,B) are monotonic and bounded, we ob- 
tain convergence up to the boundary of the disc of convergence. 

Proposition 2 : The power series expansions of o(*,h,B) and v(,h,B) at r ■ 0 con- 

verge absolutely and uniformly in the closed convex disc |r| * p(h,B). Moreover 
0 < p(h,B) < • and, at r ■ p(h,E) , o(r,h,B) ■ 1. 

Coro) lary 3 ; The triple power aeries exoansions of o and v at (r,h,B) - (0,0,0) 
converge absolutely and uniformly in the closed domain 

D - ( (r ,h,B) € C 3 : |r| * p(|h|,lB|). (11) 

Pringsheim's Theorem : Let 
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f(z) 


( 12 ) 


= I 

n=0 


c n z 


and R the radius of convergence of power series (12). Suppose c * 0, for all n a 0. 
Then z = R is a singular point of f. 

Asymptotic expansions 

Theorem 4 : For each m * 0, the series expansions in powers of B of the functions 

h(B,s) , o(r ,h(B,s) ,B) , v(r,h(B,s) ,B) , and u(r t B,s) are asymptotic to order m uniform- 
ly in r and s over the entire range 0 s r £ 1, -1 £ s s 1, as B — • 0. 


Proof (outline) : By symmetry, we may restrict ourselves to s * 0. Recall that h(B,s) 

is the unique solution of 


o(l, h,B) = s. 


(13) 


Now o(l, h,0) = h a~d o(l,*,-) is analytic at each point (h,0) where h is in the com- 
plex disc 1 h | < 1. Since o^(l, h,0) = 1, the implicit function theorem implies that 

h(B,s) is analytic at each point (0,s) where s is in the complex disc |s| <1. A com- 
pactness argument shows that, for each s Q with 0 < s Q < 1, there exists B^ > 0 such 

that h(B,s) is analytic in | B j £ Bg , ]s| £ s Q and 

« n 

h(B,s) = Z B n 5 (s) where §<s) =~^-£(0,s). (14) 

n=0 n n n. dB n 


This yields the asymptotic statement for h(B,s) away from s = 1, i.e., contact angle 

Y = 0. 

The neighborhood of s = 1 requires a special treatment and the use of the parametric 
system for the profile curve (parametrized by arclength) . The corresponding function 

h(B,a) where a = j - y is shown to be analytic in a neighborhood of (0,£) by the im- 
plicit function theorem. Thus h(B,s) = h(B,arcsin s) . We conclude, since the function 
arcsine is continuous at s = 1. 

The other three functions are handled in a similar way. QED. 

In particular, § (1) = lim § exists. This settles in the negative the problem of 
n s-*l- n 

possible nonuniformity as s'l (cf. [1]). 

In Tables 1, 2, 3, and 4 below, we give the first few coefficient-functions of each ex- 
pansion as can be obtained by standard perturbation techniques. Previously Laplace 7 , 
Poisson 8 , Rayleigh 9 , and Concus 3 computed formally these asymptotic expansions to various 
orders. We should also mention that Siegel 10 had proved recently the first term of those 
expansions to be truly asymptotic. 

First we need 

o (r ,h,B) = I (Br 2 ) n i (hr) (15) 

n=0 n 


v(r,h,B) = r Z (Br 2 ) n p (hr) 
n=0 n 


(16) 


(where the series converge in D) and recurrence formulas for the functions X and u 

n n 


Xq (x) = x 


V*> ' l 

u n <x) " ~2n+T 


I , n. 


1 / 2n n (X ^ X “) (i) 

1 J ? 2n Z g (p) (?) Z — i 2- 


p=0 


1 ' - • • l 1 

1' V 




(17) 

(18) 

(19) 


IE,*' 
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whore the second summation in (19) is tor + ■ * * + X » p and jt^+2Xj,+' 


Table 1, First Few X 


X Q (x) » x 


, ... 1 1 + 2 -A-x* .. 

(X) M 7 - X 

1 ' b / /— 




X<j (x) *» "-“ty 1 ' — ■ -y-Yy + low it™ 

“ ( nr 2 

' N M 1V1“X“ I J 

, K .v „ 1 f 1 3- 13 , 11 rz 37 1 n V 2 S l n ..2, 

X 3 U) “T 75 " 7=5 ~ 35 " * 2 ? x “ IS" {1 “ iv ) rff (1 " x > 

" N L Ji-it- 


p- CWI-jT) ( 5 - 3 ^ 1 -x“) loo ™ 


7 . — “tj* 

M 0 (x) * * (Wl-x-) 


Table 2 . First Few 


l+*/i~X* 


r 

LU (x) »!<• || .Loci 

1 2 


H r*n » 1 1 1 11 s , 1 /rra 

Mj (XJ » “"g- yiy T mra= * = “\*^? 1 5'‘ “ - ,^g* + ^ vl X 

x L (i“X 2 J “ 


+ l ^ 1091 *■"*. 


Table 3 . First few !L 


S 0 * X Q 

\ 

? 2 * H X 1 ~ X 2 


Vi + Vi - Vi* " I l i x I 



t-jftj 


! 


Table 4 . Expansions for the BVP 


c(r,h(B,s) ,B) = sr + B[r 2 X 1 (sr) - (s) ] 

+ B 2 [rX^ (s) X' (s) - r 3 X^(s) X^ (sr) + r*X 2 (sr) 


rXj (s) ] + - • - 


v(r ,h(B,s) ,B) = rM Q (sr) + B[r 3 p 1 (sr) - r 2 X 1 (s) 
+ B 2 [r 2 X 1 (s) X^(s)Pg(sr) - r 2 X 2 (s) (sr) - 

- r^lsjp^tsr) 

u(r.B.s) = — ( g , - S - ) - + v(r,h(3,s) ,B) 


Uq ( sr) ] 

| r 3 X 2 (s)pJ(sr) 

+ r 5 p 2 (sr) ] + - - - 


Estimates 

The coefficient-functions X^ and p^ are odd, analytic in the unit disc, and abso- 
lutely monotonic in the interval (0,1). This yields the following lower estimates by 
truncation of the series (15) and (16) , for each m i 0, 


m j 

o(r,h,B) i E (Br ) n X (hr) 
n=0 n 

* . 

v(r,h,B) i r E (Br ) n p (hr) 
n=0 n 

for (r ,h,B) € D + = D 0 [0,“) 3 . 

Using the fact that the right hand Sxde of (20) is increasing in h and setting 
h = h(B,s) and r = 1 in (20), we get the upper estimate 

h (B , s) S h (B ,s) 
m 

where h m (B,s) is the unique nonnegative solution of equation 
m 

E B n X (h) = s. 

n n 


( 20 ) 

( 21 ) 


( 22 ) 


(23) 


Estimates on the other side are obtained by induction on m from integral system (6,9), 
using Picard's method of successive approximations and a careful estimation of each iterate. 
The proof uses strongly the absolute monotonicity of the function g. For each m i 0, we 
get the upper estimates 


c(r,h,B) s E^ (Br 2 ) n X (hr) + (Br 2 ) m X (o(r,h,B) ) 
n=0 n m 


(24) 


x 5 n 1 m 

v(r,h,B) s r E (Br*) V (hr) +r (Br )p(o(r,h,B) ) (25) 

n=0 n m 

for (r,h,B) t D + . Using the fact that the right hand side of (24) is increasing in h and 
setting h = h(B,s) and r = 1 in (24) , we get, for mil, the lower estimate 

h(B,s) i h (B,s) (26) 

in 

where h (B,s) is 

R1 

(i) 0, if B m is/X(s), 

m 

lii) the unique nonnegative solution of equation 
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« .'M 


in-l 

E BA (h) + B^X (S) - S, 
n=0 n m 

if B m a. s/X (s) . 

iu 

Now, setting h = h(B,s) in (20) and (21) and using ( 2t> ) , 


(27) 


ni 

o(r,h(B,s) ,B) i E (Br‘") n X (rh (B,s); 

n=0 n m 


(28) 


v(r.h(B,s),B) i r I (Br ) ^ ( rh^ (B , s) ) . 


(29) 


Similarly, setting h = h(B,s) in (24) and (25) and using (22), 
m-1 


o(r,h(B,s) ,B) s E (Br 2 ) n X (rh (B,s)) + (Br 2 ) m X (sr) 
n=0 n m m 


(30) 


m-1 


v(r,h(B,s) ,B) sr E (Br‘) "u (rh m (B,s) ) + r (Br ) ‘V, (sr) . 

n=0 n m m 


(31) 


Estimates (22,26,28,29,30,31) are valid for mil, B i 0, 0 s s 1 , and 0 =» r ^ 1 ; 

they are all asymptotically exact to ordei m, as B 0. 


Some of these estimates had been obtained previously by Finn 4 ' 5 and Siegel 1 ' . 


Refe renc es 

1. Brulois, F., Ph.D. dissertation, Stanford univ. 1981. 

2. Brulois, F., "Estimates for axially symmetric capillary surfaces," to appear. 

3. Concus, P., "Static menisci in a vertical right circular cylinder," J. Fluid Mech ., 

Vol . 34, pp. 482-495. 1968. 

4. Finn, R., "The sessile liouid drop I: Symmetric case," Pacific J. Math., Vol. 88, pp. 

541-587. 1980. 

5. Finn, R., "On the Laplace formula and the meniscus height for a capillary surface," to 
appear . 

6. Johnson, W. E. , and L. M. Perko, "Interior and exterior boundary value problems from 

the theory of the capillary tube," Arch. Rat . Mech. Anal ., Vol. 29, pu. 125-143. 1968. 

7. Laplace, P. S., Traite de mecan igue celeste , Tome 4, Supplement au Livre X, "Sur 
l’action capi llaire , " Bauthier-Villars, Paris 1806. 

8. Poisson, S.D., Nouvelle thdorie de 1’ act ion caoillaire, Bachelier, Paris 1831. 

9. Rayleigh, J. W. S., "On the theory of the caoillary tube," Proc. Roy . Soc. London , Ser. 

A 92, pp. 184-195. 1915. 

10. Siegel, D., "Heignt estimates for capillary surfaces," Pacific J . Math . , Vol. 88, pp. 

471-315. 1980. ' 

11. Wente, II. C., "The stability of the axially symmetric pendant drop," Pacific J. Math., 

Vol. 88, pp. 421-470. 1980. 


349 


i 





23405 


The numerical analysis of the rotational theory for the formation of lunar globules 
James Ross 1 , John Bastin 2 , and Kris Stewart 3 
2 Queen Mary College 
3 University of New Mexico 

1 San Diego State University Department of Mathematical Sciences 
y San Diego, California, 92182 


Lunar globules are smooth glassy objects which were discovered by the astronauts on the 
moon. These objects are small - most are less than a tenth of a millimeter in diameter - 
though some are a good deal larger. The shapes of the globules vary on & continuum from 
spheres to prolate spheroids to dumbbells. Figure 1 contains two photographs, one of a 
prolate globule and one of a dumbbell shaped globule. 

Several theories have been proposed for their creation. All these theories assume that 
molten rock is shot from the surface of the moon, solidifies in space above the moon and 
then falls back to the surface. 

The rotational theory which we study in this paper makes the following assumptions: The 

volume of the molten rock does not change during cooling. The angular momentum is con- 
served. There are no internal motions because of the high viscosity of the molten rock, 
i.e., in equilibrium the globule is rotating as a rigid body. Finally, we assume that the 
kinetic reaction of the globule to the forces is fast relative to the rate of cooling, 
i.e., we assume that the globule reaches equilibrium at constant energy. For more discus- 
sion of this theory see [1]. 

Most thermodynamists would agree that with these assumptions equilibrium will be 
achieved at a local minimum of the internal energy and that the relevant part of the inter- 
nal energy is 

E = jl (Sl)ia 2 + T * A(3S1) 

Here ft is the region occupied by the globule in a coordinate system fixed in the body. 

I (ft) is the moment of inertia of the qlobule with resoect to its axis of rotation. A(3Q) 
is the surface area of the qlobule. T is a positive constant which describes the surface 
tension properties of the molten rock (this number is effectively constant over wide varia- 
tions of temperature), and to is the angular velocity. 

We remark that from the standpoint of rational thermokinetics there is a need to justify 
these claims theoretically. However, we will assume here that equilibrium will be achieved 
at a local minimum of this internal energy expression. 

We therefore consider the mathematical problem: 

Minimize: E = ilw 2 + T • A Oft) (1) 

Subject to: Volume (ft) = V(ft) = k^ = given constant 

Iu = kj = given constant. 

It is sometimes more convenient to consider the problem in the following equivalent form. 


ck, 2 

Minimize: E = — j — + A Oft) (2) 

Subject to: V(ft) = k^ = given constant 

s 

5 The class of globules over which we minimize will always be some subset of the smoothly 

} bounded axisymmetric (with respect to the axis of rotation) configurations. Here axisym- 

i metric with respect to the z-axis means that if (x,y,z) is a point in the globule then so 

is (-x,-y,z) . 


% 
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We would first like to point out that for this variational problem there is no configu- 
ration for which E (or E) attains its absolute minimum, so that we can only expect to find 
a local minimum. To see this, consider problem (2). Let c > 0 be given. By detaching 
two small identical pieces from the sphere at volume k^ and placing them symmetrically on 
either side of the remainder of the sphere on an axis which is perpendicular to the axis of 
rotation, it is possible by pushing the two small pieces far away from the sphere to obtain 

a configuration, n, such that SF(n) « ai + t where ai is the surface area of the sphere of 

volume k^. Thus the absolute minimum for E is aj if it exists. But clearly no configu- 
ration has this value for E provided that k 2 f 1 0, since che sphere of volume kj is the only 

possibility. 

Applying the classical methods of the calculus of variations we obtain as the Euler- 
Lagrange equation for this problem the equation: 

C(p) - -(Ar 2 + B) , (3) 

where C(p) is the mean curvature of the surface 3n at the point p e , r 2 * x 2 + y 2 where 
we have taken the z-axis is the axis of rotation, and A and B are constants which involve 
Lagrange multipliers and must be chosen to satisfy the constraints. It is reassuring to 
note that this equation can be obtained directly by balancing the forces at each point on 
3S5 without considering the variational problem at all. Since the pressure inside the 
globules must be greater than the outside pressure, we may conclude that the constants A 
and B are positive. Here we have adopted the convention that inward curvature is negative. 

It is possible to write this equation as a free boundary value problem for a nonlinear 
partial differential equation. But this problem seems difficult to treat even numerically. 

We will introduce additional symmetries into the problem so that we are led to consider an 

approximate problem involving ordinary differential equations. 

The oblate solutions 

There exist exact solutions to (3) which are surfaces of resolution with respect to the 
z-axis (the axis of rotation). By taking advantage of the assumed symmetries, we see that 
these solutions will be solutions to the free boundary value problem. 

f f" = (1 + (f * ) 2 ) (1 - 2f (1 + (f') 2 ) 1 * (Af 2 + B) ) (4) 

f ' (0) = 0 : f (b) =0, f ' (b) = - -. 

Here, f and b are unknown and A and B are positive constants which must be chosen to sat- 
isfy the constraints. The function x * f(z) generates the surface of the globule when 
rotated about the z-axis. Remarkably, this equation can be integrated exactly in terms of 
elliptic integrals. (See Chandrasehkar [2).) However, it is easier to do numerically. 
These solutions while they are exact solutions to the Euler-Lagrange equation (3) , they 
almost surely are not local minima for our variational problem except possibly near the 
sphere i.e., for small values of the angular momentum. Nevertheless, there is a smooth one 
parameter family of these solutions for a given volume starting with the sphere (k? = 0) 
and becoming more and more oblate. A convenient parameter to index these solutions is, I, 
their moment of inertia. Table 1 contains some important numbers for a few members of this 
family. 


The approximate prolate and dumbbell solutions 

Motivated by the fact that the actually occurring shapes are close to being surfaces of 
revolution with respect to an axis (which we call the x-axis) which is perpendicular to the 
axis of rotation, we consider the variational problem modified so as to include in the 
class of possible globules only those which are surfaces of revolution with respect to the 
x-axis. Now the appropriate functional to minimize is 

j ^ f 2 x 2 « 2 + 2n T f /I + (f )•’’ 


+ x^ nf 2 + Xj t-j^ f 1 * + pn f 2 x 2 ]u dx 

where the function y * f (x) generates the surface of the globule by rotation about the 
x-axis, p is the density, and Xj and X 2 are Lagrange Multipliers. Here u> is treated as a 
parameter. As before, both f and b are unknown. This leads to the free boundary value 
problem, 
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f f" 


(1 + <f ’ J ) (1 


(5) 


- 2f ( 1 + (f> (Ax ? + | f J + B)' 


f ' (0) • 0 : f (b) - 0, f • (b) 


As before, the positive constants A and B roust be chosen to satisfy the constraints. As in 
the oblate case, if we fix the volume, we can generate, numerically, a continuous one par- 
ameter family of solutions starting at this sphere and proceeding through prolate shapes to 
dumbbell shapes with narrower and narrower necks. Again, I, the moment of inertia is an 
increasing parameter along this family of deformations of the sphere. Figure 2 contains 
graphs of some of the members of this family. The volumes of all the globules in this 
graph are equal. The reader is asked to compare the shapes in this figure with the photo- 
graphs in Figure 1. Mathematically, this equation is more difficult to handle than ( 4 ). 
it cannot be integrated in terms of elliptic integrals and no existence theorem is known 
for this free boundary value problem. Table 2 contains extensive information about this 
family. The number e is defined as the thickness at the axis of rotation divided by the 

length of the globule. The number, D, is defined by D » We note that both of these 

B 3 

numbers are invariant under similarity transformations and that if a globule is a solution 
to our free boundary value problem then so is any similar globule. Both Tables 1 and 2 
were computed assuming that the volume is one and that the density is one. 

We have, therefore, two families of deformations of the sphere each parameterized by, I, 
the moment of inertia of the globule with respect to its axis of rotatic.i. We denote the 
oblate family by il q < T ^ and the prolate family by i^p(I). For given I, the two corresponding 
members are local minimum for the variational problem modified in two ways. First, we add 
the constraint that I = const. Second, we restrict the variations allowed to be such that 
they produce in the case of the oblate family surfaces which are surfaces of revolution 
with respect to the axis of rotation (the x-axis) and in the prolate family surfaces which 
are surfaces of revolution with respect to the x-axis. We caution that if more general 
variations are allowed the prolate family globule cannot be a local minimum since they do 
not satisfy (3). While the oblate family globule is also not a local minimum, at least 
sufficiently far from the sphere, even though it does satisfy (31. 

The first constraint, I * constant, is eliminated by considering E as a function of I 
along either of the families. We have 

ck : 

E (I) » — + A (T) . 


At a minimum for the problem where the constraint, I * constant, is dropped but the 
restrictions on the variations are retained we must have jjy » 0. That is I J gy * c Kj*- 

d* E 

■Mso we must have > Some simple calculations show that this condition is equivalent 

to the condition jy (l-'-jy) > 0 assuming that ^y » 0 at the point considered. An examina- 
tion of Table 2 leads to the conclusion that these globules are no longer a minimum beyond 
qlobule #25. That is beyond this point the globules are clearly unstable. If this theory 
is correct, the dumbbell shaped globule in Fiqure 1 is near the limit of stability. If it 
were much narrower at the neck it would break apart. 

Compa risen of the energies 

We assume now that this volume of all globules is fixed at one. If k 2 is sufficiently 
small, there is exactly one local minimum for the modified variational problems along each 

■ ar 

of the families Uo' 1 ' and ' ! P(D- The value of f at a point where gy * 0 is given by the 

expression Tgy + A which forms the last column in the tables. By inspecting Tables 1 and 2 

we see that for a given k 2 the energy, § p (k 2 ) of the minimizing globule from the flp(I) 
family is smaller than the energy Eq (k 2 ) at the minimizing globule from the fl()(I) family 
from globules #16 or <17 on to the end of the table, while up to that point Eq^) is 
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smaller than Ep(ki). However, since there exist purturbat ions of any of the prolate 
family globules which produce an even smaller energy there are q lobules near the prolate 
family which produce smaller values of E nearer to the sphere than globule #16. 

We conjecture that there is a one parameter family of qlobules which start from the 
sphere and develops essentially like the prolate family but which contains true local 
minimum for the variational problem (1). (Chandrasehkar (2] expects that the oblate 
spheroids are stable near the sphere and that a bifurcation occurs along this family which 
contains ellipsoids with different lengths for all three axes.) 

Con e 1 us ion 

The good agreement between the actual shapes of the Lunar globules and the numerical 
results in Figure 2 certainly lend some support to the rotational theory. However, since 
the existence of true local minima has not been established and since the theoretical 
understanding of the thermokoneties is still to be attained, there is certainly room for 
doubt . 


The_ numerica 1 comput a t i on 

The simplification of the variational problem yields a second order ordinary differen- 
tial equation (ODE) for f(x) 


d- f 

Tv7 


1 

t'7xT 


(1 + 




1 - 2f(x) 


/V 


71) 

'ax’ 


(Ax- + B «■ C (f(x)) 




( 6 ) 


and one must find a positive value of the independent variable, say Xf, so that the fol- 
lowing boundary conditions hold 


df 

33? 


x*0 


= 0; 


f(x f ) - 0; 


d_f I 
dx | 


(?) 


i.e., the function should start off flat from the f-axis and should cross the x-axis going 
straight down. 

The numerical solutions present in this paper were computed using 14 digit precision 
BASIC on a 2-80 based microcomputer employing two routines from the small machine oriented 
library of mathematical software, SCRUNCH |4j to solve this variant of a two-point boundary 
value problem by simple shooting. 7F.R01N, a robust root finder developed by L. F. Shampine 
and R. C. Allen, Jr. which uses a careful combination of bisection and the secant rule, was 
used to find the missing end point, Xf. RKF45, a fourth/fifth order Runqe-Kutta-Fehlberg 
method originally coded by H. A. Watts and L. F. Shampine for solving the initial value 
problem for systems of first order differential equations with automatic step selection 
and reliable 'rror control, integrated the DDEs for each trial value of Xf. 

The differential equations and boundary conditions were reformulated in terms of arc 
length and integrated from x*xf to s=*0 using a suggestion of C. W. dear to avoid the sin- 
gularities present at the boundaries and the instability due to a large, positive eigen- 
value of the ODE system (6) at x»Xf. Changing the direction of integration caused the sys- 
tem to be initially stiff due to the large, neqativo eigenvalue present, but this causes no 
problem due to the small step sizes typically necessary to start the integration. Letting 
x » x(s); y « y(s) ■ f(x(s)), the problem actually computed was 


d-x _ 
ST 


(Ax* + B + Cy : ) 


,dx 

5s 

1 

yT5T 

d - y 

—■■A a 

cTs! 

-,dx 

2 cT¥ 

(Ax’ + B + Cy’) 


,dx 

( Si 

yTsT 


with boundary conditions at x f « x(0): 


$ 


t 

i 

\ 


j 


i 
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x (0) = x 


f' 


dx 

a? 


3-0 


- 0 ; 


y(0) - 0 ; g 


s-o 


( 9 ) 


and defining the total length of the arc, s_, by the condition x(s_) - 0 

/ T T 


x(s T ) - 0; 


dx 

a? 


X«s„ 


dv 

-1? y(s T ) = positive; 


0. 


( 10 ) 


s-s„ 


The singularity still present at the starting point x f due to the term ai yW in (8) is 
avoided by using the approximation 


/dx 1 . 
3s yTsT 


s=0 


(Ax 2 + B + Cy 2 ) 


x=x f 

y=0 


(Ax 2 + B) 


which comes from using the first two terms of a Taylor series for gjj- and y(s) near s=0 
and the known properties of the proolem. 

The final BASIC program takes as input the values of the parameters A and B (using the 
relation that C = A/8) and an interval (x^,X2) in which to search for the unknown Xf, the 
root of the function 




obtained by integrating (8) backwards from the trial starting point x using initial condi- 
tions (9) until the function crosses the y-axis. The differential equations were inte- 
grated using a mixed relative and absolute error tolerance of 10" s and the root was found 
to a similar mixed tolerance of 10 -s . These tolerances were easily met using the 14 digit 
BASIC now that the problem is formulated in a numerically stable manner. Once the missing 
value x* was obtained, the initial value problem (8 and 9) was solved and the values (x,y) 
obtained at each step of the integration were plotted using a simple line-printer /plotter 
routine. 


Table 1 


c 

V-l 

20 

25 

50 

75 

150 

I 

.12768 

1.9094 

.19978 

.20477 

.21300 

A 

4.8833 

4.9297 

4.9742 

5.0022 

5.0523 

dA 

dl 

3.499 

5.034 

5.611 

6.087 

7.107 

"SI 

.1105 

.1835 

.2239 

.2553 

.3235 

x if + A 

5.505 

5.891 

6.065 

6.249 

6.566 
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Table 2 


1 

e 

D 

I 

A 

dA 

ai 

12 S 

r dA . . 

1 ai + A 

1 

i 

0 

.15401 

4.8363 

.26 



2 

1.05 

.125 

.15554 

4.8367 

1.09 



3 

1.07 

.25 

.15691 

4.8382 

1.98 



4 

1.10 

.5 

15934 

4.8430 

2.59 



5 

1.14 

.75 

.16181 

4.8494 

3.22 



6 

1.21 

1.25 

.16694 

4.8659 

4.14 



7 

1.43 

2.5 

.18516 

4.9413 

4.52 



8 

1.45 

2.625 

.18815 

4.9548 

4.55 



9 

1.47 

2.6375 

.18848 

4.9563 

4.57 



10 

1.48 

2.6875 

.18986 

4.9626 

4.46 

.161 

5.81 

11 

1.49 

2.71875 

.19078 

4.9667 

4.54 

.165 

5.83 

12 

1.50 

2.75 

.19175 

4.9711 

4.50 

.166 

5.83 

13 

1.55 

3.05 

.20779 

5.0433 

4.38 

.189 

5.95 

14 

1.92 

3.0 

.23741 

5.1729 

4.13 

.233 

6.15 

15 

2.02 

2.875 

.25021 

5.2257 

3.99 

.250 

6.22 

16 

2.15 

2.6875 

.26628 

5.2898 

3.87 

.275 

6.32 

17 

2.15 

2.6375 

.26770 

5.2953 

3.88 

.278 

6.33 

"Duipbeii 

18 

2.18 

2.625 

.27139 

5.3096 

3.78 

.278 

6.34 

19 

2.26 

2. 5 

2.8150 

5.3478 

3.62 

.287 

6.37 

20 

2.41 

2.25 

.30217 

5.4227 

3 42 

.312 

6.46 

21 

2.58 

2.0 

.32432 

5.4984 

3.20 

.336 

6.54 

22 

2.67 

1.75 

3.4908 

5.5775 

2.98 

.363 

6.62 

23 

2.95 

1.5 

.37758 

5.6623 

1 

2.75 

.392 

6.70 

24 

3.21 

1.25 

.41136 

5.7552 

2.34 

.396 

6.72 

25 

3.98 

.75 

.50533 

5.<>755 

1.98 

.506 

6.98 

26 

4.66 

.5 

.57291 

6.1059 

1.52 

.500 

6.98 

27 

6.30 

.25 

.65168 

6.2258 

1.02 

.431 

6.88 

28 

9.15 

.125 

.68487 

6.2595 
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Fiqure 1 

The numbers appearinq on the qraph are values of D. 
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Abstract 


A new numerical method has been devised and employed to solve a variety of problems 
related to liquid droplet combustion. The basic transport equations of mass, momentum and 
energy have been formulated in terms of generalized nonorthogonal coordinates, which allows 
for adaptive griding and arbitrary particle shape. In this paper example problems are 
solved for internal droplet heating, droplet ignition and high Reynolds number flow over a 
droplet. 


Introduction 


This paper presents initial results of a research effort whose end goals are the 
calculation of single and multiple liquid droplet combustion flows. The complete problem 
of even single droplet combustion presents a severe challenge for present day numerical 
methods because of the multiple space and time scales which can be introduced into the 
problem. These scales are the result of high Reynolds and Peclet numbers as well as flame 
formation around the droplet. Tn order to resolve all the physical phenomena that are 
contained in the problem, it is necessary to use the grid points in a numerical solution 
method very efficiently. A major new advance in the efficient location of grid points is 
the use of generalized nonorthogonal coordinates and adaptive grids. > 2 ‘ 3 It will be 
shown, and has been shown, that these methods greatly enhance the ability to calculate 
complex flows. 

Tn the present paper major simplifications have been made in the flow equations to 
isolate physical phenomena and test the efficiency of the numerical methods employed. The 
most limiting simplification will be that of constant overall density, however as will be 
shown, the numerical significance of the results are not damaged by the assumptions made. 


Basic transport equations 


The equations for momentum, energy, and mass transport will now be written in terms of 
generalized coordinates, and the numerical methods employed discussed. The starting point 
is the equations in terms of axially-symmetric cylindrical coordinates, and the equations 
for stream function (* ) , vorticity (a. 1 ), temperature (T) and reactant species density 

(p ), which are the following: 

d 


?— (- £) + - £) - - 
3 z r 3 z Jr r )r 

— (pru>) + — (prvw) +. — (puru) - c.viu « — (r — (p«)) + — (r — (pw)) - — 

3 1 Jr 3z 3r3r 3z3z r 

. 13* . 13* 

where u » - — — and v * - 


r 3 r 


r 3 z 


( 1 ) 

( 2 ) 

(3) 


— ( P rC T) + — (prC vT) ♦ (prC uT) - — ( rk — ) + — ( rk — ) + rp Ah K e -E * /RT (4) 
3t p Jr p 3 z p 3 r 3r 3z 3z a a a 

(rp ) + (rvp ) ♦ i- (rup ) - ( rD -li) ♦ ~ [rD ~) - rp K e~ Ea/RT (5) 

3 1 a 3 r a 3z a 3r a 3r 3z a 3z a a 
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where the following notation haa been used for physical constants! K a -pre-exponential 
reaction constant: ^-activation energy: R-gas constant: k-thermal conductivity, p-over- 
all density: and Ah.-chemical lieat release. Also, the independeht variables t, r and a 
are the tisie, radial coordinate and axial position, respectively. (A more detailed expla- 
nation of the cheaiical reaction tersis will be given later in the paper.) 


A major difficulty with the above formulation is that the surface of the droplet does 
not lie naturally on a constant value of the independent variables r and x. However, this 
difficulty can be reapved immediately by transforming to generalised nonorthogonal coordi- 
nates c, n, and thereby making the droplet surface correspond to n*0. in order to simplify 
notation it will first be useful to rewrite equations (1) through (S) in a vector form 



Transforming to the variables i, i and n equation (6) becomes 


(6) 


to + iz t + „ 

8t U Jn H an 


( 7 ) 


where the following new vectors have been defined 


E - 


J 
1 


(0t t ♦ & r ♦ h z ) 


F-i(6n t +b) r *K t ) 


r - I (k r ♦ kj) 


+ k.) 


H - 


1 
J : 

ll 


and the transformation metrics, or areas and volumes, are given by 


J 


1 

h** - =n*e 


-Jr 
z n 


C - - JZ 
r n 


Z t C z " r b" E r 


- Jr c n r - JZ t 


" " Z t n z - r t n r 


It can easily be seen that the resulting equations are more complex, however the digital 
computer is extremely well equipped to handle this type of algebraic complexity, and with 
some additional programming a much more valuable research tool is obtained. The equations 
as thev are written in (7) will easily handle arbitrary-shaped particles as well as parti- 
cles whose shape is changing as a function of time. However, the major advantage of the 
above formulation is that it allows the use of adaptive grid procedures to be employed, and 
this feature will be shown to be one of the single most important advances in the efficient 
use of numerical methods to solve complex physical problems. 

An interesting feature of these equations is that they allow for the use of variable 
transport properties u, k and D a , although the overall density must be constant. To the 
authors' knowledge this is the first time that a variable transport property formulation of 
the stream f unct ion-vort icity equations has been given. This formulation will be a com- 
plete description of the mass and energy transport processes inside the droplet, where 
constant overall density is assumed. 


Numerical m ethods 

The original plan for the numerical solution method was to employ a fully implicit 
iterative scheme to solve the set of transport equations given previously. In order to 
solve these equations an alternat inq-direction- implicit** (ADI) scheme was employed together 
with a Newton procedure to linearize the equations where necessary. The resulting equa- 
tions are block tridiagona), and the efficient solver of Hindmarsh' was used to obtain the 
solution. This procedure proved to be unstable because of the large sensitivity that the 
stream function has to all errors. The coupling of the vorticity and stream function equa- 
tions, plus generalized coordinates, and block solutions along a line, causes the trun- 
cation error to give very inaccurate values of stream function near the boundary. A major 
part of the problem is due to the fact that the stream function can change by four or five 
orders of magnitude Irom the body surface to the free stream. The values of the stream 
function near the surface are very small and truncation error in the outer part of the flow 
overwhelms the small stream function values near the surface. The solution to the problem 
is point relaxation of the stream function equation on a previously calculated vorticity 
distribution, followed by iteration between the stream function and vorticity equations. 
This point relaxation method does not couple all the truncation errors together, and very 
qood results were obtained. 

The numerical method that was finally employed had the following features: 

1 • Stream funct i on-vort i city equations 

a. Flrst-orTer backward, implicit time differences for time derivatives. 

b. Second-order central differences in space. 

c. ADI solution of the vorticity equation. 

d. Point relaxation of the stream function equation. 

e. Global iteration on both equations. 

1 1 • Ene rgy a nd sp ecies equations 

a. The same space and timedifferencinq as the vorticity equation. 

b. Newton linearization of the nonlinear terms. 

c. Block tridiagonal solution with an ADI marching technique. 

The above numerical method is somewhat ad hoc in that it uses two difference methods within 
itself to determine a solution, however the individual methods reflect the numerical nature 
of the equations being solved. The block tridiagonal solution of the energy and species 
equation is excellent for chemical reactions, while the point iteration method al'ows the 
stream function to converge accurately and smoothly on the vorticity distribution. 

Criter i on for g rid placement 

The basic criterion for grid placement that was employed in the present paper will now 
be presented. The computational space, t and n, has been normalized so that their numeri- 
cal values go between zero and one, and the grid points are fixed in time. In the physical 
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space the grid points will be placed and moved in time to achieve the resolution of high 
gradient regions. Along a given arc in the physical space the grid points will be dis- 
tributed in proportion to the gradient of the dependent variable. If the oistance along a 
given arc in physical space is denoted by S, a mathematical statement of th* relationship 
between the computational and physical space is 

dC a |12| ds 


where S is the distance measured on the n - constant arc, and T the dependent variable of 
the transport equation being solved, in this paper the dependent variable is temperature. 
In order to normalize, allow for "optimisation," and remove singularities, the above equa- 
tion is cast into the following form 


C (x.y.t) 


[/ s (l + b |iZ| }ds] 

O 'as' 

f/ ) s max(i + b ji||)ds] 


where b is an adjustable constant used for "optimisation" of the grid distribution. 

The above equation has some interesting features which will now be discussed briefly. 
For the case b ■ 0 a uniform distribution of points on the nonorthogonal arc is obtained, 
while for large b, constant values of the variable T, or isotherms, are selected. The 
coordinate location equation is solved in an explicit sense at the old time step, and the 
details can be found in the paper by Dwyer et al. Also, it should be mentioned that the 
accuracy in solving the equation does not influence directly the accuracy of the finite 
difference solution. With the use of these generalized coordinates and an adaptive grid 
technique a powerful new method is available for numerical solution. 

In the present paper the adaptive griding procedure has only been employed in the 
calculation of the temperature and species concentrations, and has not beci used for the 
stream function-vorticity part of the method. The stream function and vorticity have been 
calculated from a predetermined grid, however the use of adaptive griding for the fluid 
dynamics is being implemented at the present time. 

Results 


The results which will be presented illustrate mainly the capability of the calculation 
method, and do not give a complete description of droplet combustion. The problems which 
have been solved are the following: 

1. Ignition and flame propagation about hot particles. 

2. Separated flow around liquid droplets. 

A description of each of these results will now be given. 

The first problem solved was to calculate the ignition and flame propagation about a 
spherical particle. The reaction mechanism is very simple and consisted of a premixed fuel 
A reacting and going over to species B. The nondimens ional form of the energy and species 
equations are 


DT 

Dt 


J- -i- (£- ) 

Pe J x i 9 x i 


* p a N DA e 


-«a/'f 



Dt 


i_ a 

Pe »Xi 



*x i 


p a N DA 


e - 0 a/T 


U.d 

where Pe - Peclet Number, based on maximum velocity U_ inside the droplet 


n DA “ Dimensionless Pre-Exponential Reaction Coefficient. 

8 a - Activation Temperature, E a /R. 

and it has been assumed that all transport coefficients are constant, and that the thermal 
diffusivity and species diffusivity are equal. 
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For this ignition model problem the velocity field was assumed to be that given by 
Stokes flow, and the overall density was assumed constant. The value for the Peclet number 
was chosen to be 200 and 6 a «4 for an initial temperature of premixed reactant of T».2. 

The spherical particle surface will be raised impulsively to T-1.0 and the adiabatic 
flame temperature in terms of dimensionless temperature is • 1.2. 

The values for the pre-exponential coefficient were chosen to be characteristic of 
hydrocarbon fuels, thus the basic time scales of the processes are similar to a moderate 
Reynolds number particle in a premixed hydrocarbon gas (however, the simulation is highly 
simplified as can be easily seen). The first results for the numerical simulation are 
shewn in Figures (1) through (4) for - 2. 2* 10 s , which corresponds to a rather thin 
flame compared to particle diameter. Figures (1) and (2) show the coordinate system (top) 
and isotherm distribution for a uniform grid simulation. A careful study of the isotherm 
distribution shows oscillacions in the flame, and this is due to the high cell Peclet 
numbers. 

The oscilletions are more severe as the ilame moves away from the body, because of the 
natural increase in grid cell site occurring in spherical coordinates. As the flame 
approaches the computational boundary there is only one point to describe the i..aim struc- 
ture. This lack of resolution results in temperature and species oscillations in the cal- 
culator., incorrect flame speed and eventually termination of tut. calculation due to nega- 
tive values of temperature and species. 

A oecond more accurate calculation with the same number of grid points, but with the 
adaptive grid strategy employed is shown in Figures (3) and (4). The most dramatic feature 
of the calculation is the bunching of the grid points inside the flame structure. This 
removes all the numerical oscillations, and the overall flame speed agrees well with the 
results of Otey and Dwyer. 10 The results of this calculation thus show dramatically the 
usefulness and capabilities of the adaptive grid procedure for combustion problems. 

A second calculation with a reduced reaction rate (Np^ « 2.2-10 3 ) is shown in Figures 
(5) through (8). In this case the flame is much thicker and the coordinate adaption is 
only very slight. However, the ignition and flame propagation processes are much more 
interesting. Figure (5) exhibits the isotherm distribution at an early time with a maximum 
temperature of ^ - 1.0 occuring at the particle surface. As time increases an ignition 
process occurs at the rear stagnation point (Figure (6)) and then a steady state reaction 
zor.e is set up on the leeward side of the particle (Figures (7) — (8) ) . It is easily seen 
from the isotherm distribution that the surface location where the gas temperature rises 
above the wall temperature quickly stabilizes on the leeward side of the particle surface. 
These results show that the present calculation methods will resolve ignition phenomena in 
particle dynamics. 

The final results to be presented are a demonstration of the ability of the numerical 
methods to calculate the fluid flow around and inside droplets. Shown in Figures (9) 
through (11) are the distribution of stream function and vorticity for a solid particle in 
a flow with a Reynolds number of 100, based on particle diameter. Figure (9) exhibits the 
distribution of stream function outside the particle, while Figure (10) shows the stream 
function inside the separation bubble (the top figure is the coordinate distributions). A 
more dramatic representation of high Reynolds number influences can be seen in Figure (11) 
where the normalized vorticity contours are given. The bunching of the contours on the 
windward side of the particle is clear evidence ot the start of boundary layer formation 
and separation. 

All of the above results agree well with the calculations of Le Clair. 7 Figure (12) 
exhibits the streamline pattern inside of a liquid droplet at an external flow Reynolds 

calculation the ratios of liquid droplet to gas viscosity and 


of interest to combustion problems. Therefore, it seems that the 
are ite encouraging, and give strong promise of giving new 
problem of droplet combustion. 

Conclusions 

A r.sw collection of numerical techniques has been assembled to solve problems of heat, 
mass and momentum transport in droplet combustion systems. The major new features of this 
collection of methods are the following: 


number of 200. For this 
density are respectively 

- c ,0 ti • 1000 
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9 9 

which are typical values 
methods we are employing 
results for the complete 
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1. Generalized Nonorthogonal Coordinates 

2. Adaptive Griding on Temperature Gradients 

3. Block Tridiagonal Solution of Energy and Species Equations 

4. Point Iteration of the Stream Function on the Vorticity Distribution 

All of the above methods have shown themselves stable and capable of giving improved 
results for the fluid flow, heat transfer, and mass transfer problems solved. 

The physical problems solved in the paper were moderate Reynolds number flow over both 
solid and liquid droplets, as well as a study of ignition around a hot solid particle in a 
Stokes flow. The fluid flow studies reproduced the results of other investigators, and 
thus verified the accuracy of the methods employed. The study of ignition about a hot par- 
ticle showed clearly that ignition can be delayed until the leeward side of the particle, 
and a flame can be stabilized in the wake of the particle. These results seem to be new, 
and the future inclusion of variable density will allow for a complete description of 
particle ignition. Also, it should be mentioned again that the high-reaction-rate ignition 
studies would not be possible without adaptive griding, because of its efficient use of 
grid points. 
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Effects of rotation and magnetic field on the onset of convective instability 
in a liquid layer due to buoyancy and surface tension 

Gabblta Sundara Rama Sarma 
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Deutsche Forschungs- und Versuchsanstalt filr Luft- und Raumfahrt 
Bunsenstrasse 10, D-34G0 GBttingen, Federal Republic of Germany 


Abstract 


Thermocapillary stability characteristics of a horizontal liquid layer heated from below 
rotating about a vertical axis and subjected to a uniform vertical magnetic field are ana- 
lyzed under a variety of thermal and electromagnetic boundary conditions. Results based on 
analytical solutions to the pertinent eigenvalue problems are discussed in the light of 
earlier work on special cases of the more general problem considered here to show in parti- 
cular the effects of the heat transfer, nonzero curvature and gravity waves at the two-fluid 
inferface. Although the expected stabilizing action of the Coriolis and Lorentz force fields 
in this configuration are in evidence the optimal choice of an appropriate range for the 
relevant parameters is shown to be critically dependent on the interfacial effects mentioned 
above . 


Introduction 


In recent years there has been a resurgence of interest in understanding the origins and 
possible means of controlling convective instability, especially in configurations relevant to 
material sciences in general and material processing in particular within the framework of 
the current space programs. In this context some of the basic aspects of this problem area 
have been under investigation 1-4 by the present author. The contribution to be presented here 
is part of a continuing effort at the DFVi,R to analyze some of the basic fluid dynamic 
aspects relevant to the material science configurations, especially in the context of space 
experiments under reduced gravity conditions and the related ground based research. 

Since references 1-4 give the general background and motivation for the particular problem 
considered here and cite the relevant literature, we shall restrict ourselves here only to 
a resport of some of the recent results obtained and discuss them in the light of those avail- 
able in the literature. While references 1-4 deal exclusively with the zero gravity situa- 
tion, we consider here specifically the simultaneous action of surface tension and gravity 
in this classical Benard - Marangoni configuration. 

Formulation of the problem 

We consider an infinite, horizontal, Boussinesq liquid layer of mean thickness d rotating 
about a vertical axis at a constant angular speed n and subjected to a uniform magnetic induc- 
tion field of strength Bq under various typical boundary conditions to be detailed later. 
Figure 1 illustrates the configuration schematically and is followed by a list of the symbols 
for dimensional quantities occurring in the later development. The details of the formulation 
incorporate the features introduced by Scriven and Sternling 5 and Smith ° extending the 
pioneering work of Pearson 7 . 
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Figure 1. The Bfenard - Marangoni configuration 


List of symbols 


fi = Coefficient of thermal 1 3p 

volume expansion, £ 3T 

Y = Electrical conductivity 

A T = Applied temperature difference (To -Ti ) 
; 0 * Amplitude of the disturbance wave at 
the two-fluid interface 
n m = Magnetic diffusivity (YVm) -1 

tc = Thermal diffusivity, K/pc 0 

X = Disturbance wavelength, 2 ir/V^x + ^y 
y = Dynamic viscosity 
y m = Magnetic permeability 
v = Kinematic viscosity 
p = Density 

o = Interfacial energy at the two-fluid 
interface 

a = Angular speed of rotation 


S * Magnetic induction field 
B 0 * Magnitude of the applied B-field 
K * Thermal conductivity 
T » Temperature 
c, - specific heat 

d * Mean thickness of the liquid layer 
g = Acceleration due to gravity 
h = heat transfer coefficient at the 
disturbed interface 

k x ,ky » Disturbance wave numLers in the 
x-y-directions 

p = Time constant in the exponential 

growth/decay factor of a disturbance 
normal mode 


The liquid layer has nominally constant temperatures T 0 , T x (T 0 >T X ) respectively at its 
lower ’•■'d upper horizontal boundaries. For the sake of definiteness and simplicity the 
characteristics of the adjoining media are somewhat idealized. They are specified for the 
three cases ©, ®, © of the boundary conditions (b.c.) as follows. 


In b.c. © we take the bottom boundary as a thermally and electrically perfect solid 
conductor. In b.c. © the bottom boundary is a thermally and electrically perfect insulator. 
In both cases the upper adjoining medium is taken as an electrically insulating gas extending 
in the z-direction to infinity. The heat transfer to the gas from the liquid layer can be 
simplified (without going into the details of the possible flow in the upper medium) in terms 
of an effective heat transfer coefficient h(T) : » 7 for the two-fluid interface. A detailed 
discussion of this simplification was given by Pearson 7 . In b.c. © we consider the situa- 
tion where the same ambient gas is present cn both sides of the liquid layer. 


The onset of convective instability in such a liquid layer with an initially uniform 
linear temperature profile can be formulated as a linear eigenvalue problem for the distur- 
bance amplitudes of the flow variables using the standard normal modes procedure*. We non- 
dimensionalize the problem using *' * d, d 2 /v, x/d, x/d 2 , 4itYxB„/d, AT respectively as the reference 
quantities for length, time, velocity , vorticity, electric current density and temperature. 

The stability of the configuration with respect to an infinitesimal normal mode of distur- 
bance may then be stated in terms of the following eigenvalue problems in dimensionless form. 


(D 2 -a 2 ) (D 2 -a 2 -p 2 ) (D 2 -a 2 -pj )W - Ta(D 2 -a 2 -p 2 )DZ - Q(D 2 -a 2 )D 2 W = Ra • a 2 (D 2 -a 2 -p 2 ) 0 (1 ) 

(D 2 -a 2 -p 3 ) 0 + W = 0 (2) 

(D 2 -a 2 -pj ) Z + Ta • DW + QDX = 0 (3) 

(D 2 -a : -p 2 ) X + DZ = 0 (4) 


where D = (1/d) • d/dz and W, Z, X, 0 are respectively the dimensionless disturbance ampli- 
tudes of the z-components of velocity, vorticity and electric current density and of tempe- 
rature. 


The boundary conditions are to distinguish not only between cases © , © , © specified 
earlier but also as to whether the neutrally stable oscillatory (p x t o) or stationary (pj* 0) 
modes are considered while determining the stability boundary for the configuration. 


(a) Neutral modes oscillatory (p t 4 0 ) 


B.c. © 

W(0) 

B.c. © 

w (0) 

B.c. © 

W(0) 

For Nu » ^ 

* 0 


0 = DW (0) = 0(0) = Z(0) = DX (0) 

0 = DW(0) » D6 (0) = Z (0) = X(0) 

PjC„ (Kinematic condition at the two-fluid interface) 


Cr 

(Bo+a" ) 


(D 2 -p 1 -3a 2 )DW(0) } - { 5 . e _ Lp] + 0(0)} » 0 


(5) 

( 6 ) 

(7) 

( 8 ) 
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(9) 


(D 3 +a 3 ) W (0) 


• Ma D e ( 0 ) 
Nu 


For Nu = 0 
D e ( 0) = 0 


( 10 ) 

( 11 ) 

( 12 ) 


a ^Bo ' ^a T ) t (D 3 - 3a 1 - Pl ) DW ( 0 ) } - W(0) * 0 
p 3 (D 3 +a 3 )W (0) ♦ Ma • a 3 {p 3 0(O)-W(O) }=0 
B.c. at 2 = d for cases (T) , © , © are of the same form as those for case © at z = 0. 

(b) Neutral modes stationary (pj = 0) 

The conditions (11), (12) r.o ove are to be replaced by 

W(0) = 0 (which covers also (7) above) (13) 


D ? W(0) ♦ a 3 • Mae (0) + { -D ! W (0) + 3a : DW (0) } = 0 


(14) 


Again the b.c. at ?. = d are of the same form for cases ©, ©, © as those for case @ 

Jt 2=0. 

The dimensionless numbers occurring in the above formulation are bo = pad' /a (Bond) , 

Cr = Kp/od (crispation) , Ma = | ( 3o/aT) AT 1 /\ik (Mara- ;oni) , Nu=dh/KAT (Nusselt) , Pr = v/r 
(Prandtl), Pr m = v/n m (magnetic Prandtl) , Q=B 3 0 d 3 y/u (Chandrasekhar), Ra = gPATd* /vk (Rayleigh) 
Ta = 2nd 3 /v (Taylor), a= 2-nd/i (disturbance wave number), p. =pd 2 /v (frequency factor for 
oscillatory disturbance mode), p 2 = Pr m 'p 3 , p 3 =Pr<P! . The last four parameters are characte- 
ristics of a disturbance normal mode in the hydromagnetic thermocapillary stability discus- 
sion of the configuration whereas t h e first nine describe the basic configuration. 

Briefly 5 '* the boundary conditions (5), (6) state the no-slip condition and the thermal and 
electromagnetic properties associated with the boundaries whereas (8), (9) cover the require- 
ments 5 ' 5 of stress balance along and normal to the t.wo-fluid interface incorporating the 
thermocapillary terms and also taking into account the nonzero interfacial curvature (Cr) , 
gravity waves (Bo) and heat transfer contribution a 4 - the disturbed interface (Nu) . 

The existence of oscillatory modes in this configuration especially at large Ta is well- 
known for the buoyancy-driven case * and "as also demonstrated in the surface tension-driven 
case. The oscillatory modes become important at low Pr but it was found 1 that at least for 
Bo = o the incipient instability is stationary rather than oscillatory since the correspond- 
ing critical Marangoni number is higher than that for the stationary mode which is independ- 
ent of Pr. It turns out that for small Bo / 0 the critical Ma c tends to decrease and a c ■+ 0 
with large Ta whereas the oscillatory modes were shown byasymptotic analysis 1 to occur at 
large Ma c \ Ta 1 , as a short wave instability with a ^ >1^ . Thus we have some plausible 
evidence to suppose that in this configuration, where the effects of the magnetic field 
(Q*0) which inhibits the onset of buoyancy-driven oscillatory modes (for Pr > Pr m ) * are 
also included, the stationary modes precede the oscillatory ones at onset of instability 

Since the practical interest in the present investigation lies ultimately in the suppres - 
sion of convective instability l ~ l< ^ consider here the case p 1 « 0 in the following. It, 
however, the solution of the complete eigenvalue problem with p 3 * 0 posed above does lead 
to oscillatory modes we have then only to compare the corresponding minimum critical 
Marangoni number with Ma c computed here. Ma c is in any case an upper bound for stability of 
the configuration. 

The stationary modes of convective instability are given by nontrivial solutions to the 
homogeneous boundary value problems given by (1) - (10), (13), (14) for the different cases 
© » (2) i © . The secular conditions for the existence of nontrivial solutions to the 

respective homogeneous boundary value problems have been obtained by using the exact analy- 
tical solutions (combinations of trigonometric and hyperbolic functions) of (1) - (4) in the 
appropriate boundary conditions. The neutral stability characteristics of the configuration 
are then analyzed from the resulting transcendental secular relationship in terms of the 
dimensionless parameters of the problem. Cince we have a large number of dimensionless groups 
here, we shall have to choose a suitable range of their values with some class of applications 
in view. As indicated in references 1-1 * the interface curvature effects are already in evi- 
dence for such small values of Cr = 10“’, lO” 1 ' yielding stability character istics quite differ- 
ent from those for Cr=0. Using the thermophysical property data available in the literature 
,-tl the parameter ratio Bo/Cr =gd’/vK at g= 9.81 m/s 3 with d = mm has values of 0 ( 1 0 r ) as 
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shown in Table 1 for some substances of interest 


f 


i 


i 


Silicone oil 
(Dow- Corning 
200) 

Cu-melt Al-Cu-melt 

Ga As-melt 

Si-melt 

4.5 x 10* 

6.07* 10* 5.1* 10* 

7.1 * 10* 

1 .82 * 1 0* 


The corresponding values for different levels of gravity and the oprlate size of the 
layer for experiments in space missions can be estimated from Table 1 . We can also use them 
for estimating parameters su'-h as Ra and Bo say by choosing Cr * 1 0“~ * , 10” 4 to demonstrate 
the effects of nonzero interracial curvature. It is found that Cr • 10“’ , 10 -4 for Silicone 
oil (Dow-Corniny 200) 10 , used frequently for convection experiments, when d*mm, cm respec- 
tively. Thus for experiments in a terrestrial laboratory in the mm size and in an orbital 
laboratory in the cm range can be covered by considering Bo * 0.05, 0.5 and Cr ■ 10“’ , 10" 4 
to emphasize the effects of interfacial waves. Table 2 gives some representative values for 
Q and Ta. 


Table 2. 

Values of Q 

at B 0 * 0.5 tesla and Ta at Q 

= 500 rpm for d = mm 


Silicone oil 
DC 200 

Ai-meit Cj As - Si-melt 

melt 

Cu-melt 

Q 


9.02* 1 0 2 5.57 * 10 2 1 .14 x 10 2 

8.43 * 10 2 

lA. 



1 . 95 * 10 2 3.37 * 1 Q 2 2.98 * 10 2 

2 ■ 18 * IP* 


Results and discuss ion 


The eigenvalue relationships giving the stability characteristics of the present configu- 
ration under b.c. (T) , (7) , Q) have been obtained by investigating various special cases: 

Ta = 0, Q * 0; 4 Ta * 0, Q « 0 ; 2 Ta,Q » 1 ; 2 Ta *-1 , Q = 0, pj * 0 1 all with F.a * 0 * Bo i.e. , under 
zero gravity bringing out the essential differences between Cr = 0 and Cr / 0 . 
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Figure 3. Variation of Ma c with rotation 
(Ta) and magnetic field (Q) neglecting 
interfacial effects (Cr = 0 * Nu) under zero 
gravity for b.c. (T) , ®, (3). 


Figure 2. Neutral stability curves for the onset 
of thermocapillary convective instability in a 
liquid layer under zero gravity: Effects of inter- 
facial curvature (Cr) and heat transfer (Nu) un<Ter 
the influence of (a) rotation alone and (b) mag- 
netic field alone for b.c. ® . 

The unstable domain is above the respective curves. 
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Figure 2 shows the neutral stability curves of the present configuration under the action 
of (a) rotation alone and (b) magnetic field alone for different Nu, Cr at Bo « 0 - Ra for b.c. 
(T) . We notice first of all the radical departure of the stability characteristics for Cr i 0 
from those of Cr * 0, namely, that there exists strictly speaking no minimum critical Maran- 
goni number when Cr / 0 as was first shown by Scriven and Sternling 5 for Ta * 0 * Q. Asymp- 
totic analysis in the limit a -► 0 shows that Ma * f (Ta,Q) (Nu+1 ) /a* ,a 0 for Cr = 0 whereas 
Ma w g (Ta,Q) (Nu+1 ) a 2 /Cr , a+0 for Cr / 0 under b.c.(i). The numerical results shown confirm 
this limiting behaviour as well (note the linearity of the curves for small a) . The above 
formulas incidentally include the factor (Nu+1) missing in those of reference 5 (Table 1, 
p, 333) for Ta = 0 = Q. 

For sufficiently small Cr/g(Ta,Q) we may speak of e guasi-critical Marangoni number Ma c 
which is approximately equal to that calculated using Cr » 0 in earlier literature 12 ' 11 . Since 
the unstable long wave band increases in sire with Ta and Q (for Ta »1 , Q << 1 ; Ta«1, Q »1 
respectively the corresponding band widths are 0 (Cr 'Ta) and 0(Cr/C), Cr must indeed accord- 
ingly be smaller for this approximation to hold at higher Ta , Q . As shown in Figure 2 the 
effects of heat transfer (Nu/0) at the two-fluid interface are stabilizing in that the 
unstable domain is pushed upward along the Ma - axis with increasing Nu. 

Figure 3 shows the monotonically increasing stabilization potentially to be achieved_by 
increasing rotation (Ta) and magnetic field (Q) under the three typical b.c. (?) , (2) , (3) 

which, it may be noted, are in decreasing order of stability amongst themselves. The results 
shown agree with those in references 1 2 , 1 4 for Cr = 0. Asymptotically Ma c » 0 (Q ) for Q» 1 , 

Ta < < 1 and Ma c =0(Ta) for Ta » 1 , Q « 1. Note that the asymptotic range is attained faster 

by Ta than by Q due to the influence of rotation on the flow field in general and vorticity 
in particular. The differences between the b.c. persist longer In the case of magnetic field. 
The situation is analogous in the case of buoyancy * 

Apart from their formal interest the results shown in Figures 2 , '■ for Cr = 0 may also be 
seen as useful approximations for sufficiently unall Cr and. at low levels of gravity provided 
the long wave instabilities are considered relatively harmless. The relevant ranges of the 
parameters will become apparent in the later discussion. 




Figure 4. Neutral stabi.l- Figure 5. Correlation of the critical Marangoni 

ity curves for b.c. (?) with number Ma c with Bo/Cr for b.c. (?) with Nu « 0, 

Nu = 0. Bo « 0. 05 at low grav- Ra = 0 . 1 at Cr ■ 10“* , 10“"j Bo =0,01, 0.05 

ity (Ra*0.1) for different 
Ta (Q * 0.1) and Q (Ta= 0.1) 


Figure 4 shows the further departure of the ntability characteristics of the configuration 
from those at Cr = 0 when we consider low Bond number and crispatloji effects together. We no- 
tice first of all the reinstatement of an absolute minimum ciitical Ma c for the onset of 
convective instability as was first shown by Smith* for Ta » 0 » Q . The neutral stability 
curves for Cr « 10"*show two minima, one at a = 0 and the other at finite a. Even for Cr *- 10” 1 
the same feature can be reproduced at Bo « 0.5. This is due to the fact that the long wav; 
stability characteristics depend on the ratio Bo/Cr and not individually on Bo,Cr. The 
occurrence of double minima has been confirmed for Bo/Cr* 200. The lesser of the two minima 
is then the critical Ma c for the onset of instability. For small Ta(<25.8) and small Q ( < 1 8 ) 
we observe that the critical wavelength > c corresponding to Ma- is finite whereas at higher 
Ta and Q, X c is infinite at onset of instability. It may also be mentioned that when X c is 
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finite it does correspond to the value for Cr = 0. Ma c clearly decreases monotonically with 
larger Ta,Q and the corresponding x c is then infinite. Thus, allowing for gravitational 
waves and crispation effects leads to long wave instability at a low but finite Ma c for 
large Ta and Q. 

Figure 5 shows the correlation of Ma c with Bo/Cr for b.c. (T) with Nu= 0, Ra = 0.1 at 
Cr = 10 _s , 10 _l * ; Bo = 0.01, 0.05. Along the continuous parts of the curves X c is infinite and 
along the broken ones X c is finite. The latter situation is found to occur at low Ta(<25.8) 
and Q < Q* (Q* = 18, 12, 8.5 respectively for Ta = 0.1, 15, 20) and large enough Bo/Cr. The last 
provision is to be recognize 1 along the curves for Ta < 26 where the respective curves split 
off at Q* into two branches applying separately for Bo =0.01 (X c +~) and Bo =0.05 (X c finite) 
eventhough both correspond to the same value of Cr = 10 -1 *. For large enough T« and Q values 
the correlation with Bo/Cr is universal and a c =0. Furthermore we notice that at large 
0(^800) all the curves for Ta £ 500 merge. This implies a certain "saturation effect" as far 
as the influence of rotation is concerned while acting together with the magnetic field as 
a stabilizing agent. 





Figure 6. Variation of Ma_ with ro- 
tation (Ta) and magnetic field (Q) 
for b.c. (T) with Nu = 0 

Figure 6 shows the variation of Ma c with Ta and Q (225) wherein the monotonic decrease of 
Ma c is to be noted even for Bo/Cr = 500 in contrast to the initial increase observed in Fig- 
ures 4, 5 for lower Ta, Q. (In Figures 6-8 the respective constant parameter values are 
indicated in the inset.). The computations snow that Ma c hardly changes with Ra. In fact 
for Cr = 10 -3 , Bo = 0.05 the upper right quadrant of Figure 6 shows that even up to Pa = 1000, 
Ma c is that given by the long wave limit (Ma) a -o • However for higher Bo/Cr (=500 shown) the 
buoyancy effects become noticeabl" from Ra > 300 for Ta =0.1, 10 at Q= 25 since now Q* in- 
creases for Ta = 0.1, 10 from 18, 12 respectively at low Ra (=0.1) to 47, 46 at moderate 
Ra (=1000). This is indicated in the lower right hand quadrant of Figure 6. This latter 
range, where buoyancy effects become noticeable, is distinguished by the broken curve along 
which X c is finite. (The curves for Ta=0.1, 10 are hardly to distinguish on the scale drawn 
but they end, when extended, respectively at approximately Q 0 = 16.5 and 13.2 on the Q-axis.) 

Figure 7 shows the correlation of Ma c with (Bo/Cr) (Nu+1) f (Ta, Q) for different combina- 
tions of Bo, Cr, Nu. The coefficient functions f (Ta, Q) shown have been confirmed numeri- 
cally for various combinations of the parameters as long as the buoyancy effects are not 
noticeable. The "universality" of these correlation functions depends slightly on the para- 
meter range but is found to be within a few percent at ?= 0.02 chosen to represent the limit 
a -* 0 . Another feature to be noted from Figures 4 - 7 is that a c -*■ 0 as Ta, Q increase and 
a c = 0 for all Ta, Q greater than some not too large a value. This is in contrast to the 
common finding of the earlier studies 1 5-1 4 (wherein Cr was set equal to zero a priori), 
namely, that a c Increases with Ta and Q. Here we see that as long as the buoyancy effects 
do not dominate, the stationary form of instability sets in only at a c = 0 for sufficiently 
large Ta and Q. 

Now we turn to the effect of the boundary conditions on the stability characteristics of 
the configuration. In all the three cases of b.c. (T) , (2), (5) the same trends in the varia- 
tion of Ma c are observed for low Ra. Ma c is proportional to Bo/Cr and decreases monotonically 


Figure 7. Variation of Ma c with Bo, 
Cr, Nu for b.c. (T) 
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with Ta, Q for low Bo/Cr as demonstrated in Figure 8(a) for Bo/Cr = 10, 100. 



Figure 8(a). Effect of boundary conditions on the variation of Ma c at Bo/Cr = 10, 100 



Figure 8(b). Effect of boundary conditions cm the variation of Ma c at Bo/Cr = 500 


We also note that at low Ta and Q, Ma c for b.c. (T) is higher that that for b.c. (3) and the 
latter in turn is higher than that for b.c. (?) . This indicates the decreasing degree of 
stability imparted by the degrees of freedom allowed by the three types of boundary condi- 
tions (T) , (2) , Q) in that order. This feature is similar to that for the buoyancy-drive.' 

convective instability 8 although the boundary conditions there are different. For large Ta 
and Q, however we notice ( cf. q >500, or Ta = 500) the boundary conditions can no longer be 
distinguished from each other. In the present case the role of the b.c. is further enhanced 
via the dependence on Bo/Cr. The lower Bo/Cr, the lesser is the influence of b.c. even at 
low Ta,Q (cf. Ta = 1,50 for Bo =0.01, Cr = 10 -3 shown by dashed curves in the lower part of 
Figure 8 (a) . ) 

Complementary to the results in Figure 8(a) those in 8(b) demonstrate that for larger 
Bo/Cr ( = 500 for three different combinations of Eo,Cr) a more pronounced effect of the 
boundary conditions on the variation of Ma c and in particular that Ma c can decrease as well 
as increaf* with Ta and Q depending on the range of parameters . Again at large Ta, Q the 
distinction between the boundary conditions decreases. 

Conclusions 

The onset of stationary convective instability driven by both density- and surface-tension- 
gradierts in a horizontal liquid layer heated from be ow can be suppressed by means of rota- 
tion about a transverse axis and by a transverse magnetic field. But the stabilizing influ- 
ence of these two agencies is subject to considerable qualifications in view of the effects 
of curvature and gravity waves at the two-fluid interface. The larger the ratio Bo/Cr, the 
greater the range of stabilizing action in terms of Ta, Q for all the boundary conditions 
considered and relatively greater for b.c. © and (?) than for b.c. © . The influence of 
the individual b.c. (T) , © , (3) becomes indistinguishable at larger Ta, Q and at lower 
Bo/Cr. Since Ma c decreases with Ta, Q (for sufficiently large Ta, Q) and a c •» 0, an optimal 
parameter range for the combined stabilizing action of rotation and magnetic field must be 
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sounht appropriately. Allowance for heat transfer he ambient gas is generally stabilizing. 

In the low gravity situation (small Bo and Ra < 100) the buoyancy effects do not percepti- 
bly influence the onset of instability except at low Ta and Q. In this range the onset of 
instability is at a finite wave number a c * 0 whi~h is independent of Bo, Cr as may be expect- 
ed. (Ma c corresponds otherwise to a c = 0 and as shown « Bo/Cr for Nu = 0.) The general 
problem of interaction between buoyancy and surface tension will be considered in a later 
report but it seems legitimate to draw a partial conclusion on the basis of results shown 
here, namely, that the buoyancy-dominated situation tends to prefer finite wave length in- 
stability while the capillarity-dominated situation Including the effects of interfacial 
curvature and interfacial gravity waves tends to favour the infinitely long wave mode of 
instability. This conclusion is qualitatively in constrast to that of earlier studies on this 
configuration ignoring the interfacial effects altogether (Bo = 0 = Cr) . This stems only from 
the nonzero Bo/Cr and does not explicitly depend on the (finite) value of the mean surface 
tension 1-5 . 

The question of oscillatory modes of instability has been bypassed here on the basis of 
asymptotic results indicating that the incipient instability is stationary for large Ta(Q=0). 
The results for the finite range of Ta and Q need of course to be examined in order to 
confirm whether Ma c calculated here is indeed the absolute minimum critical Marangoni number 
for the onset of instability. 
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Abstract 


We consider the problem of determining the free surface of a liquid in a capillary tube, 
and of a liquid drop, sitting first on a horizontal plane and then on more general surfaces. 
With some modifications, the method applies to the study of pendent drops and of rotating 
drops as well. 


Introduction 


Several capillarity phenomena, such as the rise of water in tubes of narrow bore, and the 
formation of liquid drops or bubbles, can conveniently be studied from the general point of 
view of the Calculus of Variations. Such a possibility, which clearly originates in the 
energy-minimizing character of the observed equilibrium configurations, has the remarkable 
advantage of providing a unified treatment of the mathematical questions that arise in a 
variety of particular phenomena. 

By using a well-known argument, based on the principle of virtual work, one is led to a 
variational formulation of the physical problem, in which a certain functional (representing 
the global energy of the system under consideration) has to be minimized, subject to some 
"natural" constraints, such as prescribed boundary conditions or fixed volume constraints. 

In general, the energy functional will consist of a "surface integral" plus a "volume inte- 
gral": the latter corresponds to body forces, of which gravity is a typical representative, 
while the former results, for example, from the consideration of the forces acting on the 
surface of separation between the liquid and the gas surrounding it. 

Now, the point is, that the classical definition of "surface area" is rather inadequate 
for treating this type of problem, mainly because it applies to smooth or Lipschitz-conti- 
nuous surfaces only - a class which is not closed under the usual limit operations. 

The difficulties arising from the presence of a surface integral become even more evi- 
dent when compared with the relatively simple treatment of the corresponding volume 
integral, which is generally well-defined on measurable sets and enjoys (at least in the 
simplest cases) nice variational properties. 

A satisfactory theory of surface area for a general class of surfaces of codimension one 
in ® n , n >. 2 , has been developed by E. De Giorgi in the fifties. 1 It is a remarkable fact 
that some classical questions, concerning the existence and regularity of capillary surfaces, 
have been answered only quite recently, using the variational techniques introduced by De 
Giorgi, or even more general methods pertaining to the field of Geometric Measure Theory. 2 

The definition of "functions of Bounded Variation", together with the main results of 
the corresponding BV-functions theory, will be recalled in the next section. As a first 
application of the theory, we shall discuss in section 2 the "standard” capillary problem, 
i.e. the determination of the free surface of a liquid in a thin tube of general cross 
section, which results from the simultaneous action of surface tension, boundary adhesion 
and gravity. It turns out that in this case the existence of the solution surface depends 
heavily on the validity of a simple geometric condition about the mean curvature of the 
boundary curve of the cross section of the capillary tube. Some particular examples of 
physical interest will also be discussed. 

Section 3 is devoted to the study of liquid drops, sitting on, or hanging from, a fixed 
horizontal plane. The symmetry of the solutions (which can actually be proved , as a conse- 
quence of a general symmetrization argument) now plays the chief role in deriving both the 
existence and the regularity of energy-minimizing configurations. When symmetry fails (this 
is the case, for example, when the "contact angle" between the drop and the plate is not 
constant, or when the supporting surface is not itself symmetric) , then more sophisticated 
methods must be used. Extensions in this direction will be outlined in section 4. 

We refer to the papers listed in the (fairly incomplete) bibliography at the end of the 
present paper for a deeper treatment of the subject, as well as for the discussion of 
related problems. 


Functions of bounded variation 

Given an open subset ft of IR n , n >. 2, we denote by BV(ft) the function space of Le- 
besgue integrable functions f over ft, whose distributional gradient Df is a vector 
measure with finite total variation on ft ; / ! Df | will denote the total variation of the 

measure Df , evaluated at A c ft . A 
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When A is open we obtain: 


1 1 Df | = sup(jf (x)divG(x)dx : G e Cq (A ; ]R n ) , | G | <.1 j 
A 


As a first result we can prove the lower semicontinuity of the map f ♦ / 1 Df j , with 
respect to the local convergence on ft ; that is, if fj «BV(ft) for every j and 

lim f | f . -f |dx = 0 

j-f + oo ' 

A 

for every A c; fi (i.e., A open and bounded with A c ft ) , then: 


j I Df | 

a 


£ lim inf j [ Df . | . 


Furthermore, we have the following compactness property: if fj eBV(ft) , and for every 
Ac eft and for every j it holds 

J | Df ^ | < c (A) 

A 

with c(A) independent of j , then there exists a subsequence of (f J , locally conver- 
ging in ft to some limit function f . 3 3 

If f f BV(P.) and ft has a Lipschitz-continuous boundary 3ft , then we can define the 
"trace" of f on 3ft (still denoted by f ), which is summable on 3ft and satisfies 4 

||f| < (1+L 2 ) 1/2 J | Df | + c (ft) 1 1 f i (1) 

3ft ft ft 


where L (the Lipschitz constant of 3ft ) and c(ft) depend only on the geometry of ft but 
not on f . 

By specializing the above definitions and properties to the case when f is the charac- 
teristic function $ E of a measurable set E c ft , we get a parallel theory of sets of 
finite perimeter, where by defin* *-ion: 


"perimeter of E 


in 


ft" 


= {|^ E I 

ft 


A straightforward application of the Gauss-Green theorem shows that this quantity coin- 
cides with the area of 3E " (1 , at least when 3E is a smooth (n-1 ) -dimensional surface 
in ft . The connection between BV-functions and sets of finite perimeter is given by the 
coarea formula: 


Df ! 



( 2 ) 


where f e BV(ft) and F t = (x t ft : f (x) < t) . 3 

Moreover 5 , if E = { (x, t) : x « ft, t < f (x) } , then itr holds 

J |d* e ! = j/i+[Df I 2 

ftx® ft 

where the second integral represents the total variation on ft of the vector measure, whose 
n + 1 components are respectively the Lebesgue measure on K n , and the distribution 
derivatives D^f, i=1,...,n . When f is Lipschitz-continuous on ft , this yields of 
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course the area of the graph of f over S 1 . 

Capillary surfaces In cylindrical vertical tubes 

Let us consider a capillary tube, open at both ends and partially immersed into a liquid; 
for simplicity, we may assume that the liquid rises in the tube, so that - in view of the 
preceding discussion - the energy corresponding to a certain configuration of the liquid 
within the tube, described by the graph a function f > 0 , can be expressed as 


*J(f> 



(3) 


Here, £2 (open and bounded in IR 2 , with Llpschitz boundary 3ft ) denotes the cross 

section of the tube, f t iiV(il) , and k,v are physical constants, with < N 0 and 0 < v < 1 . 

It is easily seen that f 0 is the trivial solution of *2(*) -* min , when v < 0 , while 

inf ‘'U • } = when v ' 1 . 

We can immediately check that a configuration of minimal energy (i.e., a solution to the 
problem *"{(■) -* min ) satisfies the equations 


( div Tf(x,y) = kf(x,y) in si 
l Tf(x,y) • n(x,y) = v on 3d 


where 


Tf = 


Df 


1 + 


and n(x,y) denotes the outward unit normal to 3s2 at (x,y) 


,1 


C 1 (IS) 


This is true if, for example, 'C is of class C and f t C (Si) n 

This way, we realize that the moan curvature of a capillary surface is, at any point 
(x,y,i (x,y) ) t si'®, proportional (with constant k ) to its height above the reference 
plane z = 0 , and that v corresponds to the cosine of the contact angle between the sur- 
face and the walls of the tube. 


The classical approach consisted in solving the above system of equations in the special 
case when s'; was a disc of radius R , and f = f(r), r = (x 2 + y 2 ) '/ 2 (axially symmetric 
solutions) . In this case, one is led to the ordinary differential equation 



k r f ( r ) 


for 0 -- r s R 


with the boundary conditions: f r (0) = 0, f r (R) = v- (1-v 2 ) ~1/2 . 

In order to prove the existence of a solution f to the problem 'J ( • ) -* min , we make 
the following assumption on the domain si : f 



3 si 





(4) 


for every Eos;, with a i 1 and 6 s 0 . From (4) and the coarea formula (2) we get 

jf v aj i Df I+ d jf 


for every f 6 BV(sl) with f 1 0 . By introducing this last inequality in (3) we find: 

2 2 

-;f(f5 > (1-va) i Df | + ^jf 2 - — - - In’; , 

Si si 


where Id! denotes the Lebesgue measure of 
inf }(■) 2 - v 2 6 2 I si ! / k , while if v » 1/a , 
ing ' J(fj) -* inf r J( ■ ) , we obtain: 


si . In particular, if v 1/a 
then for any minimizing sequence 


we obtain 
fj , satisfy- 


|Df j! 


const . 
1 - vi 



»: 


const . 
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so that, in view of the results in section 1, we conclude that a subsequence of { f -j } con- 
verges to a function f , which clearly solves our problem; as a consequence of the strict 

convexity of the energy functional, such a solution is in fact unique. 

The hypothesis (4) now comes into discussion: clearly, it is implied by the trace esti- 
mate (1), so that capillary surfaces always exist for v in the range 0 < v < (1+L : ) -1 ^ , 
with L = Lipschitz constant of 90 ; k that this is in fact* an "almost necessary" condition 
can easily be seen with the aid of some simple examples. 7 For a domain 0 in the form of 
a circular sector, no solution with bounded energy can exist when v > ( 1 +L ~ ^ (that is, 
when 0 + 2y < tt , where P is the angle of the sector and > is the contact angle) . The 
discontinuity at 0 + 2> = it is also confirmed by physical experiments. 7 

On the other hand, 6 interior corners do not affect the solution: in the special case when 
d satisfies an Internal Sphere Condition of radius R N 0 (i.e., when each point in 0 
belongs to some ball Br c si ) , then (4) holds with oc = 1 , and it can be shown, by using 
a result of Concus and Finn, 6 that the solution exists for every v with 0 < « < 1 . 

In conclusion, we remark that the variational method does not work when x =* 0 , i.e. in 
the absence of gravity; one can actually show* that the solutions f k , corresponding to 
values x 0 , go uniformly to +°° in i? , as x •» 0 + . 

Sessile drops and pendent drops 

The energy of a liquid drop, sitting on the horizontal plane (z=0) in 1R 5 , can be 
written in the following way: 


(E) 



z^O 


+ v 


*E * 


z=0 



z s 0 


(5) 


where E denotes the region of the half-space <z > 0) occupied by the liquid. The first 
integral in (5) represents the area of the free boundary of the drop, the second integral 
gives the area of the region of contact, and the third integral corresponds to gravity. As 
usual, we assume x . N 0 and v t ( — 1,13 , since for v = -1 no solution can occur. The 
same functicnal, with x 0 , represents the energy of a pendent drop; in both cases, a 
volume constraint has to be imposed, namely |e| = v ' 0 . 

Now, it can be shown 18 that by replacing each horizontal section of a given configuration 
E by a disc of the same area, centered on the z-axis, a new configuration E 1 results, 
which is of less energy than E (in fact, \ (E) = ^.(E 1 ) iff E is already axially 

symmetric) . 

From this fact, by using the obvious estimate 



z=0 z^O 


which implies 


(E) 1 


1+v 




for every E , if k 1 0 , one gets easily the existence of a minimum of 'Jx ( ‘ ) , when 

x > 0 . On the other hand, when x < o the situation is completely different, and we can 
look only for local solutions of '7x ( • ) ‘ min , since clearly inf '~1 K ( • ) = in this case. 

To this aim, we introduce the following definition: E is a local minimum of the energy 

functional (a pendent drop) if ! E I = v , and there exist T N 0 an3 u f ( 0 . 1 ) such that' 

E is contained in the region to < z < «t) and, for every F c (0 < z < T> with I F I « v , 

there holds ‘^ k (E) £ "? k -(F) • 

In order to prove the existence of pendent drops, we start by observing that, when x = 0 
(that is, in the absence of gravity), the minimum E c of ‘ ? 0 ( ’ ) is a portion of a ball, 
completely determined from the data v and v . With this in mind, we choose T 
than the maximum height of E 0 and find the solution 
restricted to the configurations E c (o < z <• T^ . 

An easy calculation shows that Ex ■* E 0 as x -* o 
results concerning the convergence of surfaces of prescribed mean curvature, we get that for 
I x | small enough, the solution Ex is actually contained in (0 v z x ot) for a suitable 
a t(0,1), thus concluding the proof of the existence of pendent drop^ of given volume, in 
a weak gravitational field. Estimates on the effective smallness of Im 
tly known. 

For example, Giusti 1- showed that pendent drops exist, if the product |x|v r/ ’ does not 
exceed a constant, which can be written down expl icitly, and which depends only on the value 
of the contact angle between the free surface of the drop and the plane { z=0 ) . 


(•) 


greater 
min , 


of the problem 
as a consequence of general 


are also explici- 
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Concluding comments 


The regularity (analyticity) of the equilibrium surface of a liquid in a capillary tube 
can be derived from general regularity results for hyper surfaces of least area or, more ge- 
nerally, of prescribed mean curvature in ]R n . 13 The boundary behaviour of the solutions 
has also been studied, and several results in this direction are presently known. 14 

As far as the regularity of liquid drops is concerned, we note firstly that the free 
surface of a drop sitting on a horizontal plane, being rotationally symmetric, can also be 
described (locally) as the graph of a suitable function f , defined on a 2-dimensional 
domain. It turns out that f minimizes a functional of the type: 


gravity + X 


where the Lagrange multiplier * takes into account the volume constraint. From this, the 
interior analyticity of the free surface of the drop follows at once. 

Secondly, it is not difficult to prove that the configuration representing a sessile drop 
is a convex set. 6 We then conclude that its free surface is in fact smooth up to the plane 
{ z = 0 } , and that the cosine of the contact angle coincides with . 

Much more difficult is the study of liquid drops, when symmetry ceases to exist. However 
some partial results have recently been obtained, such as the existence and regularity of 
solutions, corresponding to drops sitting q>n Jor hanging from) a surface z = >i(x,y) in 
1R 3 , satisfying C (r) +“’ for r = (x'+y 1 ) 1 -*■ +“ . From this "growth condition at infini- 

ty", which however is not satisfied in a number of interesting and still open situations, 
the necessary compactness results can easily be derived. 17 

A theorem, which extends to minima of area-like functionals, subject to a volume con- 
straint, the regularity theory for minimal boundaries, is now available. 17 ' 18 A technique, 
developed in connection with its proof, can also be used to prove the existence of liquid 
drops, in rotation around an axis through the center of mass, and held together by surface 
tension. 

In its simplest formulation, the problem asks for a local minimum of the functional 


■ 10 


(E) 



ul 

) 

1R 


(x 


+y ‘ ) dxdydz 


U) > 0 


( 6 ) 


subject to a volume constraint (|e| = 1) and to a further constraint about the center of 
mass (which must coincide with the origin of the space) . 

The presence of the kinetic energy excludes, in general, the symmetry of ■ :ie solutions. 
Anyway, following the treatment of the pendent drop problem, one can show 18 the existence of 
relative minima of the energy functional, when u is small enough, that is, when the rota- 
tion is sufficiently slow. 

The proof of this result, which can only be outlined here, proceeds as follows: firstly, 
we define E to be a local minimum of the energy functional (6) , i f there exists 
R ■> R 0 = ( 3/4 tt ) 1/3 such that E cc c R and, for every admissible F cc Cr , satisfying the 
above constraints, it holds i_ ^(F) ■ 

Here, Cr denotes the cylindrical container 


C R = | (x , y , z) tr 3R 3 : x ; +y : £R', |z| £ R) 


Then, we can easily prove that for every u > 0 , and every R > R 0 , there exists a solu- 
tion E^ to the problem '? U (E) m in > restricted to the admissible configurations E c C R 
Such a solution, however, will not generally satisfy the condition E^ cc c R for a local 
minimum. 

Next, we observe that for a fixed R > R 0 , the solutions E u we have found in this way, 
converge, as o -*• 0 + , to the ball E 0 = {(x,y,z) : x‘+y ; +z : < Rq) cc C r . The local conver- 
gence E u - E 0 is unfortunately too weak to conclude that E w cc c R for oi small enough. 
But we can prove, and this is actually the crucial point of the entire demonstration, that 
if uj is sufficiently small (and positive), then there exists a value r <-(R 0 ,R) such that 


?c r 

From this result, the fact that E^ccCr for w small can be proved as follows. Define: 
G = E^ n Cj- and a = [E^ - C r | 
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and choose F = (1-a)' 1/3 G (that is, F is constructed by expanding G , with a coefficient 
(1-a) -1 ^ > 1 ). Clearly, | F j = 1 . Since a •+ 0 as w •* 0 , it is clear that when w is 
small, by means of a suitable translation F ■+ F we obtain eventually an admissible confi- 
guration ? c Cr , whence 

7 u (Ej<7 u (f) (7) 

On the other hand, the difference ^(E^) - ( F ) can easily be estimated from below by the 

quantity: 

[l - (1 - a)' 2/3 ] j|D<t> G l + const. a + const. 1 a 2/3 
TR 3 

Now, from the Taylor expansion of the coefficient between square brackets, we conclude that 
r % i (E u ) - J^{F) >0 if a is positive and small, which would contradict (7). Therefore, 
for ui small enough, a must be 0 , so that the corresponding solution is contained 

in Cj- Cp . 

In conclusion, we remark that the preceding argument, when used in connection with gene- 
ral regularization techniques, 20 allows the proof of the analyticity of the solution E u as 
well . 
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Abstract 

We outline here, the formal development of a theory of viscoelastic surface fluids with 
bending resistance - their kinemati.cs, dynamics, and rheology. It is relevant to the mech- 
anics of fluid drops and jets coated by a thin layer of immiscible fluid with rather general 
rheology. This approach unifies the hydrodynamics of two-dimensional fluids with the mechan- 
ics of an elastic shell in the spirit of a Cosserat continuum. 

Introduction 

Recently, Waxman^ has developed a formal theory of viscoelastic surface fluids in which 
bending resistance was incorporated in a purely phenomenological way. Motivation for this 
two-dimensional continuum theory stems from a variety of applications: interfacial stability 
emulsion rheology, red blood cell deformability , and coated drop and jet mechanics . The mech- 
anics of Newtonian surface fluids, accounting for the evolving surface geometry, was first 
considered by Scriven3 (as detailed by Aris^) . Extension to viscoelastic surface rheologies2 
and the inclusion of bending resistancel in the formalism then followed. 

Bending rigidity arises from the finite thickness structure of the fluid coating, eg. 
surface tension at the multiple interfaces of a compound drop or jet, a layer of normally 
oriented rod-like molecules such, as those which form the lipid bilayer membrane of bio- 
logical cells, and electrically charged or polarized monolayers at a fluid interface. What- 
ever the molecular origins of the bending rigidity may be, the associated bending moments 
(or couple-stresses) may be included in the mechanics of the surface phase in a purely 
phenomenological way. However, it would clearly be of interest to see if averaging tech- 
niques could indeed reduce the mechanics of finite thickness fluid coatings to that of 
couple- stress surface fluids. Such averaging methods unc.eriie the development and success of 
elastic shell theory. 5 The direct approach which we nave adopted is motivated by the notion 
of a Cosserat surface which has been exploited by the shell theorists for some time now. 6 

We view our model continuum as a two-dimensi al viscoelastic fluid, isotropic in the 
surface, and associate with each material point on this surface a 'director' (viz. an arrow) 
oriented along the local normal with its center of mass located at the surface. Changes in 
surface shape imply a reorientation of these directors which manifests itself dynamically in 
two ways: reorientation corresponds to curvature changes which generate bending moments, in 
addition the rate of reorientation corresponds to an internal angular momentum of the sur- 
face phase over and above any surface vorticity. We shall see that the director dynamics 
enters into the surface equations of motion through an asymmetric surface stress tensor and 
a transverse shearing stress. 

There are three distinct facets to the formulation of surface continuum mechanics and we 
shall try to outline here the important ideas and results associated with each: the kinemat- 
ics of evolving surface geometries, the conservation laws governing the mechanics of surface 
continua, and the rheological equations of state. governing the surface stress and moment 
tensors. Further details may be found elsewhere. ’ 2 

Evolving surface geometries 

As the surface phase is generally located at the interface between two bulk fluids, mot- 
ions in the bulk lead to a distortion of the interface and hence, an evolution of the sur- 
face phase geometry. In order to discuss the mechanics of surface continua we must be able 
to track the surface as it moves through space. In addition, since various key geometrical 
quantities (e.g. metric and curvature tensors) enter into the dynamical equations, it is 
useful to derive evolution equations for these quantities. But first we must establish a co- 
ordinate system on the surface. Following Scriven3, we construct a set of 'fixed surface co- 
ordinates ' it («C"1,2) which label geometric points on the surface. As the surface evolves, 
these fixed coordinates move through space along the local normal to the surface; they are 
unaffected by any flow of the surface material tangential to the surface. Associated with 
these fixed coordinates are local tangent vectors fa which then define a metric tensor for 
the surface •fa'fa. A base vector triad at each point on the surface consists of these 
tangent vectors fa and the local unit normal fi to the surface. Thus, for example, the vel- 
ocity y of the surface phase through space may be decomposed according to Y m v*fa * v <0> i’ 
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Here, v* are the contravariant components of surface velocity and (a scalar) is the com- 
ponent of velocity in the direction of the local normal. 

Let the surface be embedded in an inertial space described by general coordinates X 1 
(i-1,2,3) with corresponding base vectors Jj. The surface location is expressed by a rela- 
tion between the fixed surface coordinates and the space coordinates: It can be 

shown that the evolution of the surface geometry through space is governed by the equation 

* v^W < (l) 

where the local normal to the surface has been decomposed as Q That is, the fixed sur- 
face coordinates move through space in the direction of the local*normal and do so at a rate 
given by the normal component of velocity of the surface phase. One may also obtain evolu- 
tion equations for the metric ) and curvature ( ) tensors associated with the fixed 

surface coordinate system. 



(2) 

hr. 

(3) 


Equation (2) expresses the fact that a normal velocity distribution over a curved surface 
leads to a stretching of the fixed surface coordinates (viz. the radial expansion of a 
spherical surface) . Equation (3) describes geometric shape changes via an evolving curvature 
The first term, being the second covariant derivative of the normal velocity over the sur- 
face, leads to new geometric forms (a first derivative would only e: pr^ss a tilting of the 
surface) . The second term in (3) incorporates the effects of a changing surface metric in 
the shape changes (e.g. an expanding sphere has a changing radius of curvature though it re- 
mains spherical) . Simple evolution equations may also be derived for the tangent and normal 
vectors as well as the Christoffel symbols of the fixed surface coordinate system. As may be 
seen from equations (1) - (3) , the evolution of the surface geometry nay be decoupled from 
the tangential flow of the surface phase in so far as it depends only on the normal compon- 
ent of velocity. However, the normal velocity is implicitly coupled to the tangential flow 
through the aquations of motion governing the surface phase. 

Surface equations of motion 

The surface equations of conservation of mass, momentum, and angular momentum may all be 
derived in the fixed surface coordinate system through the use of the Reynolds transport 
theorem generalized to surface flows. If we may neglect mass exchange between the surface 
phase and the neighboring bulk fluids on the timescales of interest, then the conservation 
of surface mass leads to the following continuity equation for the surface mass density y : 

jjf + -2Hv ( * J r*0. (/.) 

The first two terms in (4) resemble those found in the continuity equation for bulk fluids. 
The third term is associated with the stretching of the fixed surface coordinates (cf. eq.2) 
H=^bJ being the local mean curvature of the surface. If we bring this term to the right-hand 
side of (4) it appears as a 'mass sink' (H< 0 for a sphere) in that it represents a fixed 
amount of mass being spread over an ever increasing surface area (for H < 0 and K^O) 

The conservation of linear surface momentum leads us to the following equations of motion 
for the surface continuum. They may be thought of as dynamical boundary conditions which 
couple the adjacent bulk phases. 

> rA" « (f * (T**, 0 -f'b} ) (5a) 

(5b) 

The right-hand sides of (5) closely resemble the equilibrium shell equations. 5 They repre- 
sent the net tangential and normal forces acting on an element of surface. The surface 
stress tensor 7 "M and transverse shear stress f* will be discussed further below; they mani- 
fest themselves in local stress vectors (forces per unit length) acting on a curve bounding 
a small element of surface, T*" 1 eading to an in-plane stress, f* corresponding to a stress 
normal to the surface along the bounding curve. These are usually termed internal stresses. 
External stresses act on a small element of surface and arise from body forces (e.g. gravi- 
tational and electrostatic forces) represented in (5) by £ s 6 a jg« * &**!! , and from the neigh- 
boring bulk fluids exerting normal and tangential stresses on the surface phase embodied in 
3. Expressions for/* and are given elsewhere . * On the left-hand sides 





1 


OF t GCW i 'i 

of (5) we have the tangential and normal components of surface acceleration given by 

x". iff + iriVrf -»'"V’V V 

A"- If? + 2***",, * . 

In addition to the intrinsic derivatives of velocity in equatio - .- i'6) , tuere are terms re- 
sembling centripetal and Coriolis accelerations. They arise frv. tr® t.me varying base vec- 
tors associated with the evolving surface coordinate system, !.■' evolving surface is a 
non-inertial reference frame. In equation (5b), we see how tai : stresses conspire with 

the curvature to generate a normal force (a generalization of place condition; . Simi- 
larly, the transverse shear in (5a) generates a tangential f< .a the curvature. 


Considerations of angular momentum conservation lead to exp.essions for the transverse 
shear stress f* and the antisymmetric part o* the surface stress tensor T***. (We decompose 
into a sum of symmetric and antisymmetric parts, T‘*^*T*'*' t-T***!.) We find 

* e "(Hr-ttr), C> 

T w, = i < 8 ' 

where M** is the surface moment (or couple -stress) tensor. In equations (7) and (8), £■* is 
the contravariant alternating tensor of the surface, Hr and H M are components of any exter- 
nally imposed torque on the surface phase (e g. magnetic couples), ^nd £ r represents the 
tangential components of internal angular momentum associated with the tumbling motion of 
the directors. A complicated expression may be derived for • but what is important is 
that it is determined entirely by the velocity field of the surface phase and the surface 
geometry (along with a presumed moment of inertia). Thus, it introduces no new unknowns into 
the equations of motion. In arriving at (8) we have assumed that each director spins about 
its local normal at a rate equal tc one-half the local surface vorticity. That is, they are 
viscously coupled to their surface phase environments and henco, there is no normal compon- 
ent of internal angular momentum. We may use (7) and (8) to eliminate^ and f r0 m the 

equations of motion (5) . These equations simplify enormously for slow flows where we may ne- 
glect all terms associated with the inertia of the surface phase. It remains for us to give 
expressions for the symmetric surface stress and moment tensors and rrr 

Surface rheology 

We concern ourselves here with surface fluids which are isotropic in the surface, and 
summarize the rheological laws discussed in detail by Waxman.1,2 Allowing the surface phase 
to support an in-plane 'hydrostatic stress' in the absence of any motion, we write 

a -7T a.** * if**. (9) 

Here, 7^ is an isotropic surface pressure (or minus the net surface tension). It is related 
to the density, temperature, and chemistry of the surface phase and neighboring bulk phases 
via a thermodynamic equation of state. For incompressible surface contirua, ]ff becomes a dy- 
namic variable to be solved for along with the surface velocity field. The jymmetric tensor 
if* embodies the viscous ar.d elastic components of stress. (An explicit dependence of Jf on 
If already represents an area elasticity.) 

The Newtonian surface fluid is the simplest er^smple of a viscous surface phase. It is de- 
scribed by a linear relation between stress and rate-of-strain ; 


c* u s n 

c* w «*«*«*♦ ♦ a*'*** -***") 


(10a) 


with c and < being coefficients of surface dilational and shear viscosity, respectively. The 
surface rate-of-strain is given by 


$n = k( v t.s 


The first terra represents the rate-of-deformation due to gradients in the tangential flow, 
the second term represents the geometric straining associated with the evolving surface 




metric (cf. eq.2). 


A simple viscoelastic surface fluid which exhibits both stress relaxation in a finite 
time and delayed elasticity is the ' corotational Jeffreys surface fluid' described lj 

r f * X ■ C‘" ( J « 2 ; 

Here, is of the form (10b) , and A>4)>0 a*® stress relaxation and strain retardation 

time constants. The time-derivative operator in (12) represents a rate-of-change as seen 
from a frame which is translating and corotating (but not codeforming) with an element of 
surface material. It is the surface analogue of the Jaumann time-derivative. Its d rivation 
and properties are discussed in detail in the work of Waxman. 2 Equation (12) is a quasi- 
linear rheological law of the rate-type; nonlinear modifications of (12) have also been 
discussed . L 


A simple law for the bending moment tensor is motivated by Hookean elasticity. It de- 
scribes a surface capable of storing potential energy in bending and relates the moment 
tensor to a measure of bending strain in a linear fashion; 

M*' = C* pH K u . (i3) 

Again , is of the form (10b) with £ and < representing independent (positive) moduli 

of bending rigidity. An appropriate choice of bending strain for surface fluids is2 

K /( = ~(bfi ~ B/f) } where (14a) 

-0 , 8 ts =l t( at t'O. (14b) 

That is, K* measures the deviation of curvature from a comparison curvature a* which rep- 
resents an initial reference curvature evolved forward in time in a corotational way. 

Viscoelastic moment relations of the rate-type may be constructed from (13) through the use 
of the surface corotational time-derivative operator. 


Conclusions 


It is hoped that the dynamical formulation outlined here for couple-stress surface fluids 
will provide a useful approximation to the dynamics of thin fluid coatings in evolving ge- 
ometries. Application to the mechanics of cell membranes is anticipated in the near future. 
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